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Abstract 
 
Vibration suppression and power harvesting utilizing the piezoelectric shunt technique are 
analysed using equations that consider the effect of the dynamical properties of the transducer 
on the vibration of the structure. Numerical calculations show that the optimal conditions for 
suppression and harvesting do not agree; therefore, we need consider a trade-off between them 
before installing piezoelectric transducers. 

1. INTRODUCTION 

A piezoelectric transducer connected to a passive shunt circuit was utilized to produce damping 
in a vibrating structure and the optimal condition to suppress the vibration was discussed in the 
research of Hagood and Flotow [1]. In this shunt technique, the vibration energy is dissipated in 
the resistor; therefore, when t this energy is collected it is feasible to generate power from the 
structural vibration. Such systems are called  power harvesting systems and have recently 
attracted the attention of many researchers [2]. To analytically discuss the performance of 
power harvesting systems, a two-port network model [3] was introduced to describe the 
electro-mechanical coupled dynamics and the power to be harvested, with consideration given 
to the effect of the dynamical properties of the transducer on the vibration of the structure [4]. 
However performance to suppress the vibration was not discussed in that report. 
In this study, the transfer function of the transverse displacement of a simply supported beam 
from the point force is derived on the basis of a two-port network model, as well as from an 
equation to estimate the harvested power. The optimal conditions for suppressing the vibration 
are derived using a method presented in previous research [1]. We show the power to be 
harvested by the optimally tuned shunt system, as well as its suppression performance. The 
performances of power harvesting and vibration suppression under several conditions are 
represented by numerical analyses and the optimal conditions to satisfy these two performances 
are discussed. 
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2. MODELLING 

2.1 Simply Supported Beam 

We discuss the performance of the piezoelectric transducer on a simply supported beam as 
shown in figure 1. In this figure, fp, ft, lb, lt, pf, pt w and y represent point force, force produced by 
the transducer, length of the beam, length of the piezoelectric transducer, position of the point 
force, left edge of the transducer, transverse displacement, and the local coordinate of the beam, 
respectively. 
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Figure 1. A schematic of the piezoelectric transducer on a simply supported beam. 

 
 
When the transducer is thin enough, the moment distribution M(y) induced by the transducer is 
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where tb is the thickness of the beam and H(y) is the unit Heaviside step function defined as 
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Then the governing equation is obtained by 
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where bb, E, I, and ρ are the width of the beam, Young’s Modulus of the beam, second moment 
of the beam cross section, and mass density, respectively, and δ(y) is the delta function defined 
as 
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Transverse displacement is written as 
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where t is time, kn= nπ/lb,  and s is Laplace parameter. By substituting equation 5 into 3, we 
obtain 
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where st

pp eFf =  and st
tt eFf = . When we multiply both sides of the equation by sin(kny) and 

integrate over the length of the beam, we obtain [5] 
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Considering the neighbourhood of the nth mode and the damping ratio of the nth mode is ζmsn, 
Wn is given by 
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2.2 Piezoelectric Transducer 

A constitutive equation of the laminar design piezoelectric transducer is written as [6] 
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where qmt, qet, v, Cmt, Cet and D31 are mechanical deflection of the transducer, electrical charge, 
voltage, mechanical compliance, electric capacitance, and piezoelectric transducer constant,  
respectively. In the resonant shunt technique, the transducer is connected to a series LR circuit 
to produce the damping force. Then, the voltage v is written as 
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therefore 
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When the transducer is thin enough, the deflection of the transducer is given by 
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From equations 8, 12, and 13, the amplitude of nth mode is derived as 
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2.3 Harvested power 

Assuming the power consumed in the load impedance is the power to be harvested, the 
harvested power is written as 
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From equations 11, 13, 14 and 15, the harvested power is given by 
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3. PERFORMANCES 

The optimal condition for vibration suppression is obtained referring to the resonant shunt 
technique. In this technique, the resistance ReL and inductance LeL of the load are tuned in a way 
similar to an optimally tuned vibration absorber.  Then the optimal values of ReL and LeL, which 
are represented by Ropt and Lopt, respectively, are given by 
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Figure 2 shows the frequency response of the amplitude Wn from the point force in the 1st mode, 
where LeL=Lopt and pt = 0.5(lb – lf). Values of the parameters are written in Table 1. It is clear 
that the system has the best suppression performance when ReL=Ropt. Figure 3 shows the power 
to be harvested per unit pin force input. The system with resistance less than the optimal value 
harvests power more than the optimal resistance. The optimal condition for suppression does 
not agree with the power harvesting. Frequency response and the harvested power of a system 
with a variable load inductance are represented in Figs. 4 and 5, respectively, where the load 
resistance is the optimal value. The system with an inductance less than the optimal value 
harvests more power. Figures 6 and 7 show the suppression and power harvesting performances, 
respectively, of shunt systems with variable instalment position pt, where the resistance and 
inductance are optimal values. We can determine that installing at the mid point of the simply 
supported beam is the best solution for both suppression and harvesting.  
 
 

Table 1. Values of the parameters. 
Descriptions Symbols Values 
length of the beam lb 1.0 m 
length of the transducer lt 15.0cm 
position of the point force pf 0.5 m 
thickness of the beam tb 1.0 cm 
capacitance of the transducer Cet 0.156 μF 
mechanical compliance of the transducer Cmt 0.159 mm/kN 
piezoelectric transducer coefficient D31 1.69 kV/mm 
Young’s modulus E 206 GPa 
moment of inertia of the beam cross section I 33.3 cm4 
mass of the beam  Lms 3.144 kg 
damping ratio of nth mode ζmsn 0.01 
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Figure 2 Suppression performances for variable ReL. 
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Figure 3 Power harvesting performances for variable ReL. 
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Figure 4 Suppression performances for variable LeL. 
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Figure 5 Power harvesting performancesfor variable LeL. 
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Figure 6 Suppression performances for variable instalment position pt. 
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Figure 7 Power harvesting performances for variable instalment position pt. 
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4. CONCLUSIONS 

Using equations derived based on the two-port network model, suppression and power 
harvesting performances are discussed. The optimal conditions for suppression do not agree 
with those for power harvesting. A load resistance and inductance smaller than their optimal 
values provided more harvested power, although the optimal instalment position is the mid 
point between nodes for both suppression and power harvesting. We need to discuss a trade-off 
between suppression and harvesting performances before installing piezoelectric transducers. 
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