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ABSTRACT

In order to investigate the most effective shape for a piezoelectric bimorph actuator, equations giving the free input ad-
mittance for an exponentially tapered vibrator were derived. Five piezoelectric bimorph actuators with different shapes
were fabricated and their characteristics were analyzed using the derived equations and by measurements. The experi-
mental and theoretical results were in good agreement, and they suggested that the resonant frequency and displacement
can be controlled by the tapered shape.

INTRODUCTION

The piezoelectric bimorph actuator has been used in a wide
range of application fields as a sensor, a vibration source, and a
position controller[1,2,3]. The shape of the bimorph has been
changed to improve its characteristics, especially, in the case
of cantilever-type bimorphs[4]. The tip of an atomic force mi-
croscope(AFM) is a good example of a cantilever bimorph[5].
However, the analysis of the characteristics of actuators is mainly
performed using numerical methods because it is difficult to
solve the wave equation including the shape factor analytically[6,7].
Therefore, the optimum design of the bimorph is not easy to
determine because of the enormous number of calculations. In
this study, to investigate the most effective shape for a piezo-
electric bimorph actuator, which can improve the frequency
bandwidth, equations to calculate the free input admittance of
an exponentially tapered actuator are derived. Five piezoelec-
tric bimorph actuators with different shapes are fabricated and
their characteristics are examined through the derived equa-
tions and by measurements.

ANALYSIS OF A SIMPLIFIED MODEL

The structure of the exponentially tapered bimorph actuator is
shown in Figure 1(a) and Figure 1(b). An elastic plate with
thickness 2tm is inserted between two piezoelectric plates. The
poling direction of the two piezoelectric plates is parallel with
the z-axis. The width of the actuator (x) decreases exponen-
tially from the fixed left end (width b) to the freely vibrating
right end (width a). We assumed that the variation of the width
is given by

x = bexp[
y
l

ln(
a
b
)]. (1)

with b > a. If the length l is sufficiently large to be comparable
to b and the thickness tp, the constitutive equation is written as
follows[8]:

S2 = sE
22T2 +d32E3 (2a)

D3 = d32T2 + εT
33E3, (2b)

where S2 is the strain, sE
22 is the elastic compliance under a

constant electric field, T2 is the stress, d32 is the dielectric con-
stant, E3 is the electric field, D3 is the electric charge density,
and εT

33 is the permittivity under constant stress. Including the

Figure 1: Calculation model for bimorph actuator.

tapered shape given by eq. (1) in the analysis of the bending
mode vibration[8], the wave equation is given as[9]

∂ 4ξp

∂y4 +2α
∂ 3ξp

∂y3 +α2 ∂ 2ξp

∂y2 − k2
pξp −QV α2 = 0, (3)

where

kp =

√
2ω2(tpρp + tmρm)

KM
, QV =

NV
KM

,

α =
1
l

ln(
a
b
), N = (tp +2tm)

d32

sE
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,
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22N2k2
32

2d2
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32)
,

tp is the thickness of the piezoelectric plate, and ρm and ρp are
the densities of the piezoelectric plate and the elastic material,
respectively. V is the voltage applied to the bimorph actuator
and YM is the Young’s modulus of the elastic material. To ob-
tain the displacement ξp, that is, the solution of eq. (3), the
mechanical boundary conditions given by eqs. (4) and (5) are
applied to eq. (3).

ξp = 0 &
∂ξp

∂y
= 0, at y = 0 (4)

Mp = 0 & Fp = 0, at y = l (5)

After some manipulation, the displacement of the actuator can
be obtained as

ξp =

[ Mc1
Λc

e−h1
y
2 + Mc2

Λc
e−h2

y
2 + Mc3

Λc
e−h3

y
2

+Mc4
Λc

e−h4
y
2 − α2N

k4
pKM

]
V, (6)

where
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√

α2 −4k2
p, h2 = α −

√
α2 −4k2

p,
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p,
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From the relationship between the electric current and the volt-
age, the input free admittance of the actuator is given by

Y = jωb
N

2Λc
(7)

×
{

h2
1

h2
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+
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4
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}

+ jωb
2εLS

33
αtp

(eαl −1).

RESULTS AND DISCUSSIONS

Figure 2 shows the five fabricated actuators (Tx1 −Tx5) whose
characteristics of admittance were examined in term of their
shape. Among them, Tx1 is a conventional rectangular actuator,
which is not tapered. The physical properties and dimensions
of the actuators are listed in Table 1. In the calculation, the elas-

Figure 2: Photograph of tapered piezoelectric bimorphs.

Table 1: Design factors of bimorph actuator

ρ (kg/m3) εT
33 ×10−11 k32 b (mm)

7370 1.6690 0.3861 12.7
sE

22 ×10−8 d32 ×10−10 l (mm) tp (mm)
3.2669 2.8123 62.45 0.44

Tx1 Tx2 Tx3 Tx4 Tx5
a (mm) 12.7 6.3 4.2 3.2 2.0

tic material between the piezoelectric plates is ignored because
the adhesive layer (2tm = 0.04 mm) made of epoxy resin is suf-
ficiently thin to ignore and the Young’s modulus of the layer is
very small compared with that of the piezoelectric plates. All
edges of the actuators were machined using a CNC milling
machine with on installed CAD/CAM program. The longer
of the two linear ends, which were not tapered, was rigidly
molded by epoxy to satisfy the fixed-end condition in each ac-
tuator. The calculated and measured results of the input free
admittance are shown in Figure 3(a) ∼ Figure 3(e). In these
figures, the solid lines and marks show the theoretical results
and measured results, respectively. The results show that the
fundamental resonant frequency and each harmonic resonant
frequencies are shifted upward with increasing b/a. Noted that
the fundamental resonant frequency is more sensitive than the
harmonic resonant frequencies to the value of b/a. The mea-
sured and theoretical results are in good agreement, and both
of them clearly show the variation of resonant frequency with
b/a. However, some errors appear in higher harmonics because
the elastic material, which was ignored in the theoretical calcu-
lation, should not be ignored when the thickness of the plate is
comparable to the wavelength of the harmonic mode. Further-
more, the larger the value of b/a, the larger the errors eqs. (2a)
and (2b) are not applicable when the thickness of the bimorph
(2tp) is comparable to its length a. The input admittances are
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Figure 3: Input admittance change with shape.

Figure 4: Change in admittances of the piezoelectric bimorph
actuators with frequency and b/a.
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calculated for various b/a as shown in Figure 4. Both the ad-
mittances and the resonant frequency are significantly changed
with the value of b/a. Figure 4(b) shows that the fundamental
resonant frequency can be controlled from 100 to 230 Hz in
the given range of b/a. The peaks in Figure 4(a) are caused by
the sparse calculation interval. The calculation results for the
fundamental mode obtained with a denser calculation interval
are shown in Figure 4(b).

CONCLUSION

In this study, equations giving the free input admittance and
the particle displacement for a piezoelectric bimorph actuator
with an exponentially tapered shape were derived. The validity
of the equations was confirmed using five fabricated bimorph
actuators. The experimental results coincided well with the the-
oretical results. By analyzing the admittance and displacement
using the derived equations, a piezoelectric bimorph actuator
with the desired characteristics can be designed. If actuators
with various resonant frequencies are arrayed, a thin piezoelec-
tric speaker with a wide bandwidth can be realized.
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