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ABSTRACT 

Ultrasound contrast agents have show promising for ultrasonic molecular imaging, in which targeted agents selective-
ly attach molecular markers expressed on diseased endothelium and increase contrast in the area such as thrombus 
and inflammation. Ultrasound radiation force can manipulate encapsulated microbubbles and displace them off the 
vessel axis in blood stream towards the vessel wall, thus increase the targeting efficiency in ultrasonic molecular im-
aging. However, the secondary radiation force produces a reversible attraction and aggregation of microbubbles, lim-
iting the improvement of imaging sensitivity. This study proposed a theoretical model of second radiation force for 
encapsulated microubbles. In this theoretical model, the nonlinear radial oscillations of microbubbles are described 
by a modfied Herring equation including the change of the suface tension during oscillation, and coupled with the 
translation motions of microbubbles. This model is then used in a numerical investigation of the translational motion 
of encapsulated microbubbles in ultrasound molecular imaging. Results indicate that the secondary radiation force 
provides a significant effect on the aggregation of microbubbles, and its effect is associated with the ultrasound fre-
quency, amplitude, and microbubble concentration. The results obtained are of interest for developing a high sensi-
tive technique for detection of adhesive microbubbles from free microbubbles. 

INTRODUCTION 

In the targeted imaging system, microbubbles are used as 
targeted contrast agents, which are expected to adhere to a 
specific site with a binding mechanism [1]. Ultrasound 
radiation force was proposed to drive microbubbles for 
increasing the binding efficiency [2, 3]. However, these 
studies are based on the assumption of no interaction between 
microbubbles. As distance of only a few microns between 
bubbles is common in ultrasound molecular imaging, the 
short-range secondary radiation force may produce an 
aggregate of bubbles4. As a result, the formation of 
aggregation has a negative effect on their circulation in the 
blood flow, and even leading to wrong target in clinical 
applications.  

 

Figure 1. Schematic diagram for two pulsating and 
translating bubbles. 

 

The purpose of this study is to evaluate the effects of 
secondary radiation force on aggregation of ultrasound 
contrast agents. We first calculate the dynamic interaction of 
a binary bubble system and find that the mutual forces appear 
as attraction for bubble pairs in the 0.8 to 3μm radius size we 
are interested in. And then, for such bubbles, the influence of 
different driving amplitudes, frequencies, distance between 
centers of the two, and shell parameters on the degree of 
aggregation between them is numerically investigated. 

THEORETICAL MODEL 

Consider that two coated microbubbles with radii R10 and R20 
in an incompressible viscous liquid exposed to an acoustic 
wave field. Both microbubbles undergo volume and 
translational oscillations. Let R1(t) and R2(t) denote the time-
dependent microbubble radii, and D(t) the time-dependent 
distance between the bubble centers. As shown in Figure 1, 
local axisymmetric spherical coordinates originated at and 
translated with the centers of the microbubbles are used. In a 
previous study [5], equations of radial and translational 
oscillations of two interacting spherical gas bubbles in an 
incompressible liquid are given by 
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which allows for the radiation coupling between the bubbles 
with accuracy up to third order in the inverse separation 
distance D(t). Eqs. (1) and (2) govern the volume pulsation of 
the jth bubble and Eqs. (3) and (4) their translational motion. 
Here Rj(t) and xj(t) denote the time-varying radii and position 
of the center of the jth (j=1, 2) bubble, respectively. pj is the 
scattered pressure at the surface of the jth bubble, Fexj is an 
external force on the jth bubble such as viscous drag, and the 
overdot denotes the time derivative d/dt.     

The dynamics of encapsulated bubbles are affected by both 
of its shell and the gas core. To consider the effects of the 
shell, two additional terms are included. The first term 
introduces an effective surface tension of the shell following 
the model of Marmottant et al. [6] σ(R)≈σ(R0)+2χ(R/R0-1) 
at elastic state. And χ is the elastic modulus of the shell. The 
second is a damping term due to the viscosity of the shell, 
which is given by 12µshεṘ/[R(R-ε)] [7]. Here µsh is the 
viscosity of the shell material and ε is the shell thickness. To 
allow for these factors, the left-hand side of Eqs. (1) and (2), 
which are the well-known Rayleigh-Plesset equation, are 
replaced by the modified Herring equation [3] to give 
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here, 
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Where Pj is the pressure in the liquid at the bubble wall, 
Pdriv(t) is the driving acoustic pressure field which we assume 
as Pdriv(t)=-Pasin(2πft), σ0 is the equilibrium surface tension, 
γ is the polytrophic gas exponent, and µ is the viscosity of the 
liquid. The external forces Fexj are taken in the form [5], 
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RESULTS AND DISCUSSIONS 

The values of microbubble parameters in the numerical 
calculation are given in Table I. Equations (3)-(6) are 
numerically solved with initial values R1=R10, R2=R20, x1=0, 
x2=D0, R1=R2=x1=x2 at t=0. 

Table 1. Values of microbubble parameters in the numerical 
calculation. 

Symbols Description Value 
P0 Hydrostatic pressure (Pa) 1.01×105 
ρ liquid density (kg/m3) 998 
c Acoustic velocity in liquid 

(m/s) 
1500 

σ0 equilibrium surface tension 
(N/m) 

0.051 

γ polytrophic gas exponent 1.07 
µ viscosity of the liquid (Pa·s) 0.001 
χ elastic modulus of the shell 

(N/m) 
≤1 

µsh viscosity of the shell 
material (Pa·s) 

1.27 

ε shell thickness (m) 2×10-9 

The secondary Bjerknes force coefficient fB is used to 
determine the dynamic behavior of two bubbles, which is 
defined as [8], 
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Figure 2. Dynamic behavior of two bubbles (driving 
amplitude:01MPa, frequency: 2.25 MHz), (a) D0=120 µm, 

and (b) D0=50 µm. 

where Vj denotes the volume of the jth bubble. The sign of fB 
indicates attraction (fB>0) or repulsion (fB<0) of the 
microbubbles. Numerical calculations were carried out with 
driving acoustic pressure amplitude Pa=0.1 MPa, and 
frequency f=2.25 MHz for different initial inter-bubble 
distances D0. The resonance radius corresponding to the 

(a) 

(b) 
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driving frequency of microbubbles is approximately 2.9 μm. 
Figure 2 presents the Bjerknes force coefficients in a 
grayscale mode in the R10-R20 plane for the cases with 
D0=120 µm and 50 µm, respectively. As can be seen, the 
analysis predicts the existence of two distinct dynamical 
regimes. The white areas indicate repulsion, and darker 
regions attraction. Repulsive region contains bubbles with 
one smaller and the other larger than the nonlinear resonance 
size. While the attractive forces prevail as bubbles both have 
radii larger or smaller than the resonance radius and strongest 
attractive area locates at resonance radii. When D0 decreases, 
the repulsive regions expand to larger sizes. This indicates 
the inversion of the interaction force and the possibility of the 
formation of stable bubble pairs in the vicinity of regions 
corresponding to linear resonance.Type equations from the 
left margin, with one blank line above and one below to 
separate them from text. Number equations consecutively 
with the number in brackets justified on the right hand 
margin. Symbols should be defined when they are first used. 

Figure 3 shows the evolution of secondary Bjerknes force 
coefficient fB with a short time frame for a selected bubble 
pair R10=3 µm and R20=6 µm near resonant regions in Figure 
2. An inversion of mutual bubble force can be found as the 
bubbles come close to each other. For D0=120 µm, the time 
averaging yields a positive net fB drawn from the curve of 
significantly oscillatory section, and thus bubbles are 
attracting each other corresponding to the dark region of 
Figure 2(a). When the bubbles approach to a distance D0=50 
µm, a negative net fB is observed corresponding to the white 
region of Figure 2(b). This shows that the interaction force 
can change from attraction to repulsion as the bubbles 
approach each other. 

0 5 10 15 20 25
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5 (a)

D
0
=120µm

 

 

fB
(x

10
-1

7 N
)

t (µs)

 

0 5 10 15 20 25

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

(b)

 

 

fB
(x

10
-1

7 N
)

t (µs)

 
Figure 3. The time-dependent secondary Bjerknes force 
coefficient fB of the selected bubble pairs R10=3 µm and 
R20=6 µm: (a) D0=120 µm, (b) D0=50 µm. 

The formation of stable bubble pairs is another important 
aspect of the dynamic behavior of two bubble systems. 
Figure 4 shows the evolution the average distance between 

the centers of the two bubbles in the following two situations: 
(1) the two bubbles attract each other until stable bubble pairs 
are formed (Figure 4(a)); (2) the two bubbles repel each other 
until a stable pair is formed (Figure 4(b)). It should be noted 
that in Figure 4(b) it takes longer time for viscosity to 
decelerate their motion and produce a steady drift velocity. 
Accordingly, as time increases the slower moving bubble pair 
can become a candidate for the formation of stable pairs. 
Finally the two pairs of interacting bubbles move along the 
same direction with the same translational velocity ，
respectively. This seems contrary to the fact that the Bjerknes 
forces between the two bubbles are the same in magnitude 
and opposite in sign. However, the viscous drag forces 
between bubbles of different sizes are not equal in magnitude, 
thus the effect with movement in the same direction is 
allowed. 
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Figure 4. Evolution of the average distance between the 
centers of the two bubbles with elapsed time: (a) R10=4 µm 
and R20=6 µm (b) R10=3 µm and R20=6 µm; D0=50 µm. 

CONCLUSIONS 

One of major challenges remaining in ultrasonic molecular 
imaging is the poor targeting efficiency of contrast agents. 
The influence of the secondary radiation force on aggregation 
between two small coated bubbles has been investigated in 
this study. Numerical calculations have been performed 
based on the modified RP equation and four simultaneous 
differential equations of radial and translational motion. The 
change of secondary radiation force signs and the formation 
of stable bubble pairs in the vicinity of regions corresponding 
to linear resonance are two important aspects of the dynamic 
behaviors of two bubble systems. Considering contrast agents 
used for ultrasound molecular imaging with a radii size on 
the order of 0.8 to 3 μm, attraction between bubbles readily 
occurs in clinical practice, resulting in aggregation of agents. 
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