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Abstract

This paper presents a practical method and novel work of robust disturbance rejection for
sound-structure interaction systems using optimal sensor-actuator location. The applicability
of this method is to systems with non-ideal boundary conditions as in the case of practical
engineering applications. An experimental acoustic cavity with five walls of timber and a thin
aluminium sheet fixed tightly on the cavity mouth is chosen in this paper as a good
representation of general sound-structure interaction systems. The sheet is intentionally so
fixed that it does not satisfy ideal boundary conditions. The existing methods for obtaining
optimal sensor-actuator location using analytic models with ideal boundary conditions are of
limited use for such problem with non-ideal boundary conditions. The optimal placement of
actuator and sensor is obtained from novel criteria using energy based approach and model
uncertainty. The optimal actuator-sensor location obtained is used to construct a robust
feedback disturbance rejection using minimax LQG control design method. Practical aspects
of the method of the robust feedback disturbance rejection using optimal sensor-actuator
location are highlighted by experimental results of vibration and acoustic noise attenuation for
arbitrary disturbance. The disturbance is experimentally set to enter the system via a spatial
location different from the controller input like any practical applications of feedback
disturbance rejections. Experimental demonstration of the novel methods presented in this
paper attenuates structural vibration up to 17 dB.

1. INTRODUCTION

In this paper robust feedback disturbance rejection using optimal sensor-actuator location
(OSAL) on a sound-structure interaction system (SSIS) has been investigated. The OSAL can
enhance the robustness and the optimality of the feedback disturbance rejection. An
experimental acoustic cavity pictured in Figure 1 is used as a good representation of general
SSISs. The cavity with five walls of 10 mm thick timber has its mouth covered by a 1 mm
thick aluminium sheet. The sheet is intentionally so fixed that it doesn't satisfy ideal boundary
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conditions. The work reported in this paper is done with a view to address the problem of
practical SSISs with non-ideal boundary conditions, a norm in practical situation.
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Figure 1. The experiment set-up.

Disturbance rejection can be achieved using feedback control [1]. The hindrance in the
achievement of this goal is uncertainties in the model used to design a feedback control [2].
This practical problem leads to robust performance issues. In particular the models used for
optimization and optimal control theory in modern control are mostly assumed to be ideal [3].
In practice, however, they suffer from the issue of robustness due to modelling errors [4], [5].

A large number of robustness problems in control system design have been researched
[6]. Minimizing the norm with the consideration of model errors can increase the robustness
significantly [7]. The performance is, however, often poor when optimizing for the worst case
condition [7]. In the mixed design, which can achieve better performance in some situations,
the performance measure is firstly optimized, then it is subjected to constraints to guarantee
user determined stability robustness margins [8]. Minimax LQG control design method is
developed to reduce the conservativeness of design [4].

The existing methods for obtaining OSAL using analytic models with ideal boundary
conditions are of limited use for problems with non-ideal boundary conditions [9]. The
present methods for OSAL can be systematically categorized as two main approaches [10].
One approach is based on integrating the problem of OSAL with a specific control design
methodology, such as LQG, and treating the OSAL as extra design parameters. The other
approach deals with the matter of OSAL independently from the control design problem.
Once OSAL is obtained, a wide range of control design techniques can be employed for
minimizing structural vibrations. Both approaches have been integrated in this paper.

The positioning method in this paper is developed from energy based approach and
model uncertainty. The energy based approach is independent of the control design problem.
It leads to controllability and observability gramian matrices [10], [11], [12], [13], [14]. These
matrices present the qualitative controllability and observability of the system which depend
on the positions of actuators and sensors. Furthermore, model uncertainty based on the
uncertain system framework, which can enhance the robustness of feedback control [4], [15],
[16], [17], is applied to an energy based approach. The model uncertainty concerns with a
specific control design methodology. A stochastic model uncertainty is developed as an
objective function and also used for minimax LQG control design method. This objective
function integrates with other objective functions based on energy-based approach to find
OSAL for practical SSISs. Practical aspects of the method are highlighted with experimental
results of vibration and acoustic noise attenuation. The experiment is conducted such that the
robust disturbance rejection works with disturbance entering the system through a different
channel than the controller.

After introduction Section 2 describes the system and the experimental setup. Section 3
elaborates energy based approach which leads to the development of a new objective function
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for SSIS. In Section 4, relative criterion error (RCE) based on a new objective function is
investigated. In Section 5, a frequency weighted uncertainty model of the uncertain system
framework used to develop a novel criterion for OSAL is discussed. Further, a novel tool
based on the uncertainty model is developed to ensure optimal and robust location of sensors
and actuators when RCE method has multiple solutions in Section 6. Section 7 presents
experimental vibration and acoustic noise attenuation of the feedback disturbance rejection.

2. SYSTEM DESCRIPTION
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Figure 2. General feedback control system.

The cavity with the size of (300x300x600) mm has the origin (0,0,0) at the bottom left

corner of the aluminum sheet when one is facing it; x, y, and z axis is along the cavity width,
height, and depth.

The cavity control problem is considered as a general feedback control system [2]
presented in Figure 2. The signals u, w, y, and z are generally vector-valued function of time:
u are controlled inputs, w is the disturbance vector, y contains all sensor outputs, and the z
components represent the uncertainty output. Our control problem is single-input-single-
output, hence u, w, y, and z are scalar. The control input u imposing on the sheet point-wise is
applied by an electromachanic shaker (EMS). The output y is point-wise velocity of the
vibrating sheet sensed by a laser-doppler-vibrometer (LDV). The air-pressure generated inside
the cavity is measured by a microphone. System frequency responses from the EMS to the
LDV and to the microphone are recorded by a multi-analyzer. The multi-analyzer also
generates a swept sinusoidal disturbance signal from 10-300 Hz which is chosen in line with
successful acoustic noise control experiments for reverberant environments with diverse
methods [20], [21], [22].

The EMS and LDV implementation as actuator and sensor instead of piezoelectric
transducers (PZT) is due to the relocation need during OSAL experimentation. PZT is
intensively used in similar researches. The assumption of dynamics free of PZT from any
effects of structure dynamics [10], [11] is not always valid. The EMS and LDV have this
assumption as an inherent property.

3. SYSTEM ENERGY-BASED APPROACH

Energy-based approach for actuator and sensor positioning is based on system controllability
and observability [23], which can be determined using many algorithms [7]. A useful
approach to OSAL using system controllability and observability leads to a criterion on the
eigenvalues of the controllability and observability gramian matrices. Both matrices are used
to determine the controllability and observability properties qualitatively with less calculation
difficulties [10], [11], [12], [13], [14]. The controllability gramian W_ and observability
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T ©
grammian W, are defined as W_ = J'eA’BBTeAT’dr, and W, = IeATfCTCeAfdr. Both W, and
0 0

W, satisfy the Lyapunov equations, AW_ +W_A" + BB" =0, and A'W, +W A+ C'C =0.
The Leleu et al. work [11] is applied to the OSAL problems. The gramian properties are

trace(W y/det(w)

developed for an object function (OF) G, G =
O-(ﬂ’i)

, under the low dampings

conditions and well separated eigenfrequencies [11].
W is either W, for actuator locations or W, for sensor positions. N is the system order.

a(ﬂ,i) is the standard deviation of the gramian eigenvalues A,. OSAL is the position of max.

G. G is evaluated for different model techniques employed to the sheet. The evaluations
present poor consistency of G. The uncertainty in the models can be a good reason. Hence, G
and model uncertainty are integrated to develop a new OF in the next sections.

4. RELATIVE CRITERION ERROR

From physical point of view, OSAL for a flexible structure cannot be different for different
models. In practice approximations apply to the true model due to the non-ideal boundary
conditions, etc. It is observed that different models result in different OSAL. A particular
model for the OSAL calculation and controller design should be selected such that those
sensor-actuator location features are best captured. The features are most important in the
optimization process.

A new OF, Relative Criterion Error (RCE), is developed based on the idea that at OSAL
the identified model should be the closest fit with the experimental data compared to other
actuator-sensor locations. In other words, that particular location is the best where the model
uncertainty is the least. G obtained from OSAL should then provide numerical values with
small difference if the models are fitted in different frequency ranges, and if these frequency
ranges still contain the same vibration modes. To quantify the difference in numerical values
of G for different identified models fitted in different frequency range, RCE is defined as:

RCE(La, Ls)z max.|G1°—3°°(La’ Ls)_ Gr a0 (Las L) 1)
G10—300 (La ' Ls ) ‘

where L, is actuator location, L, is sensor location, G,y ,,(L,,L,) is either G (L,,L,) for

a’ s

optimal actuator placement or G,(L,,L,) for optimal sensor placement derived from the
identified model fitted in 10 - 300 Hz frequency range, and G _,,(L,,L,) is similar to
Gy s00( L L ) but with 10 Hz < F < 90 Hz.

We note that for OSAL RCE should be minimum. Hence, OSAL = minimum
RCE(L,,L,). OSAL can be considered as the process of searching minimum RCE. Let us

define RCE, as RCE derived from G. and RCE, as RCE derived from G, .
The numerical RCE(L L ) values are calculated with the lower frequency range limit

of Gp_.y(L,,L,) altered from 11 Hz to 90 Hz in steps of 1 Hz whereas the upper frequency
range is fixed at 300 Hz. The models obtained from these ninety different frequency
responses, with frequency range of 11 -, 12 -,..., 90 - 300 Hz, should gradually alter without
sharp change. Maximum lower frequency limit is selected at 90 Hz. Since the first remarkable

experimental natural frequency of the sheet from the measured frequency response appears
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around 90 Hz. This natural frequency can affect models which include this frequency.
Although the first or lowest experimental natural frequency is approximately at 50 Hz, the
associated amplitude is too small to affect models which include or do not include this
frequency. Therefore, the RCE(L,, L, ) values obtained from the models based on these ninety
frequency responses should smoothly change from one position to next position on the grid.
System identification [24] based on frequency responses from 196 collocated actuator-

sensor positions along a coarse grid on the sheet is applied for RCE. based on 10™ order
model. The grid points are 20 mm apart. The reason for using 10" order model is explained in
Section 6. The obtained RCE_ values yield an interesting outcome. The very small RCE_

values concentrated in the area close to the origin corner at (0, 0, 0). The smallest RCE, is at
(30, 30) mm or the assumed optimal actuator position I:a = (30,30) mm.

5. UNCERTAINTY MODELLING

Uncertainty

L oA(8) -

System _
- W(s)
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Figure 3. Uncertain system representation.

An uncertain system model is introduced in this section. The uncertainty is considered in
approximating the measured frequency response data by a finite dimensional transfer
function. The main uncertainty concerns with spillover dynamics. It is represented by
frequency weighted multiplicative uncertainty as shown in Figure 3.

Figure 3 shows—:j((s)) = P(s)=P(s)1+ A(sW(s)], where P(s) and P(s) are the true and

S
identified model transfer function from the EMS to the LDV, respectively. Here W(s) is a
suitable frequency weighting transfer function. It is the key function in designing a specific
optimal controller. The uncertainty block can be any dynamical system satisfying a general

uncertainty constraint [4], [25] which is particularly satisfied by the uncertainty block A(s), an
uncertain transfer function. It is chosen such that|A(jo) <1V o.

From%= P(s)=P(sfL+A(sW(s)], it yields%sl;(s)z =A(sW(s). To

restrict|A(jo) <1V @, the weighting function needs to be

f("‘;)(}j)(j“’)§= W(jo)vo. @

The bound (2) is an inequality bound on the W(s) magnitude. Many functions can satisfy the
bound. In this paper the left-hand-side function of the bound (2) is computed in the interested
frequency range from the experimental measurement and the identified system model. From
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these functions, a magnitude envelope is constructed and finally matched by a transfer
function obtained using the Yule-Walker method in [26], [27]. Next, the uncertainty model is
developed for a novel criterion for OSAL.

6. CRITERION OF UNCERTAINTY BOUND ERROR

Since RCE is based on energy approach and model errors, an additional OF based on RCE is
developed from (2) as Criterion of Uncertainty Bound Error (CUBE) to support RCE in case
of multiple RCE solutions. CUBE represents the absolute value of difference between the
P(jw)-P(jw)

relative error of the true and identified model, , and the weighting function

P(jw)
W(ja)) in any frequency range, see (2), as
P (jo)-P _(j
CUBE(L,, L.)=min 20Iog“ La'Ls(;’w) (j:)')Ls(Jw)%— W, (jo), @3)
LavLs

where @ =F x2z,...,300x 2z with 10 Hz < F < 90 Hz, P_, (jw) is the measured transfer

function from the actuator, EMS, at L, position to the sensor, LDV, at L, position, and
PLa,LS(ja)) is the identified model transfer function from the same actuator and sensor

positions. WLa,Ls(ja)) is a stable frequency weighting function obtained using Yule-Walker

method.

Minimum cost function (2), desirable for an associated optimal controller design, can be
obtained where the identified model fits best with the experimental data or at OSAL. CUBE
can support RCE, not to be the main OF for OSAL. It is based on the raw data of measured
frequency responses, unlike RCE based on controllability and observability indices obtained
from system (A,B,C,D) matrices. The matrices represent system dynamics in finite form.

The investigation of RCE, and CUBE have been conducted on the grid points of 10

mm apart around the assumed optimal actuator position I:a = (30, 30) mm in Section 4. This

time, RCE, and CUBE are investigated using 7" — 12" order models due to the successful

vibration control of the same cavity based on 7™ order models in Pota et al. [28]. If the model
order is lower than 7" order model, it leads to observation spillover that the identified model
misses some physical vibration modes. If the model order is too high, it causes control
spillover that vibration modes excluding from the identified model will be excited. Both types
of spillover can destabilize the control system.

Table 1. RCE, and CUBE and lower frequency range limit based on 10" order model.

{n?r)::)s Values of RCE of collocated Corresponding values of flr_eovl\JlgrzgernOfe
actuator and sensor position CUBE and RCEO a yrang

60 025 060 032 029 031] 103.26 71.30 8539 120.37 111.55 90 34 24 86 73
50 019 051 029 024 030| 9789 6148 82.08 13.96 118.60 55 33 26 73 78
40 009 031 030 030 035| 8239 59.10 68.74 9143 136.63 61 25 27 25 79
30 009 019 038 272 053 | 68.63 5459 56.92 16485 96.72 62 74 27 55 22
20 007 046 084 120 174 | 6181 6748 7084 7222 88.96 65 37 36 36 35

x-axis | 20 30 40 50 60 20 30 40 50 60 20 30 40 50 60
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Table 1 shows that the best RCE, and CUBE combination with the associated lower

P (jo)-P _(j
frequency range limit of min 20I0g| L i) _La'LS(Jw)|— ML ) (jcoj which is useful in
‘ PLa,LS(Ja)) ‘ v

the process of designing a controller, is surprisingly at the sensor position ES = (20, 20) mm.
At this OSAL the RCE, value is 0.068 and the $CUBE$ value is 61.81 with the associated

bottom frequency range limit of 65 Hz. This OSAL will be used to obtain an identified model
for designing a minimax LQG controller.

7. EXPERIMENTAL RESULTS

Figure 4 shows the experimental control performance based on an identified model with the
OSAL obtained from RCE and CUBE at L, = (30, 30) mmand L, = (20, 20) mm. This OSAL

is selected instead of the collocated OSAL at I:a: I:S: (30, 30) mm although OSAL is

generally collocated. The LDV cannot exactly sense the vibration at the point imposed by the
EMS when both EMS and LDV are on the same sheet side. The LDV can only sense the
vibration closely around that point. The real collocated actuator and sensor positions provide
the same coordinate of actuators and sensors. The actuators are on one side whereas the
sensors on the other side which is impractical for the OSAL investigation for already built
structures.

The experiment results up to 17 dB attenuation in vibration over the entire frequency
range. The associated acoustic noise reduction inside the cavity is up to 10 dB without the
explicit knowledge of the acoustic model. The result agrees with the reciprocity principle of a
close relation between structural vibration and acoustic power radiation [18], [19]. The poor
acoustic noise control at frequency 100 Hz is due to inefficient coupling of the structural
vibration mode of the aluminium sheet with the acoustic mode at the frequency.

Magrude

-4+

250

Figure 4. Experimental ét;ﬁbtdral vibration (left) and acoustic noise (right) attenuation at I:a = (30,
30) mmand L, = (20, 20) mm (dash line — Open Loop Response, solid line — Closed Loop
Response)

8. CONCLUSIONS

A practical and novel method for OSAL for practical SSISs with non-ideal boundary
condition is developed. The successful development is based on the integration of an
uncertain system framework with energy based approach. The OSAL obtained using the new
criteria improved the flexural vibration control dramatically. The associated acoustic noise
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inside the cavity is also attenuated effectively as suggested by the reciprocity principle.
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