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ABSTRACT

A new computational aeroacoustic model suitable for the prediction of turbulent airfoil trailing edge noise is presented.
The method (known as the RANS based Statistical Noise Model or RSNM) combines numerically generated, mean tur-
bulence information with a Green’s function for a semi-infinite half-plane togenerate a far-field acoustic auto-spectrum.
As a preliminary application of the method, the acoustic spectrum created byturbulent flow past the sharp trailing
edge of a flat plate at a Reynolds number (Re) of 5.5×105 is calculated. Four different turbulence models are used to
provide the required mean flow data which is used with RSNM. The predictedspectra are shown to agree well with a
semi-empirical model from the literature.

INTRODUCTION

The efficient computation of airfoil trailing edge noise is im-
portant for the cost-effective design of fixed and rotary-wing
aircraft, wind turbines, fans and submarines. Airfoil self noise
occurs when an airfoil shape is placed in an otherwise uniform
and steady fluid flow. As in most aeroacoustic noise genera-
tion situations, noise is generated by flow unsteadiness. In the
case of airfoil self noise, it is the interaction of flow unsteadi-
ness (usually in the form of fluid turbulence) with the surfaces
of the airfoil that generates sound. In this paper, we are con-
cerned with the creation of sound by the interaction of flow un-
steadiness (turbulence) with a sharp trailing edge. In acoustic
terms, the edge presents itself as a sharp impedance discon-
tinuity. This discontinuity scatters acoustic waves generated
by fluid turbulence and creates an intensified radiated acoustic
field. More detailed descriptions of the trailing edge noise gen-
eration processes can be found inBlake(1986) and theoretical
descriptions of acoustic scattering and diffraction mechanisms
can be found inMorse and Ingard(1986).

Recently, the computation of trailing edge noise has mainly
been attempted using either direct or hybrid methods of com-
putational aeroacoustics (CAA). In the direct method, both the
fluid dynamics and acoustics are computed in a single step. Re-
cent approaches either use direct numerical simulation (DNS)
(Sandberg and Sandham 2008) or large eddy simulation (LES)
(Gloerfelt and Garrec 2009) to compute the unsteady compress-
ible flow along with the subsequent acoustic waves in the far-
field. While successful, these methods require computational
resources of a scale that render them not very suitable for engi-
neering design. To overcome some of these difficulties, hybrid
methods have been developed. Hybrid methods use an analyti-
cal acoustic analogy to compute the acoustic properties in the
far-field using source terms obtained from an unsteady flow cal-
culation. Typically, LES is used to calculate the source terms.
This is more efficient than a direct computation as a fine mesh
is only required in areas where viscous effects are important.
Some recent examples of hybrid CAA for turbulent trailing
edge noise includeMarsden et al.(2007), Manoha et al.(2000)
andWinkler et al.(2009).

As with direct methods, hybrid techniques give accurate results
however, the time taken to compute the necessary unsteady

LES data is large and makes their use in engineering design
cumbersome. At present and for the near to medium term, it is
expected that solving of the steady Reynolds Averaged Navier
Stokes (RANS) equations will be the computational design
method of choice, due to its relatively modest computational re-
quirements. Unfortunately, RANS solutions are time averaged,
and therefore most of the information required to construct the
acoustic source terms is missing. Therefore to use RANS so-
lutions for the computation of trailing edge noise, additional
modelling of the turbulent flow spectrum is needed. Even with
this additional modelling requirement, using a RANS solution
to calculate noise will have the benefits of decreasing design
and development time as well as improving the performance
of numerical optimisation schemes.

Despite its importance, there have only been a few previous at-
tempts at using RANS solutions to calculate turbulent trailing
edge noise. Most previous attempts to calculate far-field acous-
tic pressure rely upon estimating the surface pressure spectrum.
Lutz et al.(2007) andKamruzzaman et al.(2008) use RANS
solutions to generate a wall pressure spectrum at the trailing
edge of an airfoil. This spectrum is then converted to a far-
field acoustic spectrum using a diffraction analogy technique
(Chandiramani 1974). The method predicts the correct spec-
tral shape but has difficulty, at present, in obtaining the correct
pressure levels.Glegg et al.(2008) used the findings ofSpitz
(2005) to develop another RANS based trailing edge noise pre-
diction technique. Here, a four dimensional model of the vortic-
ity field is used to estimate the surface pressure spectrum. The
turbulent kinetic energy in the boundary layer is obtained from
a RANS calculation and used to calculate a mean square vortex
sheet strength, that is in-turn used to calculate the amplitude of
the wall pressure spectrum. This method has been shown to be
successful in calculating trailing edge noise spectra.

A limitation of the above-mentioned methods is that they as-
sume the turbulence field is homogeneous in the streamwise
and spanwise directions. This may not be the case in many trail-
ing edge configurations, or in the case where spanwise modifi-
cations such as serrations are used. Therefore, a more general
technique is desirable, that can relate the flow properties in any
region of the boundary layer to the far-field noise.

Another RANS based technique for calculating trailing edge
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noise has been developed byEwert(2008), Ewert et al.(2009).
Here, a stochastic method is used to generate time-based turbu-
lence data about the trailing edge, using a RANS simulation as
input. The time based data are then used with a numerical CAA
calculation to generate the far-field noise spectrum. The advan-
tage of this method is that it is general so it can be used for
a wide variety of problems and is not limited to trailing edge
noise. The disadvantage is that it has numerical requirements
that are of the same order or larger than the RANS calculation
used to generate the stochastic signals.Jones et al.(2010) have
suggested a method for reducing computational time by replac-
ing the numerical acoustic calculation with an acoustic analogy
approach.

This paper will describe a new method of calculating turbu-
lent trailing edge noise using RANS calculated turbulence data,
known as the RANS based Statistical Noise Method or RSNM.
This method differs from others in that it does not attempt
to estimate a surface pressure spectrum or numerically propa-
gate stochastically generated noise. Instead, the method uses a
Green’s function for a semi-infinite half-plane to generate a far-
field acoustic auto-spectrum directly using a statistical model
for the turbulence in the boundary layer about the trailing edge.
A turbulent velocity cross-spectrum model must be assumed
in order for the method to be successful. The choice of this
model must accurately reflect the frequency and phase distri-
bution in the boundary layer. The development of this model
was inspired by the recent work ofTam and Auriault(1999)
andMorris and Farassat(2002) who developed useful models
of jet noise that use RANS data to assemble the source terms.

As a preliminary application of this method, the acoustic spec-
trum generated by turbulent flow past the sharp trailing edge of
a flat plate at a Reynolds number (Re) of 5.5×105 is calculated.
A flat plate is chosen as it is the simplest trailing edge con-
figuration where the boundary layer is approximately homo-
geneous in the spanwise and streamwise directions, therefore
allowing comparison with existing trailing edge noise theories
that use semi-empirical surface pressure spectrum models.

SUMMARY OF THE NOISE PREDICTION METHOD

This section will summarise the noise prediction methodology.
Only the final derived equations are presented here for brevity
and the full derivation can be provided upon request1. In brief,
the method calculates noise by using a statistical model of the
turbulence cross-spectrum between two points in the bound-
ary layer (i.e. the noise source) and uses this information as an
input to a Green’s function solution for airfoil trailing edge far-
field noise originally developed byFfowcs-Williams and Hall
(1970). A computational fluid dynamics (CFD) RANS solu-
tion is used to calculate turbulence properties about the trailing
edge. This information is used to estimate the turbulence cross
spectrum, which is then converted to noise via a summation
procedure.

The equations of the model are summarised below.

Noise Estimation

The model will provide the far-field acoustic auto-spectrum at
a pointxxx from the trailing edge as a function of frequencyω
(i.e.S(xxx,ω)),

1The full derivation will appear in a major journal publication in the
near future. A manuscript showing the derivation can be downloaded here :
http://www.mecheng.adelaide.edu.au/~cdoolan/Papers/Theory1.pdf

S(xxx,ω)= ∑
V(yyy111)

∑
V(yyy222)

V [u′∗r (yyy111)û
′∗
r (yyy222)]F(yyy111)F(yyy222)dV(yyy222)dV(yyy111)

(1)

V =
ρ2

0ω sinφ cos2 θ
2

8π3c ro(yyy111)
3/2ro(yyy222)

3/2R(yyy111)R(yyy222)
(2)

whereω is the angular frequency,ρ0 is the undisturbed fluid
density,V is the volume of fluid considered in the noise summa-
tion, θ is the angle of the observer with respect to the trailing
edge plane,c is the speed of sound,r0 is the distance of the
element of fluid to the trailing edge,R is the distance from the
observer to the element of fluid,yyy is the position of the element
of fluid and subscripts, 1 and 2 refer to the two fluid elements
used in each summation step. In this paper, the general notation
is defined:w∗ is the Fourier transform ofw.

The functionF is a mean flow function,

F(yyy) =

{

(Ūr − faŪθ )cos
1
2

θ0− (Ūr + faŪθ )sin
1
2

θ0

}

(3)

where the overbar denotes time-averaged mean, the prime is
the fluctuating component of the velocity (so thatu = Ū + u′)
and θ0 is the angle a turbulent eddy makes with the trailing
edge. The fluctuating velocity components can be related to
each other using an anisotropy factorfa,

u′∗r = fau′∗θ (4)

for an isotropic flow,fa = 1. The subscriptr refers to the radial
component andθ the tangential component with respect to the
trailing edge.

Using the information contained in the RANS solution grid,
the double sum can be evaluated. The remaining item to be
defined is the velocity cross spectrumu′∗r (yyy111)û

′∗
r (yyy222). This is,

in fact, the cross-spectral density,

u′∗r (yyy111)û
′∗
r (yyy222) = Φ(yyy111,yyy222,ω) (5)

Turbulence Cross Spectrum

The cross spectrum model is based on a Gaussian formulation
of the two-point space-time correlation function (also used by
Morris and Farassat(2002) for jet noise predictions),

Rm(yyy111,ξξξ ,τ) = Au2
s exp

(

−|ξ |2
ℓ2
s

−ω2
s τ2

)

(6)

whereℓs is a characteristic length scale,ωs is a characteristic
frequency in the moving frame,us is a velocity scale that char-
acterises the velocity fluctuations andA is a scalar value that
determines the magnitude of the correlation.

Converting to a cross spectrum we have,

Φ(yyy111,ξξξ ,ω) =
A
√

π
ωs

u2
s exp

(

−|ξ |2
ℓ2
s

)

exp

(

−ω2 (1−Mc)
2

4ω2
s

)

(7)
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where,

ξξξ = yyy222−yyy111 (8)

To link this model to a CFD solution (i.e. RANS calculated
turbulence data), the following is used,

us =
√

2k/3, ωs = 2π/τs, τs = cτ k/ε, ℓs = cℓk
3/2/ε (9)

wherek is the turbulent kinetic energy,ε is the turbulent dis-
sipation andcτ and cℓ are constants that will be determined
below.

FLOW MODEL

The required mean turbulence data (k andε) are calculated us-
ing a CFD solution of the turbulent flow field about the trail-
ing edge. In this work, the OpenFOAM (Weller et al. 1998)
code is used for this purpose. Turbulence closure is provided
by the standardk− ε model (Launder and Spalding 1972),
the RNGk− ε model (Yakhot and Speziale 1992), thek−ω
model (Wilcox 1988) and the SSTk−ω model (Menter 1992).

The RANS equations are discretised using a structured finite-
volume method within the OpenFOAM software package. The
convective and diffusive terms are evaluated using a second-
order accurate upwind method for thek− ε model and a first
order accurate upwind method for all other models. The Semi-
Implicit Method for Pressure-Linked Equations (SIMPLE) al-
gorithm (Ferziger and Perić 1999) was used as an implicit so-
lution scheme with a solution tolerance of 10−6.

RESULTS

Test Case: Sharp Edged Flat Plate

A sharp edged flat plate is considered as a test case for RSNM.
Figure1 shows a schematic of the test case. Air passes over
a flat plate from the left to the right with freestream velocity
U∞, generating a turbulent boundary layer on its top surface.
Flow unsteadiness (turbulence) exists between the boundary
layer edge and the flat plate wall (i.e. in the boundary layer).
When this turbulent flow is convected past the sharp edge, the
acoustic source characteristics close to the edge (those within
approximately one wavelength) are modified so that they be-
come more efficient (Ffowcs-Williams and Hall 1970). This re-
sults in strong broadband acoustic radiation to the far-field.

The sharp edged flat plate has been chosen as a test case be-
cause accurate flow and acoustic validation data are available
for model development. The test case has a Reynolds num-
ber of Re= U∞L/ν = 5.5× 105 (based on the plate length,
L and kinematic viscosity,ν) andReθ = 1410 (based on the
boundary layer momentum thicknessθ , a measure of the mo-
mentum loss due to viscous stresses in the boundary layer, see
Schlichting et al.(2000)). These are identical flow conditions
as the direct numerical simulation (DNS) ofSpalart(1988),
who provides a database of boundary layer turbulence quan-
tities. A DNS study is one of the most accurate means of ob-
taining unsteady fluid flow information, as no assumptions are
made in the solution of the Navier Stokes equations. DNS has
been shown to have excellent comparison with experiments
(e.g.Eggels et al.(2006)), however is limited to low Reynolds
numbers due to its high computational cost.

Semi-empirical trailing edge noise models use the assumption
of chordwise and spanwise turbulence homogeneity in their

derivation (Howe 1978). As the sharp edged flat plate is the
closest approximation to this in nature, semi-empirical models
will provide an accurate noise estimate for validation purposes.
Here, the semi-empirical model ofHowe(1978) is used. This
semi-empirical model needs an estimate of the turbulent wall
pressure spectrum and the flat plate, zero-pressure-gradient model
of Willmarth and Roos(1965) is used for this purpose.

Flow Results

Grid Refinement Study

Parameter Inlet Outlet Fixed Wall

U/U∞ 1 Zero gradient 0
k/U2

∞ 0.015 Zero gradient 0
εU3

∞/L 11.15 Zero gradient 0
P/P∞ Zero gradient 0 Zero gradient

Table 1: Boundary conditions

The grid used for this study is a structured grid composed of
two blocks (see Figure 2); block number 1 had an initial res-
olution of 300×30 cells, which was increased by a factor of
1.2 in each refinement step of the grid refinement study. Block
number 2 had an initial resolution of 30×10 cells, and mesh
grading was used to gradually decrease resolution as distance
from the wall increases. The resolution of block number 2 was
increased by the same factor as block 1 in thex direction and
kept constant in they direction at 10 cells throughout the grid
refinement study. A wall functionWilcox (2006) was used for
the near wall region, and an inflow turbulence of 0.1% was as-
sumed. This level of turbulence is similar to that obtained in
many aeroacoustic facilities (Doolan and Leclercq 2007). Free
stream velocity and chord length were defined as unity, and
kinematic viscosity was defined asν = 1.8149×10−6 to ob-
tain a Reynolds number ofRe= U∞L/ν = 5.5× 105 at the
trailing edge. Table 1 shows a summary of the boundary con-
ditions used in the RANS simulations. The initial condition of
zero gradientmeans the gradient normal to the boundary is
zero.

The parameters chosen for the grid refinement study were the
momentum thicknessθ and displacement thicknessδ ∗ (a mea-
sure of the mass flow rate loss due to viscous stresses in the
boundary layer,Schlichting et al.(2000)). The grid resolution
was increased untilθ andδ ∗ converged. The results are inde-
pendent of grid resolution beyond 18920 cells, so the 27560
cell mesh was chosen for acoustic calculations. Table 2 shows
a summary of the grid refinement study.

Model No of Cells y+ δ ∗/L θ/L

k− ε 975 21.87 0.0032 0.0022
k− ε 13320 17.79 0.0034 0.0023
k− ε 18920 14.91 0.0035 0.0023
k− ε 27560 12.50 0.0035 0.0023

RNGk− ε 975 20.92 0.0033 0.0022
RNGk− ε 13320 17.40 0.0034 0.0023
RNGk− ε 18920 14.63 0.0035 0.0022
RNGk− ε 27560 12.24 0.0035 0.0022

k−ω 975 21.58 0.0034 0.0023
k−ω 975 17.90 0.0035 0.0024
k−ω 975 15.41 0.0035 0.0024
k−ω 975 12.62 0.0035 0.0024

SSTk−ω 975 21.37 0.0033 0.0023
SSTk−ω 975 17.79 0.0034 0.0023
SSTk−ω 975 14.95 0.0035 0.0023
SSTk−ω 975 12.47 0.0035 0.0023

Table 2: Grid refinement study.
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Figure 1: Schematic of a boundary layer developing over a sharp edged flat plate

Figure 2: Schematic of the domain and grid used for RANS simulations.
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Comparison with DNS data

Figure3 shows the mean velocity profile in the boundary layer,
normalised by the free stream velocity (U∞) and plotted against
distance to the wall normalised by the boundary layer thickness
δ . Good agreement is observed for all models when compared
to the DNS ofSpalart(1988). Figure 4 shows the turbulent
kinetic energy profile for all turbulence models, normalised by
the squared of the friction velocityu2

τ = τω/ρ , whereτω is the
wall shear stress. Comparison with the turbulent kinetic energy
DNS data ofSpalart(1988) is not as good as for the mean
velocity profile, however it is nearly identical to the profiles
obtained in similar validation work (Yang and Shih 1993).

The rate of dissipation of turbulent kinetic energy is plotted in
figure5 as a function of non-dimensional distance to the wall
(normalised byδ ). All models produce a similar profile.

Acoustic Results

This section will discuss the acoustic results obtained using
RSNM. After a grid refinement study, the RANS turbulence
data presented above are used an an input to RSNM to obtain
noise spectra. The performance of the RSNM is assessed by
comparing the predicted noise spectra to the semi-empirical
model ofHowe(1978) for an observer positioned at a distance
of 1.5 chord lengths directly over the trailing edge (at a 90
degree angle to the freestream).

Grid refinement Study

A grid refinement study was conducted to determine the reso-
lution required to obtain a grid independent solution. The data
were sampled over a domain extending from the trailing edge
to oneδ upstream of the trailing edge, and oneδ in the verti-
cal direction. Grid resolution was doubled in each refinement
step until convergence was achieved. The parameters used in
the model for this study were:cℓ = 1, ct = 1.2 andA = 10−2.
Figure6shows that a resolution of 40×40 cells is sufficient. To
determine the required extent of the domain in the upstream di-
rection, the domain was extended in successive steps of oneδ
in the upstream direction with the resolution determined in the
grid refinement study (1600 cells perδ 2). Figure7 shows that
extending the domain beyond twoδ upstream of the trailing
edge has no effect on the resulting spectra. Note that data were
not sampled in the wake, downstream of the trailing edge. This
might be an important component of the trailing edge noise
source and will be studied during the next phase of RSNM de-
velopment.

Comparison with Semi-Empirical Noise Model

In this section, the power spectral density calculated using RSNM
is compared with the semi-empirical model ofHowe (1978).
Results are presented using two sets of parameters (constants
A,cℓ,cτ ), a low frequency set and a high frequency set , which
have been found to provide a good match with the semi-empirical
model ofHowe(1978) at frequencies below 2000 Hz and above
2000 Hz respectively.

Figure8 compares the calculated power spectral density with
the semi-empirical model ofHowe(1978). The parameters used
were cℓ = 10−5, ct = 10 and A = 0.6. The agreement be-
tween RSNM and the semi-empirical model ofHowe (1978)
is excellent for frequencies below 2000 Hz. Similarly, figure9
shows the predicted spectra using the high frequency parame-
ters (cℓ = 1, ct = 1.2 and A = 10−2). Excellent agreement is
observed for frequencies above 2000 Hz. For both frequency
ranges, no significant difference is observed between the pre-
dictions made using different turbulence models. This is ex-
plained by the similarity of the RANS results produced by all

turbulence models.

CONCLUSION

A new method (RSNM) for predicting trailing edge noise based
on a RANS solution has been presented and applied to a flat
plate test case. It shows good agreement with the empirical
model ofHowe(1978). The RSNM has three parameters that
are found by best fit to experimental data. Two sets of param-
eters are needed, one for frequencies below 2000 Hz and one
for frequencies above 2000 Hz. Four turbulence models were
used to provide the required flow data; the results indicate that
the choice of turbulence model has no significant effect on the
resulting spectra. The method is promising as a tool for engi-
neering design, as it can give accurate results with very mod-
est computational requirements. A sampling domain of two
boundary layer heights in thex-wisedirection with a resolu-
tion of 40 cells per boundary layer height upstream from the
trailing edge was shown to be sufficient to obtain grid indepen-
dent results.

Future work will focus on the application of RSNM to more
challenging geometries such as real airfoils and the develop-
ment of new turbulent velocity cross spectrum models. More
appropriate velocity cross spectrum models will eliminate the
need for frequency dependent parameters.
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Figure 3: Mean velocity profiles at the trailing edge for all turbulence models, plotted against the DNS data ofSpalart(1988).
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Figure 5: Rate of dissipation of turbulent kinetic energy per unit mass (ε) at the trailing edge for all turbulence models.
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Figure 6: Power spectral density calculated using RSNM with RNGk− ε turbulence model, for different acoustic grid resolutions
sampling up to one boundary layer heightδ upstream from the trailing edge.
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Figure 7: Power spectral density calculated using RSNM with RNGk− ε turbulence model, for four different domain sizes.
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