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ABSTRACT

Since the early 1930s, brake squeal has been a problem for NVH departments and the high-pitched noise causes cus-
tomers to complain and lodge costly warranty claims. Due to its friction-induced nature, material properties and oper-
ating conditions, the problem of brake squeal is non-linear and highly complex. In the past, research has been focussed
on mode-coupling instability predicted by the complex eigenvalue analysis (CEA). However, for unstable modes not
detected by CEA, friction-induced energy fed back by the pad modes, due to the friction coefficient, pressure variations
and non-linear material properties, has been shown, by means of non-linear time series analyses and the acoustic bound-
ary element method, to cause friction-induced pad squeal or to amplify the mode coupling of brake components for a
pad-on-plate system. It is suggested that pad mode instabilities be treated as a stochastic process defined by a random
3-parameter-space: the mean changes in kinetic energy, frequency and acoustic power caused by changes in pressure
or the friction coefficient. It is shown that, for a pad-on-plate system and a pad-on-disc simplified brake system, this
stochastic approach enables the probability to be calculated for a specified increase in kinetic energy or a specified
change in frequencies, thus allowing the assessment of brake squeal propensity and the development of strategies for

controlling brake squeal.

INTRODUCTION

In automotive industry brake squeal has become an important
cost factor because of customer dissatisfaction. In North Amer-
ica, up to one billion dollars p.a. were spent on Noise, Vibra-
tion and Harshness (NVH) issued jwhile friction material
suppliers allocated more than half their budgets to dealing with
NVH problems P]. According to a J.D. Power survey con-
ducted in 2002, 60% of warranty claims concerning the brake
corner are due to brake sque8].[Up to 5% of the USA's
gross national product can be accounted for by losses due to
friction and wear, which includes brake noise related problems

(4].

There have been numerous literature reviews on disc brake
squeal recently. Three of the most comprehensive include: Akay
[1], in which a general outline of the acoustics of friction con-
cerning not only brake squeal is given; Kinkaid et &] \who
discuss brake squeal mechanisms; and Ouyang ef]akHo
focus on the numerical analysis of brake squeal noise using
the Finite Element Analysis (FEM) in the frequency and time
domain. Mechanisms investigated so far which are thought to
be responsible for brake squeal include stick-sig9], neg-
ative gradient of friction coefficient with sliding velocit%%

[10], sprag-slip L1], mode coupling or binary fluttedp], ham-
mering [13], parametric resonance$4, 15] and moving loads
[16]. Other mechanisms sometimes mentioned include thermo-
elastic instability [L7, 18], viscous instability 19] and stick-
slip-separation wave2p-22].

Despite intensive research efforts, disc brake squeal propen-
sity remains a very complex problem to predi2g], Figure

1 displays the number of publications and patents since 1935
using an internet search for 'disc brake squeal’ with@LE
SCHOLAR. The following statistic is not complete and it can be
assumed, data related to more recent years is slightly more ac-
curate. However, for the purpose of showing trends, an internet
search seems to be sufficient.

The first patent for a proposed mechanism to handle brake
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squeal was registered in 1936 (Period | in Figljebut the
publication in international journals of research on this issue
only started after 1969 to increase. From 1969 until 1995 (Pe-
riod Il), the number of annual research publications remained
at a fairly low level with a total of 72 or.@/year on average.

In the same period, the number of registered patents also re-
mained quite low with a total of 32 or.8/yearon average. Af-

ter 1995, the number of publications began increasing, to 114
in 2009 (798 in total or 5fyear, Period IlIl). Periods I-1Il are

on the one hand side strongly influenced by the proprietary situ-
ation from sides of the automotive industry, but also exemplify
the change of focus of customers from possessing a merely
functioning automobile (period 1) up to having more comfort
(period 111). The increase in research publications after 1999 is
most likely caused by increased customers’ concerns and ex-
pectations and initiated through the application of the complex
eigenvalue analysis (CEA) to prediction of unstable vibration
modes in the 1989 1990 (¢) by Liles [24]. The maximum
number of patents, 14, was registered in 1929 qighlight-

ing also the practical impact of the CEA. Initially, the contact
interface between pads and disc was manually tailored with
springs in numerical simulations. As better contact elements
were developed and implemented in commercial codes such
as ABAQUS 6.4 (2003)4) [6], research into numerical anal-
ysis of brake squeal propensity continued to accelerate in the
last decade but the number of patents actually decreased. This
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could be an indication that research findings are not yet ma-
ture enough to be applied in industry. As a result, brake squeal
is still of practical concern to the automotive industry as con-
firmed by Hoffmann and GauRp| or Chen R6).

Traditionally, research into brake squeal has been focused on
three approaches: (a) using experimental methods to study the
vibration and acoustic responses of a brake system; (b) using
numerical methods, predominantly finite element models with
complex eigenvalue analysis, to determine unstable vibration
modes; and (c) using simplified analytical models to gain in-
sight into the mechanism of brake squeal generation. It has
been proposed by Oberst & La23| that, despite the merits

of these approaches, it could be beneficial to explore the use
of other analysis methods for providing greater insight into the
mechanism of brake squeal. For example, by applying statisti-
cal analysis to industry brake squeal test data, it has been found
that the squeal performance of various pad modifications is
highly correlated with the degree of non-linearity in the system
[27]. Non-linear time series analysis tools and recurrencesplot
applied to microphone squeal test data of a full brake system
illustrates the Ruelle-Takens-Newhouse route to deterministic
chaos 28]. Also, in Hoffmann & Gaul R5], non-conventional
analysis techniques, such as incorporating uncertainties, prob-
abilistic measures and statistics, are recommended. Although
brake squeal is essentially a deterministic problem, the exact
values of many operating parameters are not known because
of large variations in the material properties of notionally the
same materials in identical operating conditio29] |

Empirical distributions of the friction and normal forces related

to brake squeal vibrations can be found 39,[31] where the

effect of a random friction component was investigated using
the discrete wavelet transform. It was found that the occurrence
of squeal noise is associated with a larger mean value of the in-
stantaneous friction coefficient and that random components of
the contact forces are non-Gaussian processes. Parametric ran-
dom vibrations due to friction and stochastic averaging tech-
nigues are reviewed ir8p].

Incorporation of uncertainties would involve solving a govern-
ing equation with astochasticcomponent, as in33, 34]. In

order to reduce the computational resources required, instead
of obtaining a deterministic solution for each variation of ran-
domisation, a decomposition method has been developed and
found to be superior to the classical Monte Carlo simulation
[35]. With this decomposition method it is possible to approxi-
mate eigensolutions of a linear stochastic system.

Another way of incorporating uncertainties is to calculate the
probability of squeal occurrence by means of the Monte Carlo
simulation using a sub-structured and a reduced order model
[36]. Randomness is taken into account through the friction
coefficient, i, the stiffnessk, or the Young‘s modulusg, of
brake components. If the input parameters of structural calcu-
lations are randomised, it is possible to couple these calcula-
tions with a parametrised CEA in ABAQUS to solve a random
eigenvalue problem based on the uncertainties of key parame-
ters such as the material properties or the friction coefficient.

The main uncertainties in disc brake squeal arise from: (1) the
complexity of interacting mechanisms; (2) the still unknown
functional description of the friction coefficient which is de-
pendent on operating conditions; and (3) significant changes
in the properties of the pad-lining material during operation.
It has been found in a laboratory brak&/[ that under vary-

ing loads, a change in pad resonances of up to 25%, due to
variations in the pad-disc’s 'angle of attack’ of up to 15%, are
possible. Thus a maximum change in a pad’s in-plane frequen-
cies of Af = 11.2kHz is possible. Due to the importance of
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pad vibrations, it has been suggested that a CEA should be per-
formed, which focus on pad’s mode37]. This has been done

in [38, 39] by means of CEA, forced response calculations and
the acoustic boundary element method.

Based on the study presented 88[39], in this paper a novel
approach to predict the onset of instabilities is pursued. As lin-
ear analyses as the CEA cannot predict all instabilid@s41,

38], the new approach must be able to capture mechanisms dif-
ferent from those in the CEA which detect mode-coupling in-
stabilities. Ideally, the procedure should be easy to understand
and ready to use with commercial software packages. The new
approach is complementary to the CEA and focused on certain
pad modes, as suggested 37][and studied by Oberst and Lai
[38, 39]. Three key indicators are used: changes in frequency,
in the kinetic energy spectrum, and the radiated acoustic power
as a result of changes in the operating conditions such as the
material properties of the lining materials, friction coefficient
and pressure. Most research into uncertainties is focused on
physical quantities such as the friction coefficient or material
properties ifput variables). This choice is somewhat arbitrary
and requires time consuming calculations of a distribution of
complex eigenvalues as a function of these input variables. In
this study, therefore, the concept of uncertainty is quantified by
the relationshifbetween the changes in three output indicators:
frequency, peak kinetic energy and peak acoustic power as a re-
sult of changes in the two input variables: pressure and friction
coefficient. With this method, the computational efforts are sig-
nificantly reduced as a statistical distribution is applied only to
deterministic resultoutputvariables). Further, the chosen out-
put variables mark readily important physical design variables.

NUMERICAL MODELS

In this study, three different models are uselhte-models con-
sist of a slider on a moving plate, similar to the analytical mod-
els used in4, 28] but with elasticity and area contact. These
models represent a simplified annular disc as used2a4p]

cut open and stretched to a plate. As previous simplified brake
system are fcoussed on mode-coupling instability due to the
merging of the split modeAp-45], this type of instability is

not expected for a plate model due to the loss of its annular
structure. Although plate model Il fron3@] is not analysed in
further detail, the numbering of the models remains the same
as in B8, 39]. Further,disc-models consist of a pad on a mov-
ing disc.

* Platemodels:

(I) isotropic pad translational moving steel plate, fre-
guency range investigated{0.5kHz); variation:
friction coefficient, pressure

(1) transversely isotropic padNA (studied in Bg],
but left out in the present paper)
» Disc-models:

(1) isotropic pad rotating thick annular disc; frequency
range investigated (0— 7.0kHz); variation: fric-
tion coefficients; material
transversely isotropic padsotropic steel back -
plate; rotating thick annular disc;frequency range
investigated (X 7kHz); variation: friction coeffi-
cient, material constants with pressure

(V)

The form factor (size, geometrical features) remains the same
for the isotropic/ anisotropic pad-on-disc models except that,
for the anisotropic lining material, a back-plate is attached which
results in higher out-of-plane stiffness. Since the total thick-
ness remains the same, the puck's thickness has to be reduced
by the thickness of the backplate.

The emphasis in this study is on models | and IV. Model | is
used to simulate an experiment performed by CI28) &nd
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ables relative velocity and pressure, and almost nothing can be

found on the dependency on humidity. That temperature has
a major effect on elastic constants and therefore on frequency
variations is intuitive and is briefly studied i8], but will not

be followed up in this study.

model 1V is used to study the influence of changes in the lining
material properties (due to changes in the model’s compress-
ibility under different loads according td]) on Young's/shear
moduli and Poisson's ratios. For both pad-on-disc systems, com-
pliant boundary conditions, as described 47][are taken. In
Figure 2, the pad-on-plate (I) and pad-on-disc (IV) models are
depicted. The material properties and mesh details are taken

from [38, 39, 47].

In practical engineering concerned with friction and contact,
the hypothesis of GuLOMB-AMONTON is of particular inter-

est B, 49]. However, it only accounts for a normal force with
point contact and is, apart from the direction, not dependent on

the absolute value of velocitp()].

In the following, the assumptions underlying this study are
along the lines of findings taken from a wider study in the
course of design of experiments]]: A full brake system is
tested on an industrial computer-controlled brake dynamome-
ter as described irbfl, 27]. The test consists of a total of 1669
stops and is divided into a warm and a cold section. The warm
section is set up according to SAE J25ZP|[and the cold
section satisfies NVH needs and customer specifications. The
test conditions themselves as in SAE J2521, are designed so
stringent that a problem brake system, rather squeals on the
test bank than during on-vehicle tests under real operating con-
ditions [29]. Of course, statistical data based on and derived
from experiments is highly dependent on the test procedure it-
self. Because of the overestimative character of dynamometer
tests and its derived statistics, dynamometer tests are the only

(b) an-istotropic pad-on-disc

(a) isotropic pad-on-plate

Figure 2: (color online) (ajsotropic pad-onplate model (1);
(b) anisotropicpad-ondisc model (1V)

Modes of the pad-on-plate model are referred t@aso gy
according to 38] and resonances are identified in frequencies
as f1 to f4. Apart from the resonancé; each of the reso-
nancesf; — f4 house two modes, which lie very close in fre-

guency. Due to structural and frictional damping, their peaks

are merged. For the pad-on-disc systems, modes are described true standardised benchmark of practical relevance so that, to

by (m,n,l,q), according to48]. Here,m, n, | and q stand for
out-of-plane modes witm nodal circles and nodal lines, and
in-plane radial and tangential (shear) modes, respectively. Res-
onances in the kinetic energy spectrum / acoustic power spec-
trum are identified byf; to fo4 (model Ill) andf; to f1g (model

IV) respectively, according to plots of kinetic energy & acous-
tic power B8, 39]. System modes, which are dominated by
pad-modesare assigne®, R, for the plate model an@&,, R
andPyot for the disc model, according t88]. In this study, the
friction coefficientu ranges from M5 to Q65 and the pressure

p covers the range from @01 to 80MPa.

MODELLING OF UNCERTAINTY

The first part of this section provides insights into the prob-
lem’s scope, the second introduces the probabilistic model.

Problem Scope

In modelling a brake system in order to analyse brake squeal
propensity, two major unknowns are the composition and the
dynamic behaviour of the brake lining as well as the exact rela-

tionship of the two mating bodies in contact expressed in term(%';f;m) i

of the friction coefficient.

When a car is slowed down in the course of the braking pro-
cess, due to increased brake-line pressure, the vehicle's veloc-
ity decreases and the friction coefficient increases. With com-
pression of the lining material, the elastic constants change
non-linearly, resulting in varying material stiffness parameters

[29, 46].

In Figure3 the brake system (response) is depicted with its in-
put (excitation) and output (squeal). In the control box, the sta-
tionary parts (caliper assembly) and the rotating brake disc are
depicted. The friction coefficient and its dependency on vari-
ables is also depicted, and assigned as part of the input of the
control system, inherently responsible for the feed-back loop.
In many brake squeal studies it is assumed that the relative ve-
locity between the pad and the disc, and pressurisation of the
pad and its associated contact are the most important factors
for mechanisms which generate squeal. Wear and temperature
are little investigated compared with the aforementioned vari-
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the authors’ opinion, computer simulations, in order to be of
direct practical use, have to be, in the end, related to real test
procedures and their statistics. Figdrexemplifies recorded
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Figure 3: (color online) Schematic functional dependency of
the friction coefficient and its influence on the input (excita-
tion) of the brake system (response) prior to/during squeal.

pressure, velocity and friction coefficient data for only one stop
[51]. The dashed boxes in Figudga)-(c) mark the time inter-
val investigated in this paper @to 59s) for a cold forward
stop of a two-piston floating calliper brake system for a mid-
size sedan. The pressure in Figdr@) increases linearly with
1IMPa/s, as indicated by a triangle (point-slope form) at the
beginning of the dashed line. The velocity in subfigure (b) de-
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creases only slightly and is almost constant. In (c), the friction
coefficient oscillates but tends to increase slightly. In subfig-
ure (d), the histogram and the theoretical normal distribution
of the friction coefficient data of the dashed box (Figar&))

are plotted.

The data of the friction coefficient over time is tested for nor-
mal distribution by means of a Lilliefors test witlh = 0.05
anda = 0.01 significance levels. The null hypothesis, that the
distribution comes from the family of normal distributions can
only be rejected foor = 0.01. By taking the exponential of this
data, this hypothesis can no longer be rejected, hence it can be
assumed that the friction coefficient data is truly log-normally
distributed. From Figurd (d) it can be seen that the experimen-
tal data of the friction coefficient is slightly negatively skewed
which results from the negative gradient of the friction coeffi-
cient curve (see als@§)). However, as in a first approach only
the methodology of how to incorporate uncertainty is of inter-
est, the assumption of normally distributed data is used for all
three models at hand. The normal distribution has some advan-
tages as it is symmetrical around its mean, and thus halves the
area of the probability density function; this simplifies mod-
elling, the calculation effort and the presentation of results.
Further, in the course of the study it is assumed that the fric-
tion coefficient fluctuates very strongly due to a (i) dominant
normal distributed component, with an underlying (ii) deter-
ministic trend towards higher values due to a (iii) decreasing
but almost stationary sliding velocity. All this is driven by a
(iv) linearly increasing pressure. Based on these assumptions,
in this paper a concept is developed related to findings of pad-
mode instabilities presented i47, 38, 39]. These pad modes
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Figure 4: (colour online) Example data from experiments: (a)
brake line pressure; (b) rotor velocity; (c) friction coefficient;
and (d) histogram and normal distribution of part of friction
coefficient curve. Data provided courtesy of PBR Ltd.

show large but variable changes in kinetic energy and seem to
change their frequencies easily. The simulations performed in
[47, 38, 39] depend on two varying parameters, the friction co-
efficient 4 and the pressurp. For the anisotropic pad-on-disc
model (1V), non-linear changes in the elastic constants due to
different pressures are applied. In Figbrehe development of
the kinetic energyky, of the isotropic pad-on-plate model (1)
(Figure2(a)) is depicted. Four resonances are market} as

f4. For pg = 1kPa, a friction coefficient oft = 0.001, which
exemplifies the friction-induced nature of the mechanisms in-
vestigated, is also applied: no peaks can be observed-af,

but as soon ag exceeds M1 little peaks show up.
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Figure 5: (color online) Kinetic energy for various pressures
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Figure 6: Sketch of problem

The problem of changes in frequency, peak kinetic energy /
acoustic power is sketched and exemplified for the kinetic en-
ergy in Figure6. Due to the braking process some of the res-
onance frequencies in the spectrum and their kinetic energy
levels change. Most of these variable peaks are associated with
in-plane pad modes which are very active in terms of vibration
due to energy fed into the system and being released at their res-
onance frequencies is efficiently transformed in vibrati@. [

A prediction of how these pad modes behave for varying oper-
ating conditions is desirable from a design and, hence, an op-
timisation point of view as in for instance mixed, constrained,
multi-objective problemsH3]. In general, resonances are due
to dominant modes which can be extracted in a CEA and are,
as such, accessible for analysis in terms of mode-coupling the-
ory and their positions in frequency. In the kinetic energy spec-
trum, if additional damping is applied or the pressure is high
enough, not all modes might be visible anymore. This is the
case for doublets of out-of-plane modes and holds also true at
certain pressures for the radial and rotational pad mBdasd

Prot. However, it can be hypothised tHatandPt, due to their
large changes in frequencies, adopt the function of acting as an
additional perturbation in the time domain in the sense of an
additional energy source superimposing changing harmonics
in the time signal 38]. Therefore, it is important to know, at
which frequency those, in the kinetic energy spectrum in terms
of resonance peaks eliminated modes vibrate and which should
not be totally neglected. For this purpose, and also to check for
mode coupling instabilities, the CEA is practical. The kinetic
energy, as suggested i8g], is extracted by a forced response
by means of a direct, steady-state solution step and takes the
role of describing the change in vibration energy by being di-
rectly related to the underlying velocity field. A change in vi-
bration energy is important as it can be related to the external
work [38], hence to feed-in energy of the system and, hence,
to its self-exciting charactebfl]. The change in kinetic energy

is the highest at those frequencies, at which the external work
becomes negative. This negative external work describes work
done by springs due to contact, which is not transferred into in-
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ternal work and released in vibrational energg,[47]. Finally,
changes in the acoustic power level describe the sensitivity of
the system in terms of its radiated sound power, hence are di-
rectly related to brake squeal propensity.

Figure 7 exemplifies for the isotropic pad-on-plate model (1)
[38] the dependency of the peak kinetic energy on (a) pressure
variations with constantt and (b)u variations with constant
pressure. According to resonancigsand f3, two families of
curves are formed. Each of its curves is developed by moving
along the vertical lines in Figurgand noting down the values

of peak kinetic energy for each friction coefficient at each pres-
sure value. Clearly, the pressure dependency of the frequencies
of interest can be well approximated by a quadratic function (
in Figure7) in contrast to the identical function«£ in Figure?).

By varying the pressure (Figuig(a)), the families of curves

-40
80

3 5 7 o1 03 05 0.7
Pressurgp MPa Friction Coefficientu

Figure 7: Scattering of peak amplitudes of kinetic energy ex-
emplified in f; and f3 by varying (a) pressure or (b) friction
coefficient, by leaving eithgn or p constant, respectively

look similar each, which is not the case for variationgti(Fig-
ure7(b)). Further, the trend of behaviour for a family of curves
is very different in Figur& (b) from that depicted in (a). As all
calculations are performed in the frequency domain, their de-
pendency in the time domain is a-posteriori synthesised. This
is done by taking the previously described time dependency of
the pressure by means of an identical function and replacing
pressure with time (hence identical). In that sensexthaxis

in Figure 7 is replaced by a surrogate, coined herejaasi-
time 7: By doing so, modal quantities as peak kinetic energy
are related to the time estimateHereby, it is further assumed
that the contribution of other modes in resonance is supposedly
neglegible. Based on the fact that the determination of the fric-
tion coefficient is a very difficult task, due to strong non-linear
dependencies with a variation of variables (see Fi@)ren

this synthesisy is assumed to be a random variable which has
99.9% of its probability mass within the limits @f = 0.05 and

¢ = 0.65. With a set of calculations, fqy ranging from 1kPa

to 8MPa, performed in the frequency domain, their time depen-
dence is developed by assumindo be Gaussian, similar to a
particle in a turbulent velocity field at high Reynolds numbers
[56]. In this paper, for each fixe, the deterministic equations
are solved for ali and the complex eigenvalues, as well as the
kinetic energy levels, are obtained by means of structural fi-
nite element calculations (ABAQUS 6.8-4). Then, the acoustic
power level is calculated by means of the acoustic boundary
element method, using a solver based on the fast multi-pole
method (FMM) implemented in ESI/VAOne. For this purpose,
an ABAQUS plug-in was developed in Python, which is linked
to VAOne via MatLab and allows for automated calculations of
probabilities.
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Probabilistic Background

For the sake of simplicity, it is assumed that the distribution
(2) of the friction coefficienfu is normalbased on the normal
distribution presented in Figuee(d).
U~ D =N (v,0) (@)
The change in frequencf (based on eigenfrequencies of
complex modes), peak kinetic energ¥y p, and peak acoustic
power,Allp, (both based on resonance peaks) are calculated by
deterministic equations dependent on the friction coeffigient
the pressurg and the relative velocity,e. Here, onlyp and
u are varied as it is assumed that the velocity is almost con-
stant since it can decreases only very slightly in reality when
it comes to a squealing event (see Figdrg)). Further, it is
assumed that functions &f, AE , andAll, are smooth func-
tions.

During the further course of this study, it is important that the
pressure is a function of time. Then, the experimental data in
Figure 4 allows for the construction of a family of functions

of the formy(x) = ax+ b. If we assume the pressure to be
zero at the beginning of the test (Figut€a)), which can be
assumed without violation of generality, the pressure becomes
an identical functioni€l (x) = x),

p(T) = a xid(T) =T. @)
as,a = 1MPg/s describes the slope of a linear function.

The distribution ofu as the parameter with more uncertain de-
pendency (Figurd), are mapped a-posteriori onto the three
variablesAf, AEy , andArl, in turn become normally distributed
as well. The two simulation parametgrsand u are assumed

to be independent from each other. In contrast to that, the fre-
guency, the kinetic energy and the acoustic power are related
and their probabilities might become conditior&if,[58]. How-

ever, their conditionality is neglected here, as a change in fre-
guency does not necessarily mean that the kinetic energy in-
creases and that if the kinetic energy increases strongly, for in-
stance at modé,, still no significant acoustic power can be cal-
culated at this resonancg9. Hence, the dependency of tlie

Ex and N changes with the modes, which changes themselves
due to friction and pressure. Therefore, it is here assumed that
a strong dependency exists betwgeand p (input variables)

on the one sideAf, AEy , andAll,, (output variables) on the
other side. From that it follows that the dependency between
the two/three input/output values is assumed to be weak and it
may be allowed to treat them as independent.

Based on that, the three random variables investig&deids
{1,2,3}, are defined in the following by

Vi = Af = F(1,p(D) ~ 1 @)
Vo = DBy p = F(Ex, p(T)) ~ 22 4
V3 =AMp=F(N,p(T)) ~ Z. (5)

Here,F is a function dependent on the time dependent pres-
surep(t) and either,f as the complex modes* imaginary part
divided by 2t or E¢ as the kinetic energy level dil as the
acoustic power level. By replacing(7) by T, it is possible to

see the development &ff, AE, , andAlp as quasi-stochastic
processes. Quasi due to the quasi-time dependency; stochas-
tic, as the change in frequency, peak kinetic energy and peak
acoustic power are themselves Gaussian at eachttifEqua-

tion (2)); and processes, as input states variable determine the
output states over timesp]. For the three models at hand, it

is assumed that all processes belong to the classastddv
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processes, as the present state is independent from a possibly
underlying time history0]. A stochastic process is exempli-
fied by means of the change in peak kinetic energy and denoted
in the following equation:

{Vor}t = {{AEc p}t}T, with T =[0.001,8.0] CR". (6)
Here Vor = AEy p—marks a distribution at time and{} gives
a vector of distributionsdl]. T is the index set defined by a
subset ofR™ (positive real numbers, without zero) and gives
the interval of time in s. As the random variablésd,, AEy
andAlp as well as the index sétare continuous, this process
is classified astate andtime-continuou$62]. As the process
is random, it can be seen as the counterpart of a deterministic
process §3] which is for instance described by the time trace
of particle, calculated by means of classical laws of mechanic.
However, for the stochastic process at each point of time, a
(normal) distribution determines the probability of a change in
f, Exp or Iy for each mode/ in each resonance. ForRg
andlp, sometimes two modes are assigned to one resonance
peak due to their closeness in frequency and damping effects.
In practice, all numerical values are sorted into matrices of
pressure over friction coefficient, according to their assigned
resonancefi. This means one gets 18 matrices in the case of
model IV which are formed for all three parametér AEy
andArlp, giving in the end 54 matrices with stored data. In
the case of vanishing resonance peaks, as it is the case at some
pressures for the radial and rotational pad modes, the modes'
matrices of changes in peak energy/power are filled with zeros
so that the standard deviation at these resonances has a width
of zero with a mean of zero. Plotting the normal distributions
for each mode or resonance, at all times and in one graph, and
connecting the mean values as wellHag and —o gives the
trajectory of the proces$4]. Based on the data calculated, the
process is taken to be a MNER process §5] which is exem-
plified again for changes in peak kinetic energy and defined as
follows.

{Vao}t = 8T+ 0B(T) 7)

With 8T marking a drift, 0 the variance and(7),7 € T a
standardised Brownian motion. The drift is responsible for the
trend of the mean value, the variance describes the increase
or decrease in width of two subsequent distributions. For the
standardised Brownian motion, the following definition must
hold true:

(1) the initial value iB(0) = 0 which can be assumed with-
out losing generality for the zero pressure,, i € {1,2, 3}

as, with no pressure, the brake system does not squeal
as no system modes are established and the differences
in kinetic energy are zero.

increments of the standardised Brownian motion are
normally distributed withB(7 +h) — B(T) ~ .4 (0,h)
which is one of the methodological concepts applied
here. The change ip is absorbed by the drift param-
eterdr.

the increase$y; are stochastically independent which
means, forg = T, + h ands = 1j with i € 1,2, that
0<s =T <q=T+m<p=TH<p=T+h
which is true for the condition thdy; > O for the for-
ward marching time. For calculations of the brake sys-
tem, this means that it does not matter for the increase
in peak kinetic energy if the pressure difference is low
or high.

(2

(©)

By means of a WENER process with drift, it is possible to
calculate at each time the probability of changes in frequency,
peak kinetic energy or peak acoustic power according to some
specified values marked by a previously defined eefithis
event could be in the case of changes in peak kinetic energy,
A: the peak kinetic energy deviatesyB from its mean value
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Again, exemplified by means of changes in peak kinetic energy,
it is possible to calculate the probability at each time point.

{Z{0E(A)h}r (8)
Here, &7 is a probability measure, which is used, to calculate
the probability oo = AE(A)7, VT € T. A probability is cal-
culated at eacln and contour plots of probability over time are
obtained.

APPLICATION TO SIMPLIFIED BRAKE SYSTEMS

0.05 0.10 0.15 0.20 0.25 0.30
¢V.62(Af)

S
Figure 8: Example of a stochastic process which describes the
variation of frequency for a= 3-mode with positive travelling
wave

In Figure8 a stochastic process for the variation in frequency
Af over pressure/time of the= 3 mode is depictedP,, ;2 (Af)
gives the value of the normal distribution &f dependent on
the two characteristic parametersandor which change with
forward marching time. For the sake of illustration, in the fur-
ther course of this paper only contour plotsidf/ AEy , / Tp
over time of such distributions depicted in Fig@&are used.

Isotropic Pad-on-plate

The variability in frequency and peak kinetic energy/acoustic
power of all pad-on-plate (I) modes/resonances is depicted in
Figure9(a)-(c). In Figure9(a), the pad modeB; and R, have

the highest dispersions of frequency with increasing pressure
values (Figured(a)). The lowest dispersions of frequency for
each pressure value are given fpr andgs. The trace of the
process, as indicated by the mean value, might change which
is especially obvious for modeg, gz andqg; with a trend to
lower frequencies with increasing pressure, rendering the pro-
cess as non-stationary. The modgsgs andqy are strongly in-
fluenced by the pad and the friction in the contact patch. How-
ever, a change in frequency itself does of course not say any-
thing about the squeal propensity at resonances depicted in Fig-
ure 5, and the measure developed merely describes a mode’s
variability on the frequency axis (Figu®. The higher the
dispersion in frequency, the more problematic would be sub-
sequently and traditionally applied design optimisation steps.
In terms of robustness in frequenay, g4 andg; have to be
seen as the three most problematic modes.

In Figure 9(b), the processes of changes in peak kinetic en-
ergy (AEy p) are depicted for the isotropic pad-on-disc model
(I). The wider this corridor, the more kinetic energy is likely

to be released at this particular frequency. The curves do not
look very spectacular, not many differences between changes
in peak kinetic energy can be observed as changes in reso-
nancesf;, to f4 are almost congruent. However, it is visible that,
for f1, the trace of the process is negative and that the change
in peak kinetic energy decreases with increasing pressure, the
dispersion becomes larger which, taken together, can be inter-
preted as stabilising. However, for the other three frequencies,
this trend cannot be observed: changes in peak kinetic energy
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are positive and dispersions due to variations in the friction co-
efficients are expected to be high. From these results, it can
be concluded that, from a design point of view, less attention
should be paid to the resonance pdakrather, fy, f3 and fy,
which give almost identical corridors, are important. Also, the
development of potential changes in peak kinetic energy can be
assumed to be rather constant as the variability does not greatly
change its span. As the tracesfgfto f4, which are described

by the curves formed from the mean values, are almost con-
stant, their processes can be described as stationary with only
a slightly negative drift parametéx.

In Figure 9(c), the changes in peak acoustic power as taken
from [39] are depicted. Evident is the close relationship be-
tween the traces depicted in this graph to those of peak kinetic
energy depicted in Figurg(b). Again, peaks at three frequen-
cies, f, to f4, show mostly the same behaviour which can be
coined as quasi-constant. Also, based on this graph, it can be
said that a system'’s treatment, in terms of noise measures con-
cerning frequencyf, requires that measures be applied that
are not countermeasures against primarily friction-induced ef-
fects. If the noise is squeal, it has to be checked whether mode
coupling could be the reason. As the system is also not pre-
dicted to be unstable by means of CEA, the peak atan be
excluded as a possible noise source.
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Figure 9: Stochastic processes for modgof pad-on-plate
system for (a) change in frequency, (b) change in peak kinetic
energy and (c) change in acoustic power, respectively.

Isotropic Pad-on-disc

In Figure 10, the corridors of (a) frequency and (b) peak ki-
netic energy variation for the isotropic pad-on-disc model (l11),
under increasing pressure and varying friction coefficient, are
depicted. For the sake of brevity, the processes of the acous-
tic power are not depicted due to their similarity to the kinetic
energy. Further, only corridors of some prominent modes are
exemplified: the unstable mode pairs of t{3+,0,0) and
(0,5+,0,0) mode, the rotational pad mod®gt, the radial pad
mode, R, and the tangential pad mod&, The same modes
were investigated in38, 39] from the aspect of structural vi-
brations and acoustics. The unstable mode does not show the
same mean frequency as depicted by the trace of the stochastic
process in Figur&O0 (ai). This is due to two effects, (1) the av-
eraging process and (2) an imperfect merging due to frictional
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damping at high pressure8q). Clearly, the corridors for the

n = 3 modes, which are predicted to be unstable by means of
the CEA, are very small which implies very little variation and
uncertainty concerning possible frequency fluctuations. In con-
trast to that, the variations in frequency of the rotational pad
mode,Pot, and P are very strong, especially at higher pres-
sures. This is consistent with the pad-on-plate model, where
the modes with a component perpendicular to the sliding di-
rection have very large variations in frequency. The tangen-
tial pad mode? only shows a much smaller variability in the
low-pressure regimes than for higher pressures. Further, the ro-
tational modeRq: also shows strong deviations in frequency.
In Figure 10(b), processes which describe the variability of
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Figure 10: Corridor of variability for most prominent system
modes for isotropic pad-on-disc model (111)

peak kinetic energy over time are depicted. Here, in compari-
son with Figured(b), most of the stochastic processes depicted
can now be described as non-stationary. The modes with higher
changes of peak kinetic energy &eand the in-plane tangen-
tial shear modé = 0, as can be seen using the scale of the
y-axis. Thel = 0 mode, does not vary in frequency at all, there-
fore, its stochastic processAf is not depicted here. From the
out-of-plane disc modes-dominated system modes, only the un-
stablen = 3 and the stable = 5 modes show wider disper-
sion values in changes of kinetic energy. The radial pad mode
and the rotational pad mode are not depicted in terms of their
changes in kinetic energy, as affe= 0.5MPa no resonance at
their frequency is visible anymore.

Anisotropic Pad-on-disc

For the anisotropic pad-on-disc model (IV), the rotational pad
mode Pot, and the radial pad modB,, show significant changes
in frequency, as depicted in Figutd (a) (i-iii). Other modes
show negligible variations. In Figure (b) and (c), the varia-
tions in frequency of the only as unstable predicted mode pair,
(0,3+,0,0), and the tangential pad mod®, are depicted. In
comparison with the isotropic pad-on-disc model Il (Figure
10 (aii)), the change in frequency of the radial and rotational
pad mode in Figurd 1 (a) is much stronger at lower pressures,
indicating a higher sensitivity of these modes due to changed
lining. The tangential pad mod®@ (c) shows a similar dip as
the R of model Il (Figure10 (aiii)). Similar to the isotropic
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pad-on-disc model, moddé% andP,,t do not show significant
kinetic energy peaks aftgqn = 0.5MPa, and are thus not de-
picted here.

Calculation of Probabilities

As the stochastic processes of changes in modal frequencies,
changes in peak kinetic energy and peak acoustic power have
been calculated in the previous section, it is now possible to
calculate the probability that these variables change by either
(1) a certain percentage or (2) a certain value. Even though
it might be interesting to look for the probability of a certain
percentage deviation, it is of more interest to search specifi-
cally for a certain deviation in kinetic energy or frequency and,
hence, the percentage changes in each mode. In the following,
probability calculations for the isotropic pad-on-plate model
() are performed as an example. In FigdZa), the probabil-

ity density function and in Figur&2(b) its cumulative density
function are depicted for mode of the kinetic energy plot for

a pressurg = 10-3MPa. Exemplified is the calculation of the
probability of the event that the kinetic energy increase devi-
ates about 25% from the mean increase in kinetic energy. For
the first mode,fy, this probability is around 40%. In the fol-
lowing, this procedure is repeated over time which allows the
calculation of probabilities plotted to be in the form of traces.

(b)

~ 2 (0,3-,0,0)
[ \
™ N\
© T
=
<
) &

‘ ) _ 3 (0,3+,0,0)
RN | ) 2 4 6 8
- P ©
d ™ 2

N
<
D N
I R
- b3
o
N
N
L L L L L L L ~
1 3 5 7 2 4 6
N TimeTtins
Timetins
(d) (e)
3 =0 L (0,3,0,0)
v Sl -
g A A
- o
IS
W AN T 7 <L
4 0~ . Wi \ Toseaen
1 R
0 (0,4,0,0) 10
1 2 3 45 6 7 8°' 1 2 3 4 5 6 7 8
TimeTins

Figure 11: Corridor of variability of anisotropic pad-on-disc
model (1V) for changes in frequency of (a) all system modes,
(b) unstable mode pai,3,+,0,0) (i), pad mode (ii)

Plots of probabilities due to changes in frequency (Fidi8e

and kinetic energy (Figur&4) over pressure for the simplistic
pad-on-plate model () are depicted. As the frequency change
of g is negligibly small, it is not depicted here. Each graph
represents the probability that either the frequency deviation
from the mean frequency (event A) or the kinetic energy devi-
ation from the mean kinetic energy (event B) is either smaller
than, or equal to, an assumed frequency or energy level (A:
Af €{10,20,...,100HZ}, B: AE, € {1,2,10}). As can be seen

in Figure13, P, and R, show the highest likelihoods of chang-
ing their frequencies irrespective of the values applied. For the
other modes, only small changes in frequencies, up to 30Hz,
have a probability greater than02%. For changes in peak
kinetic energy (Figureld), it can be observed that the reso-
nance inf; (see Figuré) shows a higher probability of chang-
ing its kinetic energy but only up to 2dB whereas the other
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Figure 12: Example of calculating probability of cumulative
density function (Probability calculated in terms of deviation
of position parameter taken as trace of median of stochastic
process and then normalising probabilities to cumulative den-
sity of median

three resonances show higher probabilities up to changes of
10dB. As, from those graphs, a detailed analysis and compar-
isons of different systems is difficult to accomplish, the aver-
aged probabilities for pressures fronD01 to 80MPa for se-
lected frequencies, peak kinetic energies/acoustic powers are
depicted in Tabld. In this table,2?;, 7, and £73 stand for the
probabilities that the frequency, peak kinetic energy and peak
acoustic power, respectively, change according to previously
chosen values. Here, it is stipulated that the higher the proba-
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Figure 13: Probabilities for different variations of frequag of
modesq; to g4 for pad-on-plate system (model I)

bility, the less controllable is the brake system’s behaviour at
that frequency. For the energy related terfggp and My, it

is assumed that only for positive growth released vibrations
are high or that squeal propensity increases, respectively. This
means, especially for the first three modes of the isotropic pad-
on-disc system (ll) that the propensity of squeal decreases. It
can be readily seen in tablewhich of the modes it is impor-
tant to treat in terms of squeal propensity. However, by intro-
ducing an arbitrary chosen value of change in frequency, ki-
netic energy or acoustic power, it becomes necessary to ar-
rive at an overall conclusion. Therefore, similar to the plots
of frequencies over real parts to show squeal propensity by
means of the CEA (see Figure 3 in Ouyang et @)}, [the av-
eraged uncertainty for each mode is calculated. As squeal can
appear at a change of either 1dB or 10dB kinetic energy or
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acoustic power, the three probabilities of Tallare equally - .

weighted and plotted in Figur&? for the three simplified sys- Table 1: Probabilities ofAf change in frequency”; =
tems. The (averaged) probabilitiesdf, AEy , andlT,, allow Z(Bf), AEy in peak kinetic energy?, = & (AEy p) andAr
design goals to be tackled differently. As the three parameters N Peak acoustic powew’s = & (AMp) in %

P(DE) in%

Py

are assumed to be independent their probabilities were simply 0) ,
multiplied and normalised by the maximum of all products: Mode  Resonance  CBA @ shloOH: (LETHB (L5 19
Y = 2,92, %3/MAX. The value oW is depicted by bars and T I 500 010 @00
provides an overall and absolute measurexiency to change g ;2 ( 9(3 &02>4 <g§ gggg; <gggi gi;
the designFrom Figurel? (a), it is possible to conclude that 4 é <98j77j47§ 292:61:31) 296:81:63)
it is necessary to assess mode 3, and then mode 3 and mode 7, g ;3 <<203~(§’b0)> Egggégg Egggigg;
with the goal of minimising¥ of these modes. For the stability 7 fa (75,0,0) (92.60.29) | (96.8162)
. . o o
of model llI, it appears that, flrs@Iy, the probabilities of modes Vode  Resonance  CEA {@1) ” o
11 () and 12 BR), and the rotational pad mode 17 should be (10,.30,70Hz  (1,3,7)dB  (1,3,7)dB
minimised. Meanwhile, the probability of neighbouring modes ! i (7.0.0 (0,0,0 29.0.0
that is modes 78 for the radial pad mode and modes/16 3 s 52883 (%%% 522885
and 18 for the rotational pad mode, should also be monitored 4 f3 (0,0,0 (24.0,0) (22,0.0)
. . . . 5 f3 (0,0.,0) (24,0,0) (22,0,0)
in optimisation runs. These neighbouring modes are strongly 6 f, (0.0.0) (96,89, 74) (0,0,0)
i i i i 7 f O 8,0,0 87,62,2 86,59,24
influenced by pad modes and were found oscillating in terms : 3 = 20‘0705 287762723 286759724;
of acoustic power ovep [38]. So far, only the probability 9 fe (0,0,0) (87.62,27) | (93,80,55)
10 fg (0,0.,0) (92,77,50) | (93,80,55)
11 2 (57,37,27) (45,39,33) | (45,40,33)
12 R (21,2,1) (91,75,45) (93,79,54)
13 fg (11,0,0) (60,13,0) (50,8,0)
14 fg (0,0,0) (60,13,0) (50,8,0)
15 f10 (5,0.,0) (96,88,72) | (96,87,70)
(@) fy (b) f2 16 f10 (0,0,0) (96,88,72) | (96,87,70)
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Figure 14: Probabilities for different kinetic energy of reso-

nancesf; to f4 for the pad-on-plate system (model I) @(0.3-.0.0) () (0.3+.0.0)

P (Af = 10HZ)

over the whole pressure range averaged over three frequency,
kinetic energy and acoustic power values is considered. As it
is assumed in38, 39] that pad modes, here especially the ra-
dial and rotational pad mode, lead directly to squeal only in
low pressure regimes, non-averaged values for pressures fro
1kPa to 1MPa are calculated next (Figd®. Evidently, the
changes irf, Ex p andrly, are still significant for the pad modes § 8
whereas other modes, including those predicted by the CEAto!, f "Z@Bf=10H2) |
be unstable, do not show higher valuestbfThis exemplifies
that the pad modes are likely to cause squeal in low-pressure /
regimes. With higher pressures, they are partially eliminated. |
However, at the same time, for low pressures the frequency
changes of these pad modes are not as strong as for higher i
pressures. At higher pressures, pad mdgeand R change If
their function: from being squeal sources, they might act as I
disturbing functions and change their frequencies. This might I
work as an additional energy source which could induce or am-
plify the mode-coupling mechanism. From the design point of
view, it is important to keep an eye on the regime where the
pad modes fluctuate in frequency and are not eliminated in the
resonance spectrum at the same time.
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Figure 15: Probability of frequency variation 10 Hz to 100 Hz

for selected modes of the isotropic pad-on-disc model (l11).
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CONCLUSION

In this paper, a probabilistic approach, which applies uncer-
tainty prior to deterministic calculations of a brake system, is
presented. The uncertainty lies in the exact development of (a)
changes in frequency, (b) in developing vibrations represented
by the kinetic energy and (c) radiated acoustic power while
brake line pressure is increased and the vehicle is slowed down.

From experimental data, it is found that the friction coefficient
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Figure 16: Probabilities for changes in kinetic energy for se-
lected modes of isotropic pad-on-disc model (lIl).

is approximately normally distributed in the regime with lin-
early increasing pressure and represents a linear function of
time. The normal distribution of the friction coefficient data
is mapped on deviations in frequency derived from the CEA,
and the kinetic energy is calculated by a direct, steady-state
response analysis and acoustic povas; B9]. By this proce-
dure, a time-continuous stochastic process, hamely, a Wiener
process, is formed whereby itis possible to calculate, by means
of probability measures, the uncertainties of the variable be-
haviour of a brake system due to changes in the response spec-
trum. This probability can be seen as an indicator of brake
squeal propensity. To calculate the uncertainty measure, the
following steps have to be performed.

(1.) A CEA over various pressurep;, and friction coeffi-
cients, uj, gives mean values and standard deviations
of the complex modes* frequencies and indicates which
mode is predicted to be unstable in terms of mode cou-
pling. The mean values of the frequencies form a corri-
dor with their standard deviations over pressures.

The kinetic energy spectrum, calculated by means of
the direct, steady-state analysis, delivers locations of the
highest fed-in energy for pressurgs, and friction co-
efficients, , for which i, = pj is not necessarily re-
quired.

The peak kinetic energies are selected for gacand

pi, and are tabulated for each mode in order to calculate
their standard deviations due to pressure and increases
in friction coefficients. Plotting the peak kinetic energy
over p; or Ly gives their dependency and forms a cor-
ridor from which the mean values of the minimum and
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Figure 17: Probabilities of changes in frequency of 10Hz,
changes in kinetic energy and acoustic power of 1dB and joint
probability over pressure range aP01 to 8MPa

maximum boundaries are isolated.

(4.) As in (3.) but, this time, for the acoustic power after
acoustic calculations by means of, for instance, the bound-
ary element method or (even faster) the ERP method
[45, 47).

(5.) Over each corridor's mean value of the formed corri-
dors, a normal distribution can be found which produces
a continuous stochastic process.

(6.) For each normal distribution, a probability can be calcu-
lated. As the possible dispersion of modes in resonance
is of interest, a certain deviation from the stochastic pro-
cess' position parameter is requested. This can be done
for either each time point or intervals of pressure.
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Figure 18: Models I, 11l and IV: Averaged probabilitie®; of
changes in frequency dff € {10,30,50}Hz, changes in ki-
netic energy and acoustic power&i, Al € {1,3,5}dB and
joint probabilities for only low pressure regimed01 to 1IMPa

If a different distribution, other than the mean values and stan-
dard deviations of the normal distribution, is taken, other po-
sition and dispersion parameters have to be calculated. A non-
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symmetrical distribution doubles the calculation effort but does
not change the methodology.

Since the degree of uncertainty is applied after deterministic
calculations via the finite and the boundary element method on
a limited number of frequencies, as only the peaks are of inter-
est, the computational costs are lower than, for instance, those
accrued by a Monte Carlo simulation. The method is straight-
forward, can be enlarged by incorporating different velocities
or temperatures and is easily implemented and automated by
means of a plug-in function in Python which reads out results
from ABAQUS (FEM) and VAOne (BEM), respectively. Fi-
nally, a probability is obtained which, as a measure comple-
ments the CEA, but is in the end also superior to the CEA
alone, in the sense that it incorporates released feed-in energy
[38] as an indication of vibrational activityb4, 66]. It is ex-
emplified that the pad modes, apart from the unstable modes(
CEA), show an overall tendency to induce squeal. This insta-
bility is not predicted by the CEA but has been evidenced by
calculations of kinetic energy, non-linear time series analyses
[38] and calculations of radiated acoustic powg9][ Here, it

is quantified by probability measures which can be used in an
optimisation process in order to gain higher squeal stability.
The application of stochastic processes and their calculations,
in terms of squeal propensity measures, will be performed in
the near future on the real geometry of a brake system to test
the validity of the proposed method.
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