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ABSTRACT

The derivation of Curle’s equation for the sound radiated by a flow near a rigid surface is reconsidered. It is shown that this equation
and the non-uniform Kirchhoff equation previously derived by the author are equivalent if the sum of two integrals containing
Lighthill’s stress tensor over the rigid surface is zero. These two integrals are equivalent to the acoustic field radiated by sources
determined by Lighthill’s stress tensor and its spatial derivatives on the boundary. This leads to an immediate result that the two
equations are equivalent if Lighthill’s stress tensor vanishes altogether, for instance, for linear acoustical waves in an ideal fluid. The
obtained criterion is formulated for a flow near an infinite rigid plane in a fluid. Two cases are considered: a weakly non-linear flow
(with low Mach number) in an ideal fluid and a linear flow in a viscous fluid. It is shown that, in a weakly non-linear flow, the equa-
tions are equivalent if the plane is stationary. If the plane is vibrating as well as for a viscous fluid, the sum of the two integrals is, in
general, non-zero, but a more detailed investigation is required for a definite conclusion. Some directions of future investigations of

the equivalence of the two equations are suggested.

INTRODUCTION

The development and widespread use of jet aircraft in the
1950s caused significant interest in the prediction of sound
generated by a fluid flow. The first significant contribution to
this topic was made by Sir James Lighthill (1952). He
showed that the sound radiated by a turbulent flow without
boundaries was controlled by the wave equation with the
source term determined by the Lighthill’s stress tensor, which
represents all non-acoustic stresses in the fluid. Lighthill also
showed that the source term corresponds to quadrupole
sound.

Curle (1955) extended Lighthill’s theory to a flow with solid
boundaries. Curle stated that, for an immoveable boundary,
the radiated sound consisted of Lighthill’s quadrupole sound
as well as the dipole sound originating at the rigid boundary.
The amplitude of the dipole sound was determined by the
total force acting upon the fluid from the boundary including
the viscous tangential force.

Ffowcs Williams and Hawkings (1969) extended Curle’s
theory to a flow with moving boundaries. They showed that
the motion of the boundaries led to the appearance of a third
term in the equation for the radiated sound amplitude. This
term describes the monopole sound and is determined by the
normal velocity of the boundary with respect to a stationary
observer. For a stationary boundary, Ffowcs Williams and
Hawkings (FW-H) equation is reduced to Curle’s equation.

Since its derivation, the Ffowcs Williams and Hawkings

equation has become the foundation for one of the most fre-
quently used methods of prediction of sound radiated by fluid
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flow near rigid surfaces. A brief list of applications where the
FW-H equation is utilised includes rotating helicopter blades,
rotating fans, and flow near an airfoil. This equation is also
used in the prediction of noise radiated by moving ships and
ship propellers. (See Zinoviev (2007) for a list of references).

There were many attempts to verify Curle — Ffowcs Williams
and Hawkings theory. However, from the point of view of the
author, the results of these experiments are inconclusive, as
many of them showed a discrepancy of a few decibels be-
tween theoretical predictions and experimental results. For
example, early results by Clark and Ribner (1969) and by
Heller and Widnall (1969) showed discrepancy of up to 5 dB.
Bies (1992) investigated the noise produced by a circular saw
and reported that the measured noise was 2.5 dB lower than
predicted. More recent experiments (Eschricht et al 2007,
Greschner et al 2007) still continue to show a discrepancy of
a few decibels between the predictions of FW-H theory and
experimental data.

In 2001, the author presented a result of his theoretical recon-
sideration of Curle’s derivation (Zinoviev, 2001), where he
pointed out that the divergence theorem in the derivation
should have been used differently. Later Zinoviev and Bies
(2004) have conducted a more detailed critical analysis of
Curle’s derivation. The authors have shown that, if the diver-
gence theorem is used correctly, Curle’s derivation leads not
to Curle’s equation, but to a different equation. This equation
is called the non-uniform Kirchhoff equation in this paper, as
it includes Lighthill’s quadrupole sources from his non-
uniform wave equation as well as surface distributions of
dipole and monopole sources as described by Kirchhoff inte-
grals (Stratton 1941). This equation differs from the FW-H
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equation by the appearance of the terms describing the
sources at rigid boundaries.

The claim by Zinoviev and Bies that the FW-H equation is
derived with an error and the non-uniform Kirchhoff equation
should be used instead caused objections from some mem-
bers of the aeroacoustical community (Farassat 2005, Faras-
sat & Myers 2006), to which the authors responded (Zinoviev
& Bies 2005, Zinoviev & Bies 2006). The discussion demon-
strated that the FW-H equation produced results identical to
those by the non-uniform Kirchhoff equation at least in some
situations, for example, in acoustic scattering by solid ob-
jects.

The two equations describe the same physical process of
sound generation by a fluid flow near a solid boundary. This
fact, together with the identical predictions for acoustic scat-
tering problems, raises a question of whether the two equa-
tions are identical and, in fact, are different forms of the same
equation. The other possibility is that the equations are dif-
ferent and, therefore, at least one of them is not correct. If the
former statement is true, it would reconcile the present au-
thor’s conclusion about the derivation of Curle’s equation
with the raised objections. If the latter is true, that, in view of
the present author, would still leave the question of correct-
ness of both equations open.

This paper is devoted to the question of whether Curle’s and
the non-uniform Kirchhoff equations are indistinguishable. In
the first section, both equations are shown and the condition
of them being equivalent is formulated theoretically. In the
second section, this condition is evaluated for acoustical
problems and for the problem of vibrations of an infinite
plane in a fluid with different flow conditions. The third sec-
tion of the paper is devoted to examples, which, in view of
the present author, may demonstrate the equivalence or oth-
erwise of the two equations.

CRITERION OF THE EQUIVALENCE OF
CURLE’S EQUATION AND THE NON-UNIFORM
KIRCHHOFF EQUATION

Curle’s equation

Using the fundamental laws of mass and momentum conser-
vation for the motion of a fluid, Lighthill (1952) showed that
sound generation and propagation in a turbulent fluid flow
without boundaries was determined by the following wave
equation with respect to the fluid density, p:

2 aZT
eV =g o =123 @
LOX.
]

In Eq. (1), ¢ is the sound speed and Tj; is Lighthill’s stress
tensor given by:

Tij = pvivj + pl] CO:D ij? (2)

where v is the fluid velocity vector, §. is Kronecker’s delta,
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and p; is the compressive stress tensor determined as fol-

lows:
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where pis the pressure and 4 is the viscosity of the fluid.

2 ICA 2010

Curle (1955) starts his derivation with a formulation of a
general solution of Eq. (1) near solid boundaries. As Eq. (1)
is a non-uniform wave equation, its solution can be formu-
lated as a sum of a term describing the sound due to the vol-
ume distribution of sound sources and a term containing
Kirchhoff integrals over the boundaries. This solution can be
written as follows:

4rp' (x,1) :—J dy
8y ay (4)
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InEq. 4), p'=p—p,  p,is the value at equilibrium, V is
the total fluid volume, Sis the surface of solid boundaries,
r :|x—y|, x=(x1, X21X3) is the radius-vector of the obser-

vation point, y=(y,,y,,y,) is the radius-vector of the

source point, n = (I, I,, I3,) is the outward normal from the
fluid, and square brackets denote dependence on retarded
time, t—ric,

After using the divergence theorem twice, Curle obtained the
following equation determining the interchange of derivatives
in the volume integral of Lighthill’s stress tensor:
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Note that the surface integrals are taken over the surface
which is in immediate contact with the fluid.

The momentum conservation equation for the fluid takes the
form of
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By substituting Egs. (5) and (6) into Eq. (4), Curle obtained
the following equations for the density fluctuations due to a
flow near solid boundaries:

md+

% 0X; IV r ()

[pVV +p; ]dS )—gjsli%[pw]ds(y).

4rcyp' (X, t)=

o1
ox s
Denoting the total force per unit area acting upon the fluid
from the boundary, P= PVV, + Py one can rewrite Eq. (7)
as follows:
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By assuming that the boundary has zero normal velocity, Eq.
(8) can be reduced to the original Curle’s equation (Curle
1955):



23-27 August 2010, Sydney, AustraliaProceedings of 20th International Congress on Acoustics, ICA 2010

2 ey [T] . a1 ©)
ep (X =55 [y 6& [TRIes(y).
The first term in the right-hand part of Eq. (9) determines
Lighthill’s quadrupole sound generated in the fluid volume,
whereas the second term determines the dipole sound gener-
ated at the rigid surface due to force acting between the sur-
face and the fluid.

In the analysis below, as Eq. (8) has also been obtained by
Curle just before substituting zero boundary velocity, Eq. (8)
is referred to as Curle’s equation.

The non-uniform Kirchhoff equation

Zinoviev and Bies (2004) conducted a critical analysis of
Curle’s derivation. In the view of these authors, the diver-
gence theorem in the derivation should be used in a way dif-
ferent from that utilised by Curle. The authors showed that,
as a result, the interchange of derivatives in the integrals
should be described not by Eq. (5), but by the following
equation:
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Substitution of Eg. (10) into the general solution of
Lighthill’s equation (Eq. (4)) leads to the following equation
for the acoustic wave amplitude radiated by the flow near
solid boundaries:
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After regrouping its terms and using
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Eq. (11) can be re-written as follows:
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As Eq. (13) is a general solution of the non-uniform wave
equation (1) and it contains Kirchhoff integrals, this equation
is referred to in this analysis as the non-uniform Kirchhoff
equation.

Difference between non-uniform Kirchhoff and
Curle’s equations.

It can be clearly seen that, in Egs. (8) and (13), the first term
in the right-hand parts is identical. This term determines
Lighthill’s quadrupole sound generated in the fluid volume.
The second and third terms in both equations determine
sound radiated by layers of dipoles and monopoles on the
rigid boundary respectively. These terms in the two equations
are different not only in their appearance, but also in their
physical meaning as the strength of the monopole and dipole
acoustic sources is determined differently in both equations.
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In Eq. (8), the strength of the dipole sources depends on the
total force per unit area acting on the boundary, and the
strength of the monopole sources is described by the total
normal velocity of the boundary. On the contrary, the dipole
term in Eq. (13) is determined by density fluctuations on the
boundary, which are proportional to acoustic pressure fluc-
tuations. The monopole term in Eq. (13) is determined by the
normal derivative of the density fluctuations, which is pro-
portional to the acoustic (potential) velocity. Therefore,
whereas the source terms in Eq. (8) contain the full force and
the full fluid velocity on the boundary, the terms in Eq. (13)
contain only potential components of the force and velocity.

The criterion of equivalence of both equations

The only difference between the derivations by Curle (1955)
and Zinoviev & Bies (2004) is in the appearance of the for-
mula for the interchange of derivatives in the volume inte-
grals. Whereas Curle used this formula in the form of Eq. (5),
the latter authors utilised Eq. (10) for this purpose. While the
differences in the derivation of Egs. (5) and (10) are outside
the scope of this paper, it is clear that the equations are
equivalent if the sum of the second and third terms in the
right-hand part of Eq. (5) is zero, i.e. if the following condi-
tion is satisfied:
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It can be seen from Eq. (14) that its two terms represent the
dipole and monopole sound generated on the rigid boundary
due to the force determined by Lighthill’s stress tensor and its
spatial derivatives.

If the condition described by Eq. (14) is true, then the deriva-
tions by Curle and Zinoviev & Bies lead to the same equa-
tion, which can be represented in the form of either Eq. (8) or
Eq. (13). This statement represents the main contribution of
this work.

CRITERION OF EQUIVALENCE FOR LINEAR
ACOUSTIC WAVES IN AN INVISCID FLUID

It is clearly seen that the condition determined by Eq. (14) is
true if Lighthill’s stress tensor, Tj;, vanishes altogether. For
example, this condition is satisfied for generation, propaga-
tion and scattering of acoustic waves of small amplitude if
the fluid viscosity can be ignored. Indeed, in this case the
non-linear term pUU, in Lighthill’s stress tensor (Eq. (2)) as

well as the viscous term in the compressive stress tensor (Eg.
(3)) can be neglected. Also, for linear acoustic waves,
p= pcg, and, as a result, T; = 0. This leads to the conclu-
sion that Eqgs. (8) and (13) are equivalent for linear acoustic
waves in an inviscid fluid.

CRITERION OF EQUIVALENCE FOR A FLOW
NEAR AN INFINITE RIGID PLANE

Formulation of the criterion

Consider a general fluid flow near an infinite rigid plane
parallel to the plane (sz Ys)' The y;-axis is normal to the

plane. In this case, the terms of Eq. (14) can be written as
follows:
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A slightly non-linear inviscid flow near a stationary
plane

Lighthill (1952) showed that, if viscous stresses can be ig-
nored and Mach number is low, the equation for the tensor T
can be reduced to the following equation:

Tij R PV (17)

If the plane is assumed to be stationary, then v,=0, T,=0,

and

0 ds(y
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It can be easily proven that the derivatives of Lighthill’s
stress tensor vanish:

oT, o, 19
S = 2p v, L =0, (19)
o ow

anz:p[vav +ﬂvzj 0, (20)
oY, o,

s _ g, (vl%+%v3j:0. (21)
oY oY 0¥

It follows from Egs. (19) — (21) that the second integral in
Eq. (14) is also zero:
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As a result, it can be concluded that both the non-uniform
Kirchhoff equation and Curle’s equation are equivalent for a
slightly non-linear inviscid flow near a stationary rigid infi-
nite plane.

A slightly non-linear inviscid flow near a vibrating
plane

Assume now that the rigid plane vibrates while remaining
parallel to the (x2 xg) plane. In this case, the components of

Lighthill’s stress tensor (Eq. (17)) are, in general, non-zero.
As the vertical fluid velocity v, on the rigid plane is equal to

the velocity of the plane, its derivatives over horizontal coor-
dinates y, and y; vanish. As a result, the spatial derivatives
take the following form:
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The spatial derivatives determined by Egs. (23) - (25) are
also, in general, non-zero. However, this cannot be the basis
for the conclusion that the criterion of the equivalence (Eq.
(14) is not satisfied in the case under consideration, as the
two terms may still vanish after integration or cancel each
other. A more detailed investigation of this issue is outside
the scope of this work and, therefore, can be a subject of
future research. A consideration of particular situations where
an exact solution for the fluid flow is known can be of special
value. For example, vibrations of the plane with no external
flow can be one such situation.

A linear viscous flow near arigid plane

Assume now that the flow near the plane is linear (i.e. the
term PV, can be neglected). Assume also that the fluid

viscosity is non-zero. In this case Lighthill’s stress tensor
takes the following form:

T”_:ﬂ{ v E[ﬂ};} 0
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Taking into account that the fluid velocity vector on the plane
equals that of the plane, the components of Tj; and its spatial
derivatives on the plane can be written as follows:
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The two integrals in Eq. (14) take the following form in this
case:
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Opposite to the non-linear inviscid flow considered above,
the stationary plane for the linear viscous flow presents no
special case, as the integrals are determined by the first and
second derivatives of the fluid velocity rather than the veloc-
ity as such. At the same time, this case is similar to the previ-
ous one in the impossibility to make a conclusion about the
correctness of the criterion of the equivalence of the two
equations described by Eq. (14) without detailed considera-
tion of the velocity and pressure fields.

FUTURE RESEARCH — PROVING THE
CRITERION OF EQUIVALENCE

If Curle’s equation and the non-uniform Kirchhoff equation
are identical, it will mean that the criterion of their equiva-
lence (Eq. (14)) should always be satisfied, i.e. the sum of the
two integrals should always vanish. The task of proving this
for a very general fluid flow (in fact, for all possible fluid
flows) is not straightforward.

However, if the two equations are not equivalent, it should be
possible to show that the criterion is not correct at least for
some particular flow situations. Examples of situations which
could be considered in this respect are presented below.

First of all, the case of a fluid flow near an infinite rigid plane
considered above in this paper presents a good opportunity to
verify the criterion. With some additional simplifying as-
sumptions it is possible to obtain an exact solution of the
equations of fluid dynamics for the fluid velocity and pres-
sure and evaluate the integrals in Eq. (14) based on this exact
solution. Such a simplified fluid flow situation could be, for
instance, fluid motion only due to vibrations of the plane, i.e.
without any external flow.

Another case of a fluid flow, where the exact solution can be
obtained and, therefore, the criterion of equivalence can be
verified, is the sound radiation due to the motion of a rigid
sphere or a cylinder along a closed circular path. If the fluid
is stationary, this motion will generate sound as a rotating
acoustic dipole (Morfey & Tanna 1971). However, if a rigid
body is embedded into a rotating fluid, it is obvious from
common sense that no sound will be radiated, as the body can
be considered to be simply a fluid particle. Since the mono-
pole term in Curle’s equation takes into account the total
velocity of the boundary with respect to a stationary ob-
server, it would be very interesting, in the view of the present
author, to evaluate both equations, as well as the criterion of
their equivalence, in this case.

The author previously considered the case of a stationary
sphere in a variable velocity field, which can be realised if
the sphere is immersed into a vortex street (Zinoviev 2007).
It has been concluded that this situation is equivalent to the
problem of sound radiation by a vibrating sphere in a station-
ary fluid and, therefore, the radiated sound amplitude in this
case should be equal to that radiated by the vibrating sphere.
Whereas obtaining the exact solution for the fluid flow would
be more difficult than in the previous example, a considera-
tion of possible equivalence of the two equations in this situa-
tion would also be worthwhile.

CONCLUSIONS
In this paper, the original derivation of Curle’s equation is

reconsidered and compared with the derivation suggested
previously by the present author. It is shown that the equa-
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tions resulting from the two procedures are equivalent if the
sum of two integrals over rigid boundaries is zero. The terms
of the sum correspond to the sound generated on the bound-
ary due to Lighthill’s stress tensor and its spatial derivatives.

The obtained criterion of equivalence is applied to different
flow situations. It is shown that the criterion is satisfied for
linear acoustic waves in an inviscid fluid, as Lighthill’s stress
tensor vanishes altogether in this case. Also, a flow near an
infinite rigid plane is considered for two kinds of fluid flows:
a slightly non-linear inviscid flow and a linear viscous flow.
It is shown that, in the former case, the criterion of equiva-
lence is satisfied if the plane is stationary. The criterion is
formulated for the vibrating plane and it is shown that a more
detailed investigation of the flow is required to make a con-
clusion about the criterion in this case.

Some flow situations where the criterion of the equivalence
of the two equations can be evaluated are suggested.

REFERENCES

D.A. Bies, “Circular saw aerodynamic noise” Journal of
Sound and Vibration 154, 495-513 (1992).

P.F. Clark and H.S. Ribner, “Direct correlation of fluctuating
lift with radiated sound for an airfoil in turbulent flow” J.
Acoust. Soc. Am. 46, 802-805 (1969).

N. Curle, “The influence of solid boundaries upon aerody-
namic sound” Proc. Roy. Soc. A 231, 505-514 (1955).

D. Eschricht, L. Panek, J. Young, F. Thiele and M. Jacob,
“Noise prediction of a serrated nozzle using a hybrid ap-
proach”, ICSV14 Proceedings, Cairns, 2007.

F. Farassat, “Comments on the paper by Zinoviev and Bies
““on acoustic radiation by a rigid object in a fluid flow™
Journal of Sound and Vibration 281, 1217-1223 (2005).

F. Farassat, M.K. Myers, “Further comments on the paper by
Zinoviev and Bies, “‘on acoustic radiation by a rigid ob-
ject in a fluid flow’” Journal of Sound and Vibration,
290, 538-547 (2006).

J.E. Ffowcs Williams and D.L. Hawkings, “Sound genera-
tion by turbulence and surfaces in arbitrary motion” Phi-
losophical Transactions of the Royal Society of London A
264, 321-342 (1969).

B. Greschner, S. Peth, Y.J. Moon, J.H. Seo, M.C. Jacob and
F. Thiele, “Three-dimensional predictions of the rod
wake-airfoil interaction noise by hybrid methods”,
ICSV14 Proceedings, Cairns, 2007.

H.H. Heller and S.E. Widnall, “Sound radiation from rigid
flow spoilers correlated with fluctuating forces” J.
Acoust. Soc. Am. 47, 924-936 (1969).

M.J. Lighthill, “On sound generated aerodynamically. I. Gen-
eral theory”, Proc. Roy. Soc. A. 221, 564-587 (1952).

C.L. Morfey and H.K. Tanna, “Sound radiation from a point
force in circular motion”, Journal of Sound and Vibration
15, 325-351 (1971).

J.A. Stratton, Electromagnetic theory, (McGraw Hill, New
York, 1941).

A. Zinoviev, “On the use of the divergence theorem in the
derivation of Curle's formula for the amplitude of aero-
dynamic sound” Proceedings of the 17th International
Congress on Acoustics, Rome, Italy, 2001.



23-27 August 2010, Sydney, AustraliaProceedings of 20th International Congress on Acoustics, ICA 2010

A. Zinoviev, “Demonstration of inadequacy of Ffowcs Wil-
liams and Hawkings equation of aeroacoustics by thought
experiments” 1CSV14 Proceedings, Cairns, Australia, 9-
12 July, 2007.

A. Zinoviev and D.A. Bies “On acoustic radiation by a rigid
object in a fluid flow”, Journal of Sound and Vibration
269, 535-548 (2004).

A. Zinoviev and D.A. Bies, “Author’s reply to: F. Farassat,
comments on the paper by Zinoviev and Bies *‘on acous-
tic radiation by a rigid object in a fluid flow’” Journal of
Sound and Vibration 281, 1224-1237 (2005).

A. Zinoviev and D.A. Bies, “Authors’ reply”, Journal of
Sound and Vibration 290, 548-554 (2006).

ICA 2010



