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ABSTRACT 

A technique is described by which the reflectivity of the seafloor in a shallow ocean may be obtained from inversion 
of received broadband acoustic signals.  The technique is quite general in that the source waveform may be either im-
pulsive or quasi-continuous.  The product of the inversion is the slope, F dB/radian, of the bottom loss versus grazing 
angle function, which is assumed linear for small grazing angles of incidence.  The technique is based on a descrip-
tion of the spectral statistics of the multi-path interference field in a shallow ocean, and is believed to provide a rapid, 
but robust, estimate of reflectivity which is adequate for many uses.  Examples of application of the technique to at-
sea data are shown, in which comparisons are made between measurements of transmission loss and calculations 
which are based on the inverted parameter.  It is shown how the technique may be applied across a broad frequency 
range, so that estimates of broadband transmission may be made.  Potential limitations of the technique are discussed. 

INTRODUCTION 

It is well known that sound transmission in shallow oceans, 
including littoral and continental shelf regions, is critically 
dependent upon the features of the underwater environment.  
At low acoustic frequencies (less than about 300 Hz), or with 
a sound speed versus depth function which causes downward 
refraction, transmission to long range (30 km or more) is 
affected significantly by the seafloor reflective properties.  
Knowledge of these properties is required in order to make 
accurate estimates of received signal levels for all purposes, 
including predictions of insonification of marine fauna, the 
performance of undersea detection systems such as anti-
submarine warfare (ASW) sonar systems, and in regard to 
underwater communications. 

Traditionally, seafloor acoustic properties had been estimated 
by using available knowledge of the links to observable sea-
floor physical properties (e.g. grain size, porosity, material 
type such as sand, silt, etc.), knowledge of which were avail-
able from grabs and cores obtained during ocean research.  
Uncertainty exists with these processes, for many ocean re-
gions data coverage is sparse and for almost all ocean regions 
knowledge of the vertical profile of the seafloor is poor.  In 
order to supplement these estimates, and to provide seafloor 
acoustic data for unsurveyed locations, many techniques for 
acoustic inversion have been developed.  Using such tech-
niques, the seafloor acoustic properties, usually stated as the 
geoacoustic properties as shown in Table 1, may be deter-
mined from received acoustic data, solely. 

Almost all present inversion techniques, however, do not lend 
themselves to rapid application due to the complexity of the 
measurement process, the number of sensors required, or the 
signal processing involved.  Recently, C. H. Harrison et al. 
[1] described a method for the determination of seafloor re-
flection loss, as the bottom loss versus grazing angle parame-

ter, F radiandB .  This was similar to the earlier published 
method of Smith [2], this being referenced by Harrison et al.  
A technique for which much of the theory is similar had been 
devised by Jones et al., at Maritime Operations Division 
(MOD), independently, and limited descriptions [3], [4], [5] 
had been made of this method and its application, although 
full details had not been published prior to the present paper. 

Table 1. Seafloor Geoacoustic Parameters 
compressional sound speed pc  sm  

compressional attenuation pα  λdB  

shear speed sc  sm  

shear attenuation sα  λdB  

density ρ 3mkg  
sediment thickness m 

An essential feature of the methods of Harrison et al., Smith 
(and Jones et al.) is that the acoustic impulse response of an 
isovelocity shallow ocean may be used to determine the bot-
tom loss parameter F by using the impulse decay rate.  The 
method of Jones et al. does, however, include the ability to 
determine the same parameter from the spectral statistics of 
the frequency transfer function.  In practice, this determina-
tion may be made using an acoustic impulse, but any broad-
band source will suffice, including coherent swept tones and 
random signals. 

This paper describes the theory under-pinning the technique, 
and shows its application to rapidly sensed ocean data.  Fur-
ther confirmation of the effectiveness of the technique is 
demonstrated using inversion of synthetic data.  An enticing 
aspect of the MOD technique is that the number of descrip-
tive parameters is reduced (to one), whilst the ability to carry 
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out phase coherent transmission predictions is retained using 
a complementary determination of reflection phase [6]. 

IMPULSE DECAY FOR SHALLOW OCEAN 

In what follows, the theory and relevant features of the shal-
low water impulse response are reviewed.  The links to spec-
tral statistics of transmission are then shown in the following 
section. 

Impulse decay for lossless boundaries 

Multi-path transmission in an isovelocity shallow ocean may 
be depicted by ray paths as shown in Figure 1.  The transmis-
sion paths may be classified into one of four families of rays: 

a) n surface reflections and n bottom reflections, with surface 
reflection first; 

b) n surface reflections and n bottom reflections, with bottom 
reflection first; 

c) n bottom reflections and n-1 surface reflections; 
d) n surface reflections and n-1 bottom reflections. 

where ∞=   to1n , plus the direct arrival. 

 

ds dr

β D source receiver 
r  

Figure 1. Multi-path transmission in isovelocity shallow 
ocean 

For a path of type c), the source to receiver path length is 

( )[ ] ∞=+−+=   to1for   2 22 nddDnrl rsn  (1) 

where nl  is the source to receiver ray path length for ray n, in 
units of metres; r is the source to receiver horizontal range, 
m; D is the ocean depth, m; n is the index number of ray 
family, an integer; sd  is the source depth, m; rd  is the re-
ceiver depth, m. 

In a particular family of arrivals, it may be shown that each 
ray arrives at time t after the direct arrival, given by 

seconds  2 22

wcr
Dnt ≈  (2) 

where cw is the speed of sound in seawater, m/s, and it is 
assumed that n << ( )Dr 2 , that is t << ( )wcr 2  seconds, for 
which the angle of incidence of the arrival at the seafloor and 
ocean surface is small. 

The rate of arrivals may be shown to be ( )24 Dncr w  per 
second.  By substituting for the ray index number, n, in terms 
of time of arrival, t, using Equation (2), we determine that 

the rate of arrivals at time t is
t

cr
D

w
22

1  per second. (3) 

For a shallow ocean, the path length difference sn of consecu-
tive arrivals in the same family may be shown to be given by 

rDnsn
24≈  metres for arrivals with small angles of inci-

dence at the seafloor and ocean surface.  As n << ( )Dr 2  for 
all values of interest, it follows that s << 2D for all relevant 
arrivals, and since r >> D, which may be taken as a definition 
of “shallow”, it is clear that path length differences are al-

ways very small relative to range.  A direct result of this is 
that spherical spreading loss along any shallow angle arrival 
is very close to the spreading loss along the direct path, and 
so, in the absence of boundary losses, the shallow angle arri-
vals all have near-equal amplitude.  The received, summed 
multi-path intensity as a result of an impulse will then have a 
decay according to the temporal density of arrivals (i.e. the 
arrival rate) as a function of time, from Equation (3).  
Clearly, this decay is most rapid at small values of t, and 
quite slow at large values of t. 

To determine a total proportion of impulse decay to time t, it 
is necessary to assign a time t0 as a “start” time, or reference 
time.  Here, we make use of the fact that the time separation 
between arrivals, nt∆  seconds, for arrival number n may be 

given by ( )wn crDnt 24≈∆  seconds (see Figure 2).  We 
may then assume that the value of nt∆  relevant to n = 1 will 
suffice for the value of t0.  By substitution into Equation (3) 
for this value of t0, we get the initial rate of arrivals, and may 
now find a general expression for the decay of intensity fol-
lowing an impulse, expressed as a positive quantity in dB: 

dB 
4

log5  timetointensity  received ofdecay 2 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
≈

D
tcr

t w . (4) 

This expression may be termed the impulse decay due to 
“arrival-separation”, as this is the decay following sudden 
cessation of insonification which is due to the increasing time 
separation of the successive arrivals.  Note that Equation (4) 
is robust to errors in the estimation of the “start” time.  An 
error by a factor of 2 amounts to an error in the estimation of 
the total decay by dB 5.12log5 ±≈± . 

each successive arrival family has one more 
bottom reflection 

time → 

∆tn = 4nD2/(rcw), where n is from 1 to ∞  
Figure 2. Arrival separation of ray families in impulse 

Impulse decay through boundary losses 

In forward transmission of a signal, we now presume that the 
losses at the boundaries are dominated by the loss due to 
reflection at the seafloor, and that there is no loss at the sea 
surface.  For small grazing angles β, it is well established that 
the loss in dB on each bottom reflection may be approxi-
mated as proportional to the grazing angle, e.g. as stated by 
Urick [7].  The bottom loss then becomes Fβ dB, where the 
“bottom loss slope”, F dB/radian, is a single parameter which 
describes the seafloor.  Weston [8], for example, showed the 
appropriateness of the bottom loss slope F in terms of bottom 
impedance.  By comparison with full descriptions of the in-
terference field obtained with a more conventional descrip-
tion of the seafloor, Jones et al. [6] showed that the assump-
tion of a uniform bottom loss slope F may be used to obtain a 
reasonable approximation to the complete detail of the inter-
ference field. 

For a shallow isovelocity ocean, it may be shown that the 
grazing angle nβ  for a ray of index n in any of the four ray 



23-27 August 2010, Sydney, Australia Proceedings of 20th International Congress on Acoustics, ICA 2010 

ICA 2010 3 

families is approximately rDnn 2≈β  radians for small 
angles.  The bottom loss per bounce then follows as 

rDFn2  dB, hence the bottom loss for all bottom interac-

tions for ray n, in any ray family, follows as rDFn22  dB. 

Substituting for n using Equation (2), we obtain the following 
expression for the bottom loss for the ray arriving at time t as 

DtFctB w≈)(  dB (5) 

where B(t) is the bottom loss of ray arriving at time t, in dB. 

Now, if the arrivals are evenly spaced, that is, if there is no 
arrival-separation loss, Equation (5) represents the total rate 
of loss with time at the receiver, as a result of instantaneous 
cessation of insonification.  This decay rate is uniform on a 
logarithmic scale, that is, the intensity at the receiver falls at 
an exponential rate with time t, described by τ−te , where τ is 
the impulse response time corresponding with a decay by 

e1 , that is, by ( )e10log10  or 4.343 dB.  The existence of an 
exponential decay to the impulse response for an isovelocity 
ocean with bottom loss in dB represented by a linear function 
in grazing angle was first shown by Smith [2].  This work 
was referenced, and extended, by Harrison et al. several dec-
ades later [1], [9].  Both these analyses are different to the 
above although the solution is the same. 

The time τ for a decay by e1  follows from Equation (5) as 

( )( )
Fc

De

w

10log10
≈τ  seconds (6) 

where, as shown by Smith and Harrison et al., the result is 
independent of range.  In Equation (1), the term 

( ) 22 ]2[]2[ nDddnD rs ≈+−  for values of n greater than 
about 2, regardless of source and receiver depth, and so it 
may be seen that Equations (2) to (5), and hence the impulse 
decay time τ, are effectively unrelated to source and receiver 
depth as well as range – a powerful result. 

The time for a 60 dB decay, T60, also follows from Equa-
tion (5) 

Fc
DT

w

60
60 ≈  seconds. (7) 

where T60 is time for 60 dB decay of received oceanic im-
pulse due to bottom loss, s.  Time T60 is related to the impulse 
response time, τ, as 60T  = ( ) ( ) τ≈τ=τ 82.1310ln6log6 10 e , 
and is introduced here for later convenience. 

In a practical transmission situation in a shallow ocean, the 
total decay may be regarded as the sum of the arrival-
separation loss plus the bottom loss as 

dB 
4

log5  timedecay tointensity  2 D
tFc

D
tcr

t ww +⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
≈  (8) 

From Equation (8), the total decay to an impulsive input (the 
same as the decay following instantaneous cessation of in-
sonification) will, initially, be dominated by the arrival-
separation term, and then by the bottom loss term.  In prac-
tice, at large values of time, t, the assumption of t << 
( )wcr 2  seconds will fail and the decay at greater times will 

cease to be exponential. 

The validity of the assertion, that the bottom loss term is 
greater than the arrival-separation term, may be seen in the 
examples shown in Table 2, in which the terms in Equa-
tion (7) are evaluated for several shallow ocean scenarios.  
These terms are evaluated for a time T20 corresponding with a 
20 dB decay due to bottom loss, this being 1/3rd of T60, as this 
extent of decay is typical of that which may be observed with 
at-sea data for which signal-to-noise is not large. 

Table 2. Features of impulse decay time for isovelocity shal-
low oceans 

Scenario T20 order n of 
family at 

T20 

arrival-
separation 
loss to T20 

bottom 
loss to 

T20 
#1 
D = 50 m 
r = 5 km 
F = 10 dB/rad 

0.067 s 10 8.5 dB 20 dB 

#2 
D = 50 m 
r = 5 km 
F = 50 dB/rad 

0.013 s 4 4.9 dB 20 dB 

#3 
D = 100 m 
r = 2 km 
F = 10 dB/rad 

0.13 s 4 4.9 dB 20 dB 

#4 
D =100 m 
r = 2 km 
F = 50 dB/rad 

0.027 s 2 1.5 dB 20 dB 

Source: (Authors, 2010) 

Data in the 3rd column of Table 2 show that for a 20 dB de-
cay, there are at least 2 arrivals in each of the four arrival 
families.  As this gives 8 arrivals plus the direct path, the 
statistics of the impulse function can be expected to be, ap-
proximately, well-behaved.  That is, they will be close to the 
result achieved if there was a large number of arrivals.  The 
results in the 4th and 5th columns show that the total impulse 
decay to T20 is dominated by the bottom loss, unless the bot-
tom loss is low and the relative path lengths of the arrivals 
are similar due to source-to-receiver range being large or 
ocean depth being shallow.  For greater levels of decay than 
20 dB, bottom loss clearly dominates.  It may also be seen 
from the data in Table 2 that the assumption of t << ( )wcr 2  
seconds will not be violated by these scenarios for values of 
time up to T60 (three times the values of T20 shown). 

A close approximation to an impulse response is obtained by 
the use of a small underwater explosive.  Implosive devices, 
formed from evacuated glass vessels, for example, have also 
been used as impulsive underwater sound sources, as, of 
course, have air guns.  For impulsive sound sources which 
have a gas residue, which includes explosives, air guns and 
glass vessels which are not completely evacuated, the initial 
impulse is followed by a smaller impulse from the collapse of 
the bubble of gas formed from the residue.  In the case of a 
Mk 64 SUS (Signals Underwater Sound) explosive detonated 
at 60 ft, the impulse from the bubble pulse appears 
0.040 seconds after the initial impulse.  Regardless of source 
type, the signal from the bubble pulse may disturb the obser-
vation of a received impulse response, so there is value in 
understanding the features of the multi-path arrival structure 
up to the time of the first bubble pulse arrival. 

The time t at which energy is received from the initial im-
pulse, for any angle nβ , may be shown to be 

⎥
⎦

⎤
⎢
⎣

⎡
β
β−

≈
−

=
n

n

ww

n
c
r

c
rlt

cos
cos1  seconds.  For small grazing 
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angles, ( )wn crt 22β≈ , so that from Equation (2), time t 
within the impulse decay corresponds with the arrival of 
family n, where 

( )22 Dtcrn w≈ . (9) 

For the processing described in the following section, it is 
desirable to time-gate to use the pre-bubble-response section 
of the received waveform, only.  It is desirable that the value 
n is not small, so that the number of arrivals (4 × n) is large, 
and robust decay statistics are achieved. 

SPECTRAL STATISTICS OF THE SHALLOW 
WATER ACOUSTIC INTERFERENCE FIELD 

As shown by Schroeder [10] in regard to room acoustics, for 
a transmission environment with an exponential decay func-
tion (this assumes zero arrival-separation loss in the shallow 
water scenario), the autocorrelation function of the amplitude 
of the frequency response is very close to that for the real part 
of the frequency response which may be expressed as 

( )
( )[ ]221

1
f

fp
∆τπ+

=∆ρ  (10) 

where f∆  is frequency displacement for a certain de-
correlation, Hz. 

As shown by Schroeder [10], this expression is derived as the 
Fourier cosine transform [11] of the impulse energy decay 
transient, the latter being effectively a power spectrum of the 
frequency response of the environment and, of course, an 
exponential.  Specifically, it derives from the real, or cosine 
component, of the Fourier transform of xe α−  over the range 

∞  to0  (e.g. formula 1.4 (1) Page 14 of Erdélyi [12]), that is 

the real component of the Fourier transform of ( )xHe xα−  
where ( )xH  is the unit step function (e.g. Page 418 of 
Bracewell [13]).  By selecting particular values of correlation 
coefficient ( )fp ∆ρ , the associated value of f∆  may be 

determined from Equation (10) in terms of τ, the time for the 
sound intensity to decay by 1/e. 

For example, the time for a 60 dB decay may be related to the 
frequency displacement for the autocorrelation function to 
fall by 0.5 as 

( ) Hz 20.221 60Tfh ≈τπ=∆  (11) 

where hf∆ , Hz, is frequency displacement for autocorrela-
tion function of received pressure amplitude to fall to 0.5, 

hf∆  being also known as the frequency variability parameter. 

From Equation (11), substituting for τ using Equation (6) and 
the fact that ( ) ( )10ln1log10 =e , we get 

Hz.  037.0Hz 
20

)10ln( DFc
D

Fcf w
w

h ≈
π

≈∆  (12) 

This expression may be inverted to obtain values for bottom 
loss function, F, as 

.radiandB  3.27

w

h
c

fDF ∆
≈  (13) 

If values of F are to be determined by at-sea measurements, it 
is advantageous to be at shorter range, rather than longer 
range, so long as the assumption t << ( )wcr 2  seconds is not 
violated.  The reason for this is that Equation (8) shows that 
the component of the total impulse decay from the arrival-
separation is least at short range.  Under such circumstances, 
the “bottom loss” component will dominate for a greater 
time, and the statistics of amplitude variability with fre-
quency will be more in accord with Equation (10). 

Equations (12) and (13) are unique to the present analysis.  
This result is significant as it enables the construction of a 
number of viable techniques of sampling spectral variability, 
and thus inverting the value of bottom loss function, F, 
whereas the techniques implied by the analyses of Smith [2], 
and Prior and Harrison [1], are restricted to the generation 
and observation of an oceanic impulse.  The method of Equa-
tions (12) and (13) may be carried out using a variety of 
broadband signal types and does not require transients. 

 
Figure 3. TL versus frequency at range 3000 m for ocean of 

depth 80 m, source and receiver at 18.3 m depth 

Figure 3 shows an example of phase-coherent TL versus fre-
quency for a shallow, isovelocity, ocean as determined by a 
ray model, for source and receiver depth both 18.3 m (60 ft), 
ocean depth 80 m and source to receiver range 3000 m.  In 
this case the seafloor was modelled as a uniform half-space, 
with the geoacoustic parameters as for the sand-silt seafloor 
specified by Jensen and Kuperman [14].  For these parame-
ters the seafloor reflection coefficient versus grazing angle 
function, as shown in Figure 4, is independent of frequency. 

 
Figure 4. Bottom loss versus grazing angle for Jensen & 

Kuperman [14] sand-silt seafloor 

The data in Figure 4 show a near-uniform rise in bottom loss 
with grazing angle to about 20° which, in this case, corre-
sponds with the critical angle.  For transmission in a shallow 
ocean, the bottom loss at small grazing angles is significant, 
and a value of F may be estimated from this data below the 
critical angle: F ≈ 6 dB/radian.  From Equation (12), this 
results in a value of Hz 4≈∆ hf .  By eye, these values are 
consistent with the fine-scale features in the data in Figure 3. 
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As the bottom loss is frequency-independent for this seafloor, 
it may be noted that the corresponding multi-path arrivals 
have the same amplitude regardless of frequency, and differ 
merely in phase.  It may then be argued that the amplitude of 
the phase-coherent sum has Rayleigh statistics, and that the 
phase-incoherent TL will be frequency independent.  In fact, 
if the values near 0 Hz are excluded, as these correspond with 
an amplitude null (values below 100 Hz were excluded), the 
standard deviation of the amplitude values, in dB, is 5.54 dB, 
very close to the ( ) ( ) dB57.5log610 10 ≈π=σ e  expected 
for a Rayleigh distribution (e.g. equation (2) of Schroeder 
[15]). 

Independence of transmission samples 

Frequency displacement ∆fh is indicative of that required for 
a significant change in received signal amplitude level.  How-
ever, an alternate quantity, a frequency displacement ∆fi for 
statistical independence of received signal amplitude levels, 
may be obtained, based on Schroeder’s considerations [15] of 
the standard deviation of the averaged sound pressure ampli-
tude, in dB, of signals received across a frequency band. 

As outlined in the previous section, for a highly multi-modal 
transmission situation, received pressure amplitude values are 
Rayleigh distributed with frequency, and the envelope of 
these values expressed on a logarithmic scale (as dB SPL), 
has a standard deviation, dB 6.5≈σ .  From Schroeder [15], 
the standard deviation, σB, of the frequency-averaged loga-
rithmic response is reduced as a function of τ×B  or 60TB× , 
where B is the averaging bandwidth, and becomes: 

dB
238.01

6.5
3.31

6.5

60 BTB
B

+
≈

τ+
≈σ . (14) 

These reduced fluctuations may be considered to be the result 
of averaging over N independent measurements.  In a general 
sense, the standard deviation σ of a sample from a distribu-
tion which itself is formed from the sum of samples from N 
distributions, each of which has a standard deviation σa, is 

Naσ , as is well known.  Thus, in the present case, we 
expect that averaging over N independent samples will re-
duce the standard deviation to NB 6.5=σ dB.  Then, from 
Equation (14), frequency averaging corresponds with making 

Bτ+ 3.31  (or BT60238.01+ ) independent measurements.  
Frequency spacing for independence then corresponds with 
the minimum value of B which gives two independent sam-
ples.  The frequency separation ∆fi for independence of spec-
trally sampled received signal amplitude levels in dB is then 

Hz2.4
238.0

1

6060 TT
fi ≈≈∆ . (15) 

We note from Equations (15) and (11) that hi ff ∆≈∆ 2 , 
which makes for a convenient approximation.  In practice, 
T60 will be frequency dependent, but Equations (11) and (15) 
are valid so long as the values of ∆fh and ∆fi are small com-
pared with the frequency range over which T60 changes.  We 
may also express ∆fi in terms of the environmental parame-
ters, as 

( ) .Hz  070.0Hz  
33
10ln DFc

D
Fcf w

w
i ≈≈∆  (16) 

The number of independent samples N is then given by 

BTBN 60238.013.31 +≈τ+≈ . (17) 

Substituting for τ from Equation (6), we get 

[ ] ( )FcBDN w3.141+≈ . (18) 

In general, there are two degrees of freedom associated with 
each independent sample, so the number of degrees of free-
dom is simply double the number N.  The concept of the 
number of independent spectral samples has implications that 
are beyond the scope of the present paper, however, it is clear 
that a value of ∆fh may not be well resolved unless the spec-
tral band includes multiple degrees of freedom. 

Implications of Lloyd’s Mirror 

Strictly, the direct path does not feature in the above statisti-
cal derivations.  Its effect, relative to that of the 4 arrivals of 
each of the first arrival families, is assumed to be insignifi-
cant.  In the case of a highly absorbing seafloor, the direct 
path arrival will undergo interference with the arrival with 
just one surface reflection, and no other arrivals are signifi-
cant.  The resulting pattern of nulls and enhancements is the 
well-known Lloyd’s mirror interference (e.g. Urick [16], 
page 131).  The Lloyd mirror geometry is shown in Figure 5. 

 
Figure 5. Lloyd’s mirror geometry 

Strictly, if the frequency variation due to random multi-path 
effects is to be observed (e.g. to determine values of hf∆  
from an at-sea measurement), the Lloyd’s mirror frequency 
pattern should be determined and removed from the spectrum 
of received sound.  For each scenario, there is a null at 0 Hz, 
with subsequent nulls at frequencies given as follows: 

...3,2,1,0for   
2

at  nullsintensity == n
dd
rcn

f
rs

w . (19) 

In practice, apart from the null at 0 Hz, the Lloyd’s mirror 
pattern is not greatly evident in spectra of signals received at 
ranges for which seafloor grazing angles are small.  An illus-
tration of the extent of the “overlay” of the Lloyd’s mirror 
pattern is shown in Figure 6.  This shows the TL versus fre-
quency for the same depth of ocean and source to receiver 
range used for Figure 3, but for a clay-silt seafloor [14].  Also 
shown, by a dashed line, is the TL versus frequency for a 
completely absorbing seafloor, thus representing Lloyd’s 
mirror for the same scenario. 

The bottom loss versus grazing angle function for the clay-
silt seafloor is shown in Figure 7.  A value of F estimated 
from the data below about 15° grazing angle gives 
F ≈ 37 dB/radian.  From Equation (12), this results in a value 
of Hz 26≈∆ hf , which by eye, is consistent with the fine-
scale data for the clay-silt seafloor shown in Figure 6.  The 
Lloyd’s mirror data shows nulls, as expected from Equa-
tion (19), whereas the corresponding data for the clay-silt 
seafloor shows nulls that are much less pronounced and not 
always at the same frequencies.  The data for the clay-silt 
seafloor have the appearance of being Rayleigh distributed, 
and may be shown to have a standard deviation σ = 5.78 dB, 
very close to the 5.57 dB expected for Rayleigh, whereas for 

ocean surface 

source 

sd  rd  

β2 
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data corresponding to Lloyd’s mirror, a larger standard devia-
tion σ = 7.9 dB may be shown to be expected. 

 
Figure 6. TL vs. frequency at range 3000 m for ocean of 

depth 80 m, source and receiver at 50 m depth 

 
Figure 7. Bottom loss versus grazing angle for Jensen & 

Kuperman [14] clay-silt seafloor 

This exercise was repeated for a seafloor consisting of a cal-
careous ooze (p 462 of ref. [17]) half-space, to represent a 
highly absorbent seafloor.  The data are shown in Figure 8.  
Clearly, the Lloyd’s mirror pattern is more evident than in 
Figure 7, although it is still not dominant. 

 
Figure 8. TL vs. frequency at range 3000 m for ocean of 

depth 80 m, source and receiver at 50 m depth 

Implications of low frequency 

The analysis developed in this paper is based on the appro-
priateness of ray theory for the description of the received 
impulse decay and for the variation of TL with frequency.  At 
frequencies which are too low for ray theory to be valid, the 
transmission may be considered as occurring through a com-
bination of propagating modes and evanescent modes, with 
few modes existing.  Apart from any more detailed consid-
erations, however, a low frequency limit lf  may be seen to 
exist when the path length difference between arrival families 

is small relative to a wavelength, λ.  In these cases, and for 
all lower frequencies, there will be a near cancellation of the 
total received signal, as those arrivals that have odd numbers 
of bottom reflections will be nearly π radians out of phase 
with those that have even numbers of bottom reflections.  
The detailed nature of the seafloor reflection will be relevant, 
but the near-cancellation can be seen to occur regardless, 
below the limiting frequency lf . 

This near-cancellation of the received signal may be seen to 
occur if the path length difference between the 1st and 2nd 
arrival families is less than, very approximately, about 

8λ  metres (The cancellation caused by an arrival and its 
surface reflection which is π radians out of phase plus ∆λ 
different in length may be shown to be 20log(sin[π ∆λ/λ]) ≈ 
8.3 dB for ∆λ = λ/8.).  From Equation (1), this length differ-
ence rDll nn

2
12 6≈− ==  metres, so that the near-

cancellation occurs for frequencies less than about 

248D
crf w<  Hz.  For example, for the scenario of Figure 3, 

near-cancellation of arrivals may be expected for frequencies 
lower than about 15 Hz, which is in approximate agreement 
with the data in the figure. 

APPLICATION TO RAPID SEAFLOOR 
INVERSION IN SHALLOW OCEANS 

The MOD technique is based on the receipt of broadband 
signals at medium ranges (r = 2 to 4 km approximately), and 
the omni-directional summation of all multi-path arrivals at a 
single receiver.  The rate of variability of the received signal 
amplitude, as a function of frequency, is related to the (aver-
age) speed of sound in seawater, the ocean depth and the 
seafloor bottom loss versus grazing angle parameter 
F dB/radian.  By inverting the relationship, by use of Equa-
tion (13), the seafloor bottom loss versus grazing angle func-
tion may be estimated to an accuracy sufficient for many 
acoustic transmission modelling purposes.  The inversion 
technique assumes multi-path transmission with no refraction 
of ray-paths, however, it has been found that for the short 
measurement ranges used, any ocean refractive effects have a 
minimal impact on the inverted parameter returned by the 
technique.  Advantages of the technique are that source to 
receiver range need not be well known, neither source nor 
receiver depth need to be known, and the response of neither 
source nor receiver need be calibrated.  The few disadvan-
tages include the need for the seafloor to be without slope, 
and the fact that the technique returns a total boundary loss 
for received coherent signals, which will include losses due 
to surface and seafloor roughnesses.  Recent research of 
boundary losses (e.g. Williams et al. [18]) suggests that the 
shallow angle loss-versus-grazing-angle function from 
roughness effects is linear in dB, thus resembling the seafloor 
absorptive loss function F.  This suggests that sea surface 
roughness losses might be removed from the total measured 
loss to yield a combined seafloor loss due to absorption plus 
roughness.  In what follows, roughness losses are neglected. 

In application, the key aspect is the determination of the 
spectral variability parameter, hf∆ , this being the frequency 
displacement at which the normalised autocorrelation of the 
amplitude of the sound channel frequency response, 

( )fp ∆ρ , falls to 0.5.  After Schroeder [10], this normalised 

autocorrelation is carried out as 
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( )
( ) ( ) ( )

( ) ( ) 22

2

fpfp

fpffpfp
fp

−

−∆+
=∆ρ  (20) 

where the autocorrelation is carried out on the zero-mean 
sound pressure modulus, that is, on ( ) ( )fpfp − .  For 

practical implementations of the technique, either an impul-
sive transient, swept tone, or random signal source may be 
used. 

Example application - features of at-sea data 

Data used for this present purpose were obtained by DSTO in 
1990.  The at-sea trial was carried out for other purposes, and 
the data were subsequently re-analysed.  In the trial, impulse 
response data were obtained using a suitable receiver located 
at 18.3 m depth from a surface buoy, while small explosives 
(small SUS charges) were deployed from a ship as it moved 
away to a range of about 30 km.  Each SUS charge was set to 
detonate at 18.3 m depth.  Ocean depths were obtained con-
tinuously, using a ship-based high-frequency echo sounder, 
and were found to be uniform to a reasonable approximation 
along the track.  Surficial sediment samples were obtained at 
the start of the track.  Two bathythermograph recordings 
were made, from which sound speed variation with depth was 
determined. 

Time series of sound pressure arrivals were selected for 
analysis only for those waveforms for which the measured 
peak excursion pressure was at least 5.5 dB less than the 
hard-clipping limits of the recording system.  Here, the re-
cording system specifications accounted for individual sono-
buoy characteristics.  This criterion was chosen as it ex-
ceeded the maximum possible amount by which the assumed 
waveform of the initial peak (an instantaneous rise, followed 
by an exponential decay with time constant about 0.1 ms) 
might be underestimated due to the digital sampling rate of 
20 kHz, and anti-alias filtering at 8 kHz, which were em-
ployed.  This process ensured that any impulsive waveform 
selected for study was recorded appropriately. 

Data for Track A 

The SSPs (sound speed profiles) at the start and at the end of 
the Track A are shown in Figure 9.  These SSPs are indica-
tive of downward refraction for which significant acoustic 
interaction with the seafloor is expected.  Further, as source 
and receiver were at 18 m, these profiles indicate that the 
surface ducting conditions, which are strongly linked to high 
frequency transmission phenomena, were likely to be highly 
variable along the track, and that in retrospect, the two sets of 
sound speed data were insufficient to describe the range-
dependent refraction conditions which clearly existed. 

A ray diagram prepared for Track A, using the BELLHOP 
model, is shown in Figure 10.  This has been prepared to 
include those rays launched at elevation angles commencing 
at 0.0 degrees and at 0.5 degree increments to ± 2½ degrees.  
The observed ocean depth and sea surface data is shown in 
Table 3.  The pressure waveform received at 2.2 km is shown 
in Figure 11, with the detail of the initial part of the wave-
form being shown in Figure 12. 
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Figure 9. Sound Speed Profiles at start and end of Track A 

 
Figure 10. Acoustic ray diagram for sound radiated from 

source for Track A, 11 rays over ± 2½ degrees 

Table 3. Ocean depth and sea surface data for Track A 
Ocean depth 

(m) 
Wind speed 

(m/s) 
Swell height 

(m) 
58 - 65 1 0 

Source: (DSTO) 

Historical description of seafloor for Track A 

A seafloor database had the description shown in Table 4 [5].  
The in-situ measurement accompanying the 1990 at-sea trial 
described the sediment as sand-silt-clay.  This description, 
and the values within Table 4, are consistent with the mean 
grain size φ = 6.4 as determined from a sediment sample at 
the start of the track. 

Table 4. Seafloor Parameters for Track A from database 
compressional sound speed pc  1570 sm  (m) 

compressional attenuation pα  0.172 λdB  

density ρ 1660 3mkg  
sediment thickness  259 m 

Source: (DSTO) 

Transmission Loss (TL) data predicted using the RAM model 
[19], and using the above input parameters, is presented in 
Figures 14 to 16. 

Seafloor reflectivity from inversion technique 

The MOD inversion technique requires a determination of the 
frequency variability of transmission, for a scenario involving 
shallow grazing angles at the sea surface and seafloor.  For 
Track A, for which ocean depth was about 60 m, a suitable 
sound source was the Mk 64 SUS deployed at 2.2 km range, 
as shown in Figure 11.  The section of the derived broadband 
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spectrum to 800 Hz is shown in Figure 13.  Note that this has 
been based on the 40 ms of data which includes the initial 
arrivals and precedes the section of the signal containing the 
bubble pulses.  The bubble-pulse section has been excluded 
from this analysis as it generated spectral components associ-
ated with the bubble harmonics and its inclusion might have 
affected the determination of what would otherwise be the 
true oceanic transfer function.  From the analysis given in an 
earlier section, the period of 40 ms permits inclusion of fami-
lies of arrivals with up to 4 bottom bounces, sufficient for the 
oceanic transfer function to be defined. 

 
Figure 11. Received sound pressure time series, Track A, full 

pulse, 2.2 km 

 
Figure 12. Received sound pressure time series, Track A, 

initial 0.05 s, 2.2 km 

The data shown in Figure 13 were processed using Equa-
tion (20) to determine the spectral variability parameter hf∆  
for each octave band of frequencies.  Based on these values, 
the MOD inversion technique, Equation (13), was used to 
derive the values of bottom loss versus grazing angle, as 
dB/radian, for the different octave ranges.  Initial derived 
values were [5]:  6.57 dB/radian for 125 Hz octave band, 
6.52 dB/radian for 250 Hz band and 8.52 dB/radian for 
500 Hz band.  These values, together with an assumed rela-
tionship for reflection phase angle [6], were used as inputs to 
an associated DSTO process that yielded a set of parameters 
for a fluid seabed which had an equivalent acoustic effect at 
shallow grazing angles.  These derived geoacoustic parame-
ters were, in turn, used as inputs to the RAM model and used 
with ocean depth data and measured sound speed data to 
obtain long-range TL values.  The predictions of transmission 
loss so obtained are shown in Figures 14, 15 and 16 by a bold 
dashed line. 

A practical aspect of the implementation of the inversion 
from the data in Figure 13 is that there needs to be sufficient 
variation in signal amplitude over the frequency span of an 
octave for a value of hf∆  to be extracted with confidence.  
For practical purposes, the sound pressure samples, in dB, 
across an octave, were regarded as needing a standard devia-
tion not far from the 5.6 dB expected for Rayleigh statistics.  
For the present data for Track A, this limited the DSTO tech-
nique to the octave centred at 125 Hz. 

 
Figure 13. Spectrum from first 0.04 s of impulse, Track A, 

2.2 km 

Subsequent to the initial analysis carried out in 2002 [5], a re-
analysis was carried out using a revised implementation of 
the above technique, with results as shown in Table 5.  These 
show similar results for the same SUS (at 2.2 km range) but 
show a variation for the SUS at 3.4 km.  A potential issue 
may be the added effect of refraction to the longer range.  
These differences are not considered further in this paper. 

Table 5. Features of seafloor inversion for Track A 
Inverted bottom loss function F dB/radian Frequency 

(Hz) SUS at 2.2 km SUS at 3.4 km 
125 6.9 10.9 
250 7.2 10.1 
500 8.5 7.0 

1000 17.7 11.0 
2000 20.2 23.3 
4000 31.6 58.9 

range/depth 
ratio 37 57 

Source: (Authors, 2010) 

TL from inverted seafloor vs. measurement 

TL measurements obtained using the received Mk 64 SUS 
charge signals gathered during the DSTO trial are given in 
Figures 14, 15 and 16 for 1/3rd octave bands centred at 
125 Hz, 250 Hz and 500 Hz, respectively.  Three-way com-
parisons have been carried out between: (i) these TL data 
measured at specified ranges; (ii) TL predicted using the 
RAM model with seafloor data from an historical database 
(Table 4) labelled “Seafloor Database”; (iii) TL predicted by 
DSTO using the RAM model with the seafloor described as a 
fluid which gives the equivalent reflectivity to the values 
inverted at shallow angles of incidence (bold dashed line).  
These inverted seafloor reflectivity values are those obtained 
initially for the SUS at 2.2 km range, not the slightly different 
values shown in Table 5.  The last predictions used the SSP 
at the start of the track; predictions based on the seafloor 
database used the start SSP to 15 km and the end SSP from 
15 km to 30 km.  For ease of comparison with the measured 
1/3rd octave TL data, the last predictions were each obtained 
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by averaging TL values obtained at 21 frequencies equi-
spaced over each respective 1/3rd octave.  Here, the single 
frequency data were averaged using incoherent summation at 
100 m range intervals.  The TL data based on the seafloor 
database are from a phase-coherent calculation at the single 
frequency corresponding with the centre of each respective 
band. 
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Figure 14. TL measured & predicted, Track A, 125 Hz 
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Figure 15. TL measured & predicted, Track A, 250 Hz 
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Figure 16. TL measured & predicted, Track A, 500 Hz 

The data in Figures 14, 15 and 16 show very good agreement 
between measured TL values and the data predicted using the 
DSTO inverted seafloor reflectivity and do seem to imply 
that the DSTO technique works well for this site.  The TL 
predictions based on the seafloor database are accurate at 
125 Hz, but slightly further from the measurement at 250 Hz 
and 500 Hz.  This generally good agreement is presumed due 
to the fact that a reasonable quantity of seafloor data for this 
site exists in the historical record. 

In order to illustrate the sensitivity of the derived TL data to 
errors in the inversion of seafloor reflectivity, predictions of 
TL were made for values of seafloor reflectivity parameter F 
of 3 dB/radian and 12 dB/radian.  These predictions are 
shown in Figures 14, 15 and 16 with thin dashed lines.  
Clearly, at the lower frequencies of 125 Hz and 250 Hz, a 
correct description of seafloor reflectivity is critical to accu-
rate TL predictions for this ocean scenario. 

INVERSION WITH SYNTHETIC DATA 

To further illustrate the effectiveness of the spectral variabil-
ity inversion technique, the process was demonstrated with 
synthetic data.  Here, simulations [3] were used to determine 
the ocean transfer function for a short range, shallow water 
environment with, alternately, a seafloor with an absorptive 
and a reflective basement.  These transfer functions were then 
used to determine a value for the frequency variability pa-
rameter hf∆  from which a bottom loss versus grazing angle 
function radiandB F  was inferred for shallow grazing an-
gles. 

The standard transmission scenario was as follows:  source 
depth 18.3 m, receiver depth 18.3 m, ocean depth 80 m, iso-
velocity ocean with sound speed 1500 m/s.  Both the seafloor 
and the ocean surface were assumed to be smooth.  Two sea-
floor types were modelled:  one with an absorptive chalk-
limestone basement [14], the other with a reflective basement 
(Jiang type D [20]).  For each seafloor type, the basement 
half-space was overlaid with a sediment layer.  Sediment 
layer thicknesses and geoacoustic properties chosen for these 
seafloor types are given in Figures 17 and 18.  Transmission 
simulations were carried out across the frequency range 
40 Hz to 750 Hz, so that simulations might cover octave 
bands from 63 Hz to 500 Hz.  The transmission model used 
for this purpose was the wavenumber integration model 
OASES version 2.1 [21].  TL values were obtained for omni-
directional transmission and reception over a horizontal range 
of 4 km. 

 c = 1500 m/s 
ρ = 1.0 kg/m3 

sand silt layer cp = 1650 m/s cs = 400 m/s 
αp = 0.8 dB/λ αs = 1.5 dB/λ 
ρ = 1.9 kg/m3 

sea water 

chalk-l imestone 
halfspace 

0.5 m

cp = 2250 m/s cs = 1000 m/s 
αp = 0.4 dB/λ αs = 1.0 dB/λ 
ρ = 2.2 kg/m3 

 
Figure 17. Seafloor data assumed for absorptive basement 

 c = 1500 m/s 
ρ = 1.0 kg/m3 

clay silt layer cp = 1515 m/s cs = 100 m/s 
αp = 0.5 dB/λ αs = 1.0 dB/λ 
ρ = 1.6 kg/m3 

sea water 

seabed type D 

6.0 m

cp = 2000 m/s cs = 450 m/s 
αp = 0.4 dB/λ αs = 0.225 dB/λ
ρ = 1.9 kg/m3 

 
Figure 18. Seafloor data assumed for reflective basement 

The properties of the sediment layers were chosen so that the 
overall effect of each seafloor would change with frequency.  
The absorptive basement was overlaid with a reflective layer 
of sand-silt [14].  By choosing a sediment thickness of 0.5 m, 
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the reflectivity of the resultant seafloor at shallow grazing 
angles varied from absorptive at 63 Hz, to reflective at 
500 Hz.  Conversely, the reflective sediment was overlaid 
with a layer of absorbing clay-silt [14].  Here, a sediment 
thickness of 6.0 m gave reflective properties at shallow graz-
ing angles at 63 Hz, but absorptive properties at 500 Hz. 

Figures 19 and 20 give the bottom loss versus grazing angle 
functions determined for the seafloor types depicted in Fig-
ures 17 and 18.  These estimations were obtained using a 
plane wave reflection model prepared at DSTO using estab-
lished theory [22].  In each of these figures, the data at shal-
low grazing angles (0º to 15º approx.) do appear to represent 
a near linear rise in bottom loss with angle, for each seafloor 
type.  Further, the values of bottom loss versus grazing angle 

radiandB F  derived from the shallow angle data in Fig-
ures 19 and 20 do depict a progression with frequency from 
absorptive to reflective properties, and vice versa, respec-
tively.  These data, obtained from the average slope over the 
grazing angles from 0º to 10º, are shown in Table 6. 

0 10 20 30 40 50 60 70 80 90
0

5

10

15

20

Grazing Angle (deg)

B
ot

to
m

 L
os

s 
(d

B
)

63 Hz 
125 Hz
250 Hz
500 Hz

 
Figure 19. Bottom Loss versus grazing angle for seafloor 

with absorptive basement 
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Figure 20. Bottom Loss versus grazing angle for seafloor 

with reflective basement 

Table 6. Bottom Loss function based on grazing angles 0º - 
10º - derived from Figures 19, 20 

Seafloor with Absorptive 
Basement 

Seafloor with Reflective 
Basement 

Frequency 
Hz 

Reflectivity 
F db/radian 

Frequency 
Hz 

Reflectivity 
F db/radian 

63 27.5 63 3.7 
125 12.6 125 7.4 
250 2.9 250 16.0 
500 2.9 500 37.2 

Source: ([3], 2000) 

 

Inversion result 

For each of the two seafloor types, the OASES predictions of 
TL versus frequency were transformed into values of signal 
level received, versus frequency.  The sound source was as-
sumed to have the same, arbitrary, source level at all frequen-
cies.  The received signal level data across each octave band 
was then processed using Equation (20) to obtain the fre-
quency variability parameter hf∆ , and the bottom loss ver-
sus grazing angle value radiandB F  was obtained using 
Equation (13) for each frequency band for both seafloor 
types.  The values of radiandB F  which were obtained in 
this way, are shown in Table 7. 

Table 7. Bottom Loss function derived from received signal 
level data at 4 km range 

Seafloor with Absorptive 
Basement 

Seafloor with Reflective 
Basement 

Frequency 
Hz 

Reflectivity 
F db/radian 

Frequency 
Hz 

Reflectivity 
F db/radian 

63 18.8 63 2.1 
125 11.6 125 7.6 
250 6.3 250 38.7 
500 7.2 500 30.8 

Source: ([3], 2000) 

The values for the inverted bottom loss function F shown in 
Table 7, are, in general, in good agreement with the data 
obtained for shallow grazing angles via the plane wave re-
flection model shown in Table 6.  The agreement is less satis-
factory in some instances – in particular, the bottom loss 
inferred at 250 Hz for the reflective basement.  It is possible 
that this may be due to the fact that the data in Table 6 ob-
tained from Figure 20 were averaged over grazing angles 0° 
to 10°, whereas the slope of the 250 Hz line in Figure 20 
varied over this range.  From Figure 20, at 250 Hz, the slope 
at 2º (32 radiandB ) is close to the value of 38.7 radiandB  
inverted at 4 km range.  From the expression rDnn 2≈β  
(given in an earlier section), for the arrival angle nβ  for arri-
val family n, we see that there are n ≈ 2 arrival families, giv-
ing 8 arrivals plus the direct path, at about 4°.  These arrivals 
may have influenced the return from the inversion, implying 
that, in this case, averaging bottom loss slope over the first 
10° may have given inappropriate values. 

Predictions of Transmission Loss 

The inverted seafloor reflection data shown in Table 7 were 
used as input to calculations of TL to long range (50 km).  
Here, it was assumed that the bottom loss rose linearly with 
grazing angle, at the slope given by the relevant value of 

radiandB  shown in Table 7, to the grazing angle of 20º.  
For all higher values of grazing angle, the bottom loss was 
assumed constant at the value achieved at 20º.  To simplify 
calculations, the seafloor reflection phase angle was assumed 
to be the same for all grazing angles.  (Note that the DSTO 
technique of application of inverted bottom loss and reflec-
tion phase is now slightly different [6], although the impact 
on these TL predictions is believed small.)  These assumed 
bottom loss and phase angle data were then supplied as direct 
input to the KRAKEN transmission model [23].  Sample TL 
predictions so obtained are shown in Figure 21 for frequen-
cies of 63 Hz and 125 Hz (note: data for 63 Hz have greater 
TL than that for 125 Hz) for the seafloor with the absorptive 
basement, and in Figure 22 for 500 Hz for the seafloor with 
the reflective basement.  These predictions are shown com-
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pared with those obtained by using the KRAKEN model in 
the conventional way, with the sediment and the half-space 
represented by the geoacoustic parameters shown in Fig-
ures 17 and 18.  For these predictions, the ocean depth is 
assumed to be 80 m, and source and receiver are both at 
18.3 m depth, and an isovelocity SSP is used. 

The data in Figures 21 and 22 do show that the predictions of 
long range TL obtained by the use of the inverted seafloor 
properties are in reasonable agreement with those obtained by 
a full description of the wave propagation in the sediment and 
basement layers.  These phase-coherent predictions of TL do 
not agree in all the detail of the fluctuations with range, but 
do agree well in terms of overall level. 
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Figure 21. TL for absorptive basement, isovelocity ocean 
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Figure 22. TL for reflective basement, isovelocity ocean 

CONCLUSIONS 

The paper presents a new technique for the inversion of the 
seafloor reflectivity parameter, F dB/radian, for application 
to shallow ocean environments.  The theoretical derivation of 
the technique is presented, and the links to the previously 
published method of Smith, and Prior and Harrison are 
shown.  Essentially, the present technique includes the earlier 
method, but is based on the spectral equivalent of the channel 
impulse response of the other.  It is believed that the subse-
quent inversion of the seafloor reflectivity parameter, using 
data received across a frequency band, presents a great im-
provement in utility over the need to use an impulsive sound 
source. 

The practical application of the technique to existing broad-
band at-sea data has been illustrated using data received from 
small explosive changes.  It is shown that Transmission Loss 
versus range data, generated using the inverted data, is a good 
match to at-sea measurements.  The application of the tech-
nique is further demonstrated by the use of synthetic data.  In 
this case, the technique worked well to resolve the seafloor 
reflectivity parameter for seafloors for which the reflective 
properties were known to vary across the frequency range, 
due to the variation in the penetration of sound through the 
surficial layer of sediment into a basement of different prop-
erties. 

Although all potential measurement arrangements have not 
been outlined in this paper, it does seem that the inversion by 

means of determination of the frequency variability parame-
ter, hf∆ , offers great scope for rapid inversion by any one of 
a variety of techniques, and also that potential exists for re-
processing of data captured for other purposes.  It is ac-
knowledged that the technique has a number of limitations, 
and these are described in the paper.  Notwithstanding these, 
it does appear that the inverted seafloor reflectivity values, 
obtained using the technique, were sufficient for input to 
acoustic transmission predictions of good accuracy, particu-
larly at lower frequencies (under about 500 Hz) for which 
knowledge of the seafloor presents the greatest challenge. 
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