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ABSTRACT 

Direct measurement of forces (with conventional force transducers) is not practical in many real-life applications 
since the interfacial conditions may change. Thus indirect force estimation methods must be developed, say by using 
other measured signals such as operating motions or pressures; however, applicable system properties must be known 
a priori. The indirect force estimation methods also pose special difficulty for hydraulic engine mounts that exhibit 
spectrally-varying and amplitude-sensitive parameters. This paper proposes new or refined procedures that will over-
come some of the obstacles and thus provide a better estimate of the interfacial forces in the nonlinear hydraulic en-
gine mount. First, the experimental time domain data from the non-resonant dynamic stiffness test is investigated for 
fixed and free decoupler designs. The fundamental and super-harmonic terms in the measured force and upper cham-
ber pressure data are compared in the frequency domain up to 50 Hz. Second, mechanical and fluid models for fixed 
and free decoupler mounts are employed to relate motion and upper chamber pressure to the force transmitted by us-
ing a dual transfer path approach that is based on linear time-invariant system assumption. Third, the spectrally-
varying and amplitude-sensitive parameters are determined by using the transfer functions from fluid models and 
steady state measurements. Fourth, the dynamic force is estimated by using alternate methods that employ measured 
excitation motion and/or upper chamber pressure signals. To include the nonlinear effect, the effective parameters for 
the quasi-linear model are defined only at the fundamental harmonic. Finally, the Fourier series expansions, with em-
bedded transfer functions in terms of force to pressure (and force to motion), are utilized to calculate the precise 
forces transmitted to a rigid base. The proposed procedure shows that a quasi-linear model successfully predicts the 
dynamic forces transmitted by the nonlinear hydraulic mount in both time and frequency domains. Ongoing and fu-
ture work will be briefly mentioned in the paper. 

INTRODUCTION 

Precise estimation of dynamic forces transmitted by a hy-
draulic engine mount is critical in designing machines, vehi-
cle and buildings. Direct measurement of forces (for exam-
ple, using conventional force transducers) is, however, not 
practical in many real-life applications since the interfacial 
conditions may change. Thus indirect force estimation meth-
ods must be developed. For instance, one could employ trans-
fer path approaches, though they are applicable primarily in 
the frequency domain for a linear time-invariant system [1-
3]. Also, dynamic forces could be estimated by using other 
measured signals such as operating motions, but then dy-
namic stiffness must be known a priori. Such indirect force 
estimation methods pose special difficulty for hydraulic en-
gine mounts that exhibit spectrally-varying and amplitude-
sensitive parameters. This article will propose new or refined 
methods to improve the dynamic force estimation method. 

The dynamic characteristics of hydraulic engine mounts and 
its inherent nonlinear models have been examined and re-
ported [4-13]. For instance, Singh et al. [4] studied the linear 
characteristics of both fixed and free decoupler mounts in 
low and high frequencies. Colgate et al. [5] employed equiva-
lent linear models to examine the dynamic characteristics of 

hydraulic mount. Kim and Singh [6-7] showed the nonlinear 
models of chamber compliances and fluid resistances. Tiwari 
et al. [8] defined the curve-fit equations of nonlinear charac-
teristics from inertia track resistances and upper and lower 
chamber compliances under the static preloads. He and Singh 
[9] examined the feasibility of analogous mechanical system 
models to expect the dynamic force transmitted to the rigid 
base in both time and frequency domains. Shangguan and Lu 
[10] examined the effect of temperature on fluid viscosity. 
Fan and Lu [11] investigated a function of plate inside the 
hydraulic mount experimentally. Lee and Singh [12-13] have 
studied the existence of super-harmonics in the hydraulic 
mount responses and the nonlinear behavior of a vehicle 
system. Main goal of this article is to improve the indirect 
force estimation method using excitation motion and/or upper 
chamber pressure with alternate transfer function methods.   

PROBLEM FORMULATION 

Figure 1 illustrates the experimental setup and schematic of 
hydraulic mount based upon the context of non-resonant 
dynamic stiffness testing procedure under the ISO standard 
10846 [14]. Figure 2 describes the fluid model and its pa-
rameters by considering two force paths such as rubber and 
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hydraulic paths. Here, fm is the preload; ( )  oi t
mx t x Re Xe ω = +  

 

is the excitation displacement; xm is the mean displacement; 
 XiX Xe ϕ= ; X is the excitation amplitude (zero-to-peak 
value); 

Xϕ  is the phase of x(t), ωo is the fundamental excita-
tion frequency (rad/s); Re[] is the real value operator; tilde 
over a symbol indicates the complex value. As measured data, 
the dynamic force transmitted to the rigid base is given from 
the force transducer. Also, the upper chamber pressuer pu(t) 
is measured using the pressure transduer installed in the up-
per chamber in our lab test. Based upon the given schematic 
shown in Figure 2, both rubber and hydraulic path forces can 
be calculated as follows in time (t) and frequency (ω) do-
mains. 

( ) ( ) ( )T Tr Thf t f t f t= + ,                                                  (1a) 

( ) ( ) ( )Tr r rf t c x t k x t= +
, ( ) ( )Th r uf t A p t= .             (1b,c) 

  ( ) ( ) ( )T Tr ThF F Fω ω ω= + ,                                              (2a) 
 ( )( ) ( )Tr r rF i c k Xω ω ω= + ,  ( ) ( )Th urF A Pω ω= .   (2b,c) 

Here, fTr(t) is the rubber path force (subscript r), fTh(t) is the 
hydraulic path force (subscript h), kr and cr are the rubber 
stiffness and damping coefficient respectively, Ar is the effec-
tive piston area, and pu(t) is the upper chamber pressure. As 
initial results, we can estimate the force transmitted to the 
rigid base by simply employing the given Eqns. (1a-c) and 
(2a-c) which is designated as a simple prediction model. The 
employed nominal parameters are as: kr = 2×105 N/m; cr = 
496.1 N-s/m; Ar = 4×10-3 m2. Figure 3(a) compares the 
sinusoidal excitation displacement as an input displacement 
signal and the uppear chamber pressure as a response signal. 
Figure 3(b) shows the comparison between the measured and 
predicted force transmitted to the ridig base. As observed in 
Figures 3(a) and (b), the system shows the super-harmonic 
term in fT(t) and pu(t) even though the system is excited by 
the sinusoidal displacement x(t). Also, the simple prediction 
model shows descripencies compared with the measured. 
Specifically the peak-to-peak values of the simple prediction 
model do not match well with the measured data even though 
the estimation with this model follows the same tendendy. 
Figure 4 shows the comparisions between measured and pre-
dicted transmitted forces in frequency domain. To estimate 
the force transmitted to the rigid base, Eqns. (2a-c) are used. 
As compared in Figure 4, the simple prediction model has big 
descripencies from the measured data. Thus, we need to im-
prove the method to estimate the force transmitted to the rigid 
base by employing the effective parameters and alternate 
transferfunction methods. This will be announced in the later 
sections by employing quasi-linear models. 

Our study will investigate the estimation of dynamic force 
transmitted to the rigid base with both fixed and free decou-
pler hydraulic mounts alone. The empolyied models are 
based on the fluid and analogous mechanical system models. 
The experiment and estimation will be considered up to 50 
Hz over a range of X from 0.15 to 1.5 mm (zero-to-peak) 
under the steady state excitation condition. The specific ob-
jectives of this article are as follows: (1) Examine both rubber 
and hydraulic path forces in time and frequency domains. In 
order to estimate both path forces, the linear system transfer 
function that relates TF  to X  (or  uP ) is determined; (2) 
the effective parameters in terms of the upper chamber com-
pliance  ( )ueC ,Xω , rubber stiffness kre(ω,X) and rubber 

damping cre(ω,X) are investigated in both frequency and time 
domains. These effective parameters will be embedded in 
alternate transfer functions; (3) estimate force fT(t) in time 

domain by using the quasi-linear model and the Fourier ex-
pansion method incluing the fundamental ωo. 

LINEAR SYSTEM ANALYSIS WITH FLUID 
SYSTEM MODEL 

A lumped model of the fluid system illustrated in Figure 2 
could be considered with the followsing assumptions: (1) the 
given system is a linear time-invariatn system with nominal 
fluid system parameters; (2) the mount is bound to the rigid 
base and excited by the steady state sinusoidal displacement 
x(t); (3) the force transmitted to the rigid base consists of 
both rubber and hydraulic force paths. Based upon the de-
scribed assumptions, the momentum and continuity equations 
can be derived as follows. The detailed derivation could be 
referred to the literatures [4, 6-9]. 

( ) ( ) ( ) ( )u l i i i ip t p t I q t R q t− = +
,                     (3b) 

( ) ( ) ( ) ( )u l d d d dp t p t I q t R q t− = +
,                  (3c) 

( ) ( ) ( ) ( )u u r i dC p t A x t q t q t= − − 
,                    (3d) 

( ) ( ) ( )l l i dC p t q t q t= +
.                                    (3e) 

Here,  Cu and Cl are the upper (#u) and lower (#l) chamber 
compliances respectively; Ii and Id are the inertances of the 
inertia track and decoupler respectively; Ri and Rd are the 
resistances of the inertia track and decoupler respectively; 
and qi and qd are the fluid flow through intertia track and 
decoupler respectively. Transform Eqns. (1a-c) and (3a-e) 
into the Laplace domain (s) by assuming that the initial con-
ditions are zeros. 

( ) ( ) ( )( )T r r r uF s c s k X s A P s= + + ,                           (4a) 

( ) ( ) ( )T Tr ThF s F s F s= + ,                                             (4b) 

( )( ) ( )Tr r rF s c s k X s= + , ( ) ( )Th r uF s A P s= ,          (4c,d) 

( )( ) ( ) ( )u l i i iP s P s I s R Q s− = + ,                                 (4e) 

( )( ) ( ) ( )u l d d dP s P s I s R Q s− = + ,                                (4f) 

( ) ( ) ( ) ( )u u r i dC sP s A sX s Q s Q s= − − ,                    (4g)  

( ) ( ) ( )l l i dC sP s Q s Q s= + .                                       (4h) 

Now we can develop the relationships of FT(s) to X(s) and 
FT(s) to Pu(s) further. First, the relationship between Pu(s) 
and X(s) can be derived with respect to the fixed decoupler 
mount by assuming that Id = 0 and Rd → ∞: 

( ) ( )
( )

2
r l i l iu

2
u l i u l i u l

A C I s C R s 1P s
X C C I s C C R s C C

+ +
=

+ + +
                                (5) 

Second, the free decoupler mount has the following 
formulation under the assumption that Id ≈ 0 below 50 Hz: 

( )uP s
X

=  

( ) ( )
( ) ( )( )

2

2
r l i d l i d i i d

u l i d u l i d u l i u l i d

A C I R s C R R I s R R
C C I R s C C R R C C I s C C R R

 + + + + 
+ + + + + +  

(6) 

From the given Eqns. (5) and (6), the standard formulation 
designated as the dimensionless pressure to displacement 
transfer function ( )G s  can be derived with some 

dimensionless variables and parameters: X X X ref = the 

dimensionless excitation displacement amplitude; Xref  = 
reference displacement amplitude; u u uP P P ref  = 

dimensionless pressure; Puref = (krref Xref)/Ar = reference 
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pressure; krref = reference stiffness; T T TF F F ref = 

dimensionless force; and FTref  = krrefXref = reference force. 

( ) ( ) ( )u ur

r

P PAG s s s
k XX

= =
ref

 

2 2
1 2

h 2 2
N1 N2N1 N2

2 2s ss 1 / s 1ζ ζγ
ω ωω ω

   
= + + + +      

   
 ,           (7a) 

( )
2
r

h
r u l

A
k C C

γ =
+ref

, 
( )   

2
l i

1 fixed
i

1 C R
2 I

ζ = ,          (7b,c) 

( ) ( )( )

2
l d i i

1 free
i i d l d i d

1 C R R I
2 I R R C R R R

ζ
 

= +  + + 

,            (7d) 

( )( )   
2

u l i
2 fixed

i u l

1 C C R
2 I C C

ζ =
+

,                                         (7e) 

( )( )
( )

( )( )

2
u l iu l d i

2 free
i u l i d u l d i d

C C IC C R R1
2 I C C R R C C R R R

ζ
 +

= + 
+ + +  

, (7f) 

( ) = N1 fixed
l i

1
C I

ω , 
( ) = i d

N1 free
l i d

R R
C I R

ω +                  (7g,h) 

( )
u l

N 2 fixed
u l i

C C
C C I

ω +
= ,                                                    (7i) 

( )
( ) ( )u l i d

N 2 free
u l i d

C C R R
C C I R

ω
+ +

= .                           (7j) 

Here, the transfer function is expressed in terms of natural 
frequencies (ωN1 and ωN2), damping ratios (ζ1 and ζ2) and 
hydraulic path static stiffness hγ , and their expressions are 
described in Eqns. (7a-j). Subscripts (fixed) and (free) are 
designated as the system parameters for the fixed and free 
decouplers respectively. From the relationships between Eqns. 
(4a-d) and (7a-j), the dimensionless dynamic stiffness  K s  

and its rubber   rK s  and hydraulic  hK s  components are 

described as follows: 

( ) ( ) ( )r hK s K s K s= + ,                                                       (8a) 

( ) ( ) ( )Tr
r r r

FK s s 1 s
X

γ τ= = + ,                                           (8b) 

( ) ( )Th
h

FK s s
X

=  

/
2 2

1 2
h 2 2

N1 N1 N2 N2

2 2s ss 1 s 1ζ ζγ
ω ω ω ω
   

= + + + +   
   

,            (8c) 

r
r

r

c
k

τ = , r
r

r

k
k

γ =
ref

.                                                         (8d,e) 

Here, 
rτ  and 

rγ  are the time constant and static stiffness of 
the rubber path modeled using the Voight model. Also, the 
dimensionless dynamic force transmissibility  H s  is derived 

with its rubber  rH s  and hydraulic  hH s  components using 

Eqns. (7a-j) and (8a-e) as follows: 
 

( ) ( ) ( )r hH s H s H s= + ,                                                     (9a) 

( ) ( )Tr
r

u

FH s s
P

=    

( ) /
2 2

r 2 1
r 2 2

h N2 N2 N1 N1

2 2s s1 s s 1 s 1γ ζ ζτ
γ ω ω ω ω

   
= + + + + +   

   
,  (9b) 

( ) ( )Th
h

u

FH s s 1
P

= = .                                                          (9c) 

In this article, the employed nominal parameters are as 
follows: Ii = 4×106 kg/m4; Id = 509.3 kg/m4; Cu = 2.5×10-11 
m5/N; Cl = 2.4×10-9 m5/N; Ri = 2×108 N-s/m5; Rd = 5×108 N-
s/m5; Ar = 4.5×10-3 m2. Reference values are selected as: krref 
= 2.0×105 N/m; and Xref (×10-3 m) though different values of 
Xref according to the experimental excitation amplitudes are 
utilized. 

LINEAR SYSTEM ANALYSIS WITH ANALOGOUS 
MECHANICAL SYSTEM MODEL 

Figure 5 illustrates the analogous mechanical system model 
based upon the linear time-invariant system with effective 
mechanical parameters from the fluid system properties. The 
basic equations are derived as follows: 

( ) ( ) ( ) ( ) ( )ie ie ie ie u l ie um x t c x t k k x t k x t+ + + = 

      (10) 

( ) ( ) ( ) ( )T r r l ief t c x t k x t k x t= + +

                              (11) 

Here, the employed mechanical parameters are defined as 
follows: effective mass of inertia track fluid column mie = 
Ar

2Ii; effective viscous damping of inertia track fluid cie = 
Ar

2Ri; equivalent stiffness of upper chamber compliance ku = 
Ar

2/Cu; equivalent stiffness of lower chamber compliance kl = 
Ar

2/Cl; and effective velocity of inertia track fluid 
( ) ( )ie i rx t q t A=

. By transforming Eqns. (10) and (11) into 

the Laplace domain (s) with the initial conditions equal to 
zero, the dimensionless transfer functions are expressed as 
follows: 

( ) ( ) ( )A Ar AhK s K s K s= + ,                               (12a) 

( ) ( ) ( )Ar
Ar r r

FK s s 1 s
X

γ τ= = + ,                        (12b) 

( ) ( )
2

Ah 2
Ah h 2

N2 N2

F 2sK s s s 1
X

ζγ
ω ω
 

= = + + 
 

.      (12c) 

Here, ( )AK s  is the dimensionless dynamic stiffenss (sub-

script A) of the analogous mechanical system, ( )ArK s  and 

( )AhK s  are the rubber and hydraulic path forces repectively. 

The employed nominal parameters are: mie = 81 kg; cie = 
4.1×103 N-s/m; ku = 8.1×105 N/m; kl = 8.4×103 N/m. Thus, 
our study will focus on the fluid system models as described 
in Eqns. (8a-e) and (9a-c), and the analogous mechanical 
system model in Eqns. (12a-c). 

SPECTRALLY-VARYING AND AMPLITUDE-
SENSITIVE PROPERTIES 

Effective hydraulic force path parameter at funda-
mental harmonic 

The effective upper chamber compliance  ( )ueC ,Xω  can be 

calculated at fundamental ωo. To find out the  ( )ueC , Xω , 

the hydraulic path force path parameter  ( )u ,Xλ ω  is 

considered using the measured data in terms of upper 
chamber pressure  ( )uMP ,Xω and the excitation 

displacement  ( )MX ω . 

First,  ( )ueC ,Xω can be considered as follows: 
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 ( )  ( )ue uuC ,X C ,Xω λ ω= n ,                       (13a) 

 ( ) ( )u ,X iλ ω α β= + .                                 (13b) 

 
Here, Cun is the nominal value of upper chamber compliance. 
The complex valued term  ( )uMP , Xω  is expressed as 

follows by replacing s with iω in the frequency domain with 
fundamental harmonic term from the given Eqn. (5) for the 
fixed decoupler: 

 ( )
( )

( )
,

2
r l i l i

u 2
u l u l i u l i

A 1 C I i C R X
P X

C C C C I i C C R

ω ω
ω

ω ω

 − + =
+ − +

         (14) 

From Eqns. (13a,b) and (14),  ( )u ,Xλ ω  is estimated by two 

terms α and β with a function of ω and X. In order to 
calculate α and β, the measured  ( )uMP , Xω  is considered as 

a complex values given by measured magnitude  uMP  and 

phase Mφ  as below:  


RE IMuM u uP P iP= + ,                                              (15a) 
  ( )RE uM uMu MP Re P P cos φ = = 

,                          (15b) 

  ( )IM uM uMu MP Im P P sin φ = = 
.                           (15c) 

Here, the subscript RE and IM are designated as the real and 
imaginary number repectively. The estimation of  ( )u ,Xλ ω  

with respect to the fundamental and super-harmnoc terms is 
referred to the literatures [15, 16]. 

Effective rubber force path parameter 

The linear system analysis in the previous sections has sug-
gested both rubber and hydraulic force paths, and thus, we 
need to examine the dynamic rubber path properties with the 
same manner investigated for  ( )ueC , Xω . Figure 6 shows 

the one data set with X = 0.15 mm with respect to the rubber 
stiffness and damping properties. The test is done when fluid 
is drained from the same hydraulic mount. As shown in Fig-
ure 6, rubber path force is also affected from the rubber path 
properties spectrally corresponding to different excitation 
displcement X. The effective stiffness kre(ω,X) can be esti-
mated as krn λkr(ω,X), and cre(ω,X) as crn λcr(ω,X) where krn 
and crn are the nominal (linear system) values of kr and cr 
respectively. λkr(ω,X) and λcr(ω,X) are spectrally-varying and 
amplitude-sensitive parameters for kr and cr, respectively 
[15,16]. Thus, by including the effective properties from the 
rubber force path, the combined effective forces from elas-
tomeric and hydraulic parts within the mount will improve 
the dynamic force estimation. The methods to estimate the 
continuous curve-fit schemes of λkr(ω,X) and λcr(ω,X) can be 
referred to the literatures [15,16]. 

DYNAMIC FORCE ESTIMATION USING QUASI-
LINEAR MODELS 

Alternate transfer function schemes 

Alternate transfer function schemes could be considered 
based on Eqns. (4a), (8a-e), (9a-c), and (12a-c) along with 
quasi-linear models designated as Schemes I, II, III and IV 
respectively. Thus, the steady state responses are examined 
by changing the s term to iω with each scheme. These are 
listed in Table 1. Table 1 describes alternate schemes with 
the relevant measured data such as  ( )X ω  and/or  ( )uP ,Xω .  

Scheme I is the simplest estimation of ( ),TF Xω  with Eqn. 

(4a), Scheme II shows the force estimation from the dynamic 
stiffness by the relationship of ( ),TF Xω  to X, Scheme III 

illustrates the direct relationship of ( ),TF Xω  to ( ),uP Xω  

and Scheme IV is the analogous mechanical system model. 
The suggested schemes can incorporate spectrally-varying 
and amplitude-sensitive parameters λv(ω,X) (v = u, kr, cr) 
under the sinusoidal excitation with amplitude X. If the 
scheme has the parameter λv(ω,X) = 1 (v = u, kr, cr), 

( ),TF Xω  is estimated by the linear model with only nomin-

al values. Thus, the proposed schemes (I, II, III and IV) are 
devided into A, B and C such as II-A, II-B and II-C. Also, the 
merits of each method could be considered with repect to the 
number of sensors needed and main concerns in terms of the 
transfer functions such as ( )K s  or ( )H s . 

Table 1. Comparison of alternate force estimation schemes 
based on quasi-linear model 

Scheme  Designation 
Sensor(s) 
required 

Spectrally-varying 
and amplitude-

sensitive parameters X Pu 

Fluid System 
Model  

(Figure. 2) 

I-A Yes Yes kr 1λ = , 
cr 1λ =  

I-B Yes Yes kr 1λ ≠ , 
cr 1λ ≠  

II-A Yes No kr 1λ = , 
cr 1λ = ,

u 1λ ≠  

II-B Yes No kr 1λ ≠ , 
cr 1λ ≠ ,

u 1λ =  

II-C Yes No kr 1λ ≠ , 
cr 1λ ≠ ,

u 1λ ≠  

III-A No Yes kr 1λ = , 
cr 1λ = ,

u 1λ ≠  

III-B No Yes kr 1λ ≠ , 
cr 1λ ≠ ,

u 1λ =  

III-C No Yes kr 1λ ≠ , 
cr 1λ ≠ ,

u 1λ ≠  
Analogous 
Mechanical 

System 
Model 

 (Figure. 5) 

IV-A Yes No kr 1λ = , 
cr 1λ = ,

u 1λ ≠  

IV-B Yes No kr 1λ ≠ , 
cr 1λ ≠ ,

u 1λ =  

IV-C Yes No kr 1λ ≠ , 
cr 1λ ≠ ,

u 1λ ≠  

Force estimation with quasi-linear (QL) models in 
time domain 

The Fourier series expansion is employed for the relevant 
schemes in order to estimate fT(t) using a transfer function 

eK  or eH  embeding kre, cre and  ueC  as described in Table 
1. In order to estimate the dynamic force transmitted to the 
rigid base, the mount is assumed to be excited under steady 
state condition. Thus, the input displacement x(t) is defined 
as 

( )o Xo i ti tRe Xe Re Xe ω ϕω +   =   
 where X and φX are the 

amplitude and phase. The dynamic force is estimated as de-
scribed below where the dynamic stiffness ( ),e oK Xω  and 

force transmissibility ( ),e oH Xω  are the formulations em-

bedded by kre, cre and  ueC  at fundamental ωo: 

( ) ( ) ( ), o X Kti
eT SchemeII m 1 of t f K X Re e ω ϕ ϕχ ω + +

−
 = +  

,         (16a) 

1 rk X Xref refχ = , ( ),e oK
K Xϕ ω= ∠ .                             (16b) 

( ) ( ) ( ), o P1 Hti
eT SchemeIII m 2 of t f H X Re e ω ϕ ϕχ ω + +

−
 = +  

,        (17a) 

( ),ref ref u2 r ok X P Xχ ω= ,                                               (17b) 

( ),u oP1
P Xϕ ω= ∠ , ( ),e oP1

H Xϕ ω= ∠ .                  (17c,d) 

Here, the 1χ  and 2χ  terms are used for evaluating the fT(t) 
history in force units (N) from the normalized values. Also, 
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fT-SchemeII(t) and fT-SchemeIII(t) are the force estimations by the 
schemes II-C and III-C respectively. 

RESULTS AND DISCUSSION 

Figures 7 and 8 compare the results of both linear and quasi-
linear models with experiment in frequency domain. The 
results shown in Figures 7 and 8 are the estimated dimen-
sionless forces. Schemes I and II successfully predict the 
dynamic force transmitted to the rigid base for both fixed and 
free decouplers. Schemes III also shows good correlation 
except at X = 0.15 mm for the free decoupler. The linear 
model shows similar tendency of the dynamic force, but does 
not predict the precise magnitude and phase. Specifically the 
linear model in Figure 8 (a) reveals a significant deviation 
compared with the experiment. Scheme IV based on the 
analogous mechanical system model fails to predict the 
forces. All the magnitudes and phases of Scheme IV are al-
most constant as observed in Figures 7 and 8. The cause of 
deficiency from Scheme IV can be found out when Eqns. (8c) 
and (12c) are compared. The hydraulic force path as shown 
in Eqn. (12c) for Scheme IV does not have any effective me-
chanical properties on the numerator. Figure 9 compares the 
time histories as predicted by Eqns. (16a,b) and (17a-d) with 
measured forces for the free decoupler mount at f = 8.5 Hz 
and X = 1.5 mm. This result is a significant improvement 
over the previous formulation as illustrated in Figure 3. When 
the quasi-linear models for both rubber and hydraulic force 
paths are employed, the estimation of fT(t) matches well with 
measured force specifically in terms of its amplitude. The 
discrepancies between the experiment and the proposed mod-
els are primarily due to the super-harmonic terms, which are 
not included in the current study. A future article will address 
this issue further with focus on the super-harmonic responses 
[16]. 

CONCLUSION 

This article has proposed new or refined dynamic force esti-
mation methods by using alternate transfer function schemes 
that are embedded in quasi-linear models. Specific contribu-
tions of this article include the following. First, the super-
harmonic contents of measured upper chamber pressure 
puM(t) and force fTM(t) are examined and correlated up to 50 
Hz from the non-resonant dynamic stiffness test. Second, 
alternate relevant transfer function formulations with funda-
mental ωo

 ( )ueC ,Xω

 terms are examined in both frequency and time 
domains. Also, the fluid and analogous mechanical system 
models are compared and examined based upon the linear 
time-invariant system assumption. Third, a quasi-linear mod-
el with amplitude-sensitive and spectrally-varying parameters 
such as , kre(ω,X) and cre
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(ω,X) has been investi-

gated. By embedding these effective parameters into quasi-
linear models, the effect of mount nonlinearities on the dy-
namic force transmitted to the rigid base is quatifined with 
rubber and hydraulic path forces. A more refined nonlinear 
model needs to be developed to successfully predict the su-
per-harmonic responses; this issue is the focus of a future 
article [16]. Yet another article will examine the measure-
ment of in situ dynamic forces [17]. 
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(a) 

 

(b) 

Figure 1. Force fT(t) transmitted by a hydraulic mount in the context of non-resonant elastomeric test [14]: (a) Experi-
mental setup with a hydraulic mount; (b) Schematic of the hydraulic mount and measurements. 

 
 
 
 
 
 

 

Figure 2. Fluid model of the hydraulic mount and its parameters with rubber and hydraulic paths. 
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(a) 

 
(b) 

Figure 3. Comparison between measured and predicted transmitted force time histories for the free decoupler mount, given 
sinusoidal displacement ( )  oi t

mx t x Re Xe ω = +  
 at ωo/2π = 8.5 Hz and X = 1.5 mm: (a) measured x(t) with X = 1.5 mm and pu(t) 

time histories; Key for part (a):  , x(t);  , pu(t); (b) measured and predicted force, fT(t); Key for part (b); , experi-
ment; , theory (Eqns. (1a-c) given nominal parameters). 

 

 

 
(a) 

 
(b) 

Figure 4. Comparison between measured and predicted transmitted forces,  ( ),T oF Xω  for the free decoupler mount given X 

= 0.15 mm: (a) magnitude spectra; (b) phase spectra. Key: , experiment; , theory (Eqns. (2a-c) given nominal parame-
ters). 
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Figure 5. Analogous mechanical system model and its parameters for rubber and hydraulic paths. 

 

 
(a) 

 
(b) 

Figure 6. Spectrally-varying and amplitude-sensitive properties of the rubber path with X = 0.15 mm: (a) effec-
tive stiffness quantified by λkr (=kre/krn) and displayed on a linear scale; (b) viscous damping quantified by λcr 
(=cre/crn) and displayed on a loge scale. 
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(a) (b) 

Figure 7. Force transmitted to the rigid base by a fixed decoupler mount: (a) X = 0.15 mm; (b) X = 1.5 mm. Key: , 
experiment; , linear model; , Scheme I; , Scheme II; , Scheme III; , Scheme IV. 

 

 

 
(a) (b) 

Figure 8. Force transmitted to the rigid base by a free decoupler mount: (a) X = 0.15 mm; (b) X = 1.5 mm. Key: , ex-
periment; , linear model; , Scheme I; , Scheme II; , Scheme III; , Scheme IV. 
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Figure 9. Comparison between measured and predicted forces in time domain for the free decoupler mount, given 
sinusoidal displacement ( )  oi t

mx t x Re Xe ω = +  
 at ω/2π = 8.5 Hz and X = 1.5mm. Key: , experiment ; , 

estimation by Eqns. (1a-c) given nominal parameters; , estimation by Scheme II-C with quasi-linear parame-
ters; , estimation by Scheme III-C with quasi-linear parameters. 
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