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Abstract 
 
In our paper we developed a non-linear model for studying the motions of a human body. For 
our model we obtained the equations of motion using the Newton’s equations. We also treated 
a few aspects concerning the stability of the equilibrium and motion. 

1. INTRODUCTION 

The mechanical model is captured in figure 1. 
 We made the following notations: , im 4 ,1=i  - mass of the body i ; , iC 4 ,1=i  - 

weight center of the body i ; , iJ 4 ,3=i

3′′ 44CD

 - inertial moment of the body  with respect to the 
weight center C ;  - distance between  and  measured in the direction of the axis ; 

; ; ; 
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332 lCC ′= 4D 3 =2D lC 4= ; 34 L2DC = ;  - elastic force in the spring 
between the bodies 0 and 1;  - elastic moment in the spring between the bodies 2 and 3; 

 - elastic moment in the spring between the bodies 3 and 4;  elastic force in the 
spring between the bodies 1 and 2;  elastic force in the spring between the bodies 1 and 3; 

 - distance between C  and C  measured in the direction of the axis 
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x  and for unstressed 

springs;  - coulombian friction force between the bodies 1 and 2;  - normal reaction 
between the bodies 0 and 1;  - normal reaction between the bodies 1 and 2. We shall 
consider that all elastic forces and moments are equal to zero for zero strains. 
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2. ISOLATION OF THE BODIES 

For the fourth body we obtain the following equations (fig. 2): 
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Figure 1. Mechanical model. 

 

 
Figure 2. Isolation of the bodies. 

 
444 Hxm =&& ; ( ) 444 Vgym =+&& ; . ( )3444444444 34

sincos θ−θ−θ+θ−=θ eMlVlHJ && (1)
 
 For the third body we obtain: 
 

( )3324333 sin
13

θ′′+−−= lxFHHxm e&& ; ( ) 4333 VVgym −=+&& ; 

( ) ( )
. 0

sin 333

=+
+θ=θ

M
J &&

( ) ( ) (
coscos

32334

3334333

132334
′′+−θ−θ−θ

+θ′−−θ′−
lxFM
VlLHlH

eee )( )cossin
sin

3333

334333

θ′−′′θ

′−+θ′

ll
lLVl

 
(2)

 
 For the second body and the first body it follows 
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( )22322 12
xFNHxm e−µ−−=&& ; 0 gmVN 232 −−= , (3)

 
respectively 
 

( ) ( ) ( )13322211 011312
sin xFlxFxFNxm eee −θ′′+++µ=&& ; 2110 NgmN −−= . (4)

3. OBTAINING THE SECOND ORDER DIFFERENTIAL EQUATION 
SYSTEM 

It is easy to obtain the following relations: 
 

( ) ( )344444444444 34
sincos θ−θ−θ++θ−=θ eMlgymlxmJ &&&&&&  (5)

 
( )[ ] ( )

( ) ( )(
( ) ( ) ( )( ) , 0cossin

sinsin

coscossin

333332334

33344433444333

3334433332443333

132334

13

=θ′−′′θ′′+−θ−θ−θ+
+θ′−++θ′++++

+θ′−−θ′θ′′+++−=θ

lllxFMM
lLgmymlgmymgmym

lLxmllxFxmxmJ

eee

e

&&&&&&

&&&&&&&&

)  (6)

 
( )[ ]

( )[ ] ( ) , 
sin

24324433

332443322

12

13

xFgmmmymym

lxFxmxmxm

e

e

−++++µ−

−θ′′+++−=

&&&&

&&&&&&
 (7)

 
( )144332211 01
xFxmxmxmxm e−=+++ &&&&&&&& . (8)

 
 On the other hand 
 

3
2
33333213 sincos θθ′−θθ′++= &&&&&&&&& llxxx

2
33333214 sincos θ−θθ++= &&&&&&&&& LLxxx

3
2
333334 cossin θθ−θθ−= &&&&& LLy

; ; 
; 

 

3
2
333333 cossin θθ′−θθ′−= &&&&& lly

4
2
444443 sincos θθ−θθ+θ &&& ll

4
2
44444 cossin θθ−θθ− &&& ll

(9)

 
and replacing in the equations (5)-(8) we obtain the system 
 

1414313212111 BAAxAxA =θ+θ++ &&&&&&&&

3434333232131 BAAxAxA =θ+θ++ &&&&&&&&

; ; 

; , 
2424323222121 BAAxAxA =θ+θ++ &&&&&&&&

4444343242141 BAAxAxA =θ+θ++ &&&&&&&&
(10)

 
where 
 

44411 cos θ= lmA ; 44412 cos θ= lmA ; 
( )34433413 coscos θ−4443 sinsin34443 cos θ=θθ+θ Lml

4
22

444 coslmJ
θ= lLLmA

2
4414 lmA

ml

44
22

44 sin Jlm
; 

+=θ+θ+= , 
(11)

 
( ) ( ) 3334334321 coscos θ′−+θ′+= lLmlmmA

( ) ( ) 3334334 coscos

; 

322 θ′−+θ′+= mmA lLml ; ( ) 2
34

2
33 Lml +′323 mJA +=

( )
; 

( ) ( )34334434344 coscos24 θ−θ′−+θ−θ′= lLlmllmA , 
(12)
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4331 mmA += ; 43232 mmmA ++= ; 

3343333 sin3333 sin343 coscos θµ−θ′µ−θ+θ′= LmlmA lm

4444 sin
Lm

4434 cos
; 

θµ−θ= lmA lm , 
(13)

 
43141 mmmA ++= ; 43242 mmmA ++= ; 33433343 coscos θ+θ′= LmlmA

4

; 

4444 cos θ= lmA , 
(14)

 
( ) ( )4344443

2
34341 34

sinsin θ−θ−θ+θ−θθ= eMglmlLmB &

( )
; 

( )
( ) ( ; sinsin

cossinsin

334334333

3333234
2
43442

2334

13

θ−θ−θ+θ+θ′+

+θ′′θ′′+−θ−θθ=

ee

e

MMgLmlgm

llxFLlmB &

( )
)
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sincossin

cossincossin
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33244
2
444

33
2
33433

2
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12
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xFgmmm

lxFlm

LmlmB

e

e

−++µ−

−θ′′+−θµ+θθ+

+θµ+θθ+θµ−θθ′=
&

&&

)  

( )1014
2
4443

2
3343

2
3334 sinsinsin xFlmLmlmB −θθ+θθ+θθ′= &&& ; 

(15)

 
hence ( )43214321  , , , , , , , θθθθ= &&&& xxxxAA jiij , ( )43214321  , , , , , , , θθθθ= &&&& xxxxBB ii , 4 ,1=i , 

4 ,1=j . 
 The system (10) leads to 
 

( )4321432111  , , , , , , , θθθθ= &&&&&& xxxxfx ; ( )4321432122  , , , , , , , θθθθ= &&&&&& xxxxfx ; 

( )4321432133  , , , , , , , θθθθ=θ &&&&&& xxxxf ; ( )4321432144  , , , , , , , θθθθ=θ &&&&& xxxxf& . 
(16)

 
 Denoting 

11 ξ=x ; 22 ξ=x ; θ ; 33 ξ= 44 ξ=θ ; 51 ξ=x& ; 62 ξ=x& ; ; , 73 ξ=θ& 83 ξ=θ& (17)
 
it results the first order non-linear differential equations system 
 

4d
d

+ξ=
ξ

i
i

t
; 4 ,1=i ; ( )814  , ,

d
d

ξξ=
ξ

− Ki
i f

t
; 8 ,5=i . (18)

 
 Let us observe that the system (18) is valuable for , otherwise the system has 
five degrees of freedom. 

02 ≥N

 Our system has four degrees of freedom : , , 1x 2x 3θ  and 4θ . 

4. THE STUDY OF THE EQUILIBRIUM 

In this case, we obtain 
 

01 =x& ; 02 =x& ; ; . 03 =θ& 04 =θ& (19)
 
 We study the equilibrium for the elastic forces and moments given by linear relations 
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( ) 212212
xkxFe = ; ( ) ( )33213332 sinsin

13
θ′′+=θ′′+ lxklxFe ; 

( ) ( )34343434
θ−θ= kθ−θMe ; ( ) ( )323323

θ=θ kMe , 
(20)

 

the bars are homogeneous, and 3
3

3 2
lL ′′==′l , 

2
4

4
L

=l , 0=µ . 

 It follows the system 
 

1414313211111 BAAxAxA =θ+θ++ &&&&&&&&

3434321232131 BAAxAxA =θ+θ++ &&&&&&&&

; ; 

; . 
2413323221121 BAAxAxA =θ+θ++ &&&&&&&&

4434321232141 BAAxAxA =θ+θ++ &&&&&&&&
(21)

 
 Subtracting the third and the fourth equation (21) term by term, it results 
 

( )
4131

43
14314131 AA

BBxBBxAA
−
−

=⇒−=− &&&& . (22)

 
 We obtain a system of three equations with three unknowns 
 

1
4131

43
111414313211 D

AA
BBABAAxA =

−
−

−=θ+θ+ &&&&&& ; 

2
4131

43
212413323221 D

AA
BBABAAxA =

−
−

−=θ+θ+ &&&&&& ; 

3
4131

43
313434321232 D

AA
BBABAAxA =

−
−

−=θ+θ+ &&&&&& . 

(23)

 
 Denoting 
 

342132

132321

141311

AAA
AAA
AAA

=∆ ; 

34213

13232

14131

2

AAD
AAD
AAD

x =∆ ; 

34332

24221

14111

3

ADA
ADA
ADA

=θ∆ ; 

32132

22321

11311

4

DAA
DAA
DAA

=∆θ , 

(24)

 
one obtains the equilibrium conditions 
 

0
2
=∆ x ; 0

3
=∆θ ; 0

4
=∆θ  (25)

 
or, equivalently, 
 

( ) ( ) ( ) 0142313133142134132132134231 =−+−−− AAAADAAAADAAAAD
( ) ( )

; 
( ) 0142113113143234112133234211 =−−−+−− AAAADAAAADAAAAD

( ) ( )
; 

( ) 01321321131332211123223
2
211 =−+−−− AAAADAAAADAAAD . 

(26)
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 It results two situations: either 0=iD , 3 ,1=i , or the determinant of the system in the 

unknowns , iD 3 ,1=i  is equal to zero. The second situation would imply that the equations 
(23) are not linear independent which is absurd. It remains 
 

0=iD , 3 ,1=i  (27)
 
 From the definition of the parameters , iD 3 ,1=i , it follows the equilibrium positions 
given by 
 

01 =x ; 02 =x ; θ ; 03 = 04 =θ ; 01 =x& ; 02 =x& ; ; . 03 =θ& 04 =θ& (28)
 
 The study of the stability of this equilibrium position will be made numerically, 
considering a deviated position characterized by iξ , 8 ,1=i  with iξ  sufficiently small. 
 We selected the following values: 
 

[ ]kg10001 =m ; [ ]kg68.262 =m ; kg][06.463 =m ; [ ]kg52.54 =m ; ; 

; 

[m427.03 =L ]
[m24.04 =L ] [ ]rad 34

Nm18034 =k  for θ≥θ , otherwise [ ]rad
Nm30034 =k ; 

[ ]rad 03 ≥θNm35023 =k  for , otherwise [ ]rad
Nm100023 =k ; [ ]m

N60000012 =k ; 

[ ]m
N60000013 =k ; [ ]m

N80000001 =k . 

(29)

 
The step time is [ ]s001.0=∆t , and the initial values are  

 

[ ]rad
360

0
4

π
=θ ; [ ]s

rad001.00
3 =θ& . (30)

 
 The graphics are plotted in the next figures. 
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Figure 3. Time history for . 1x

 
 It is easy to observe the quasi periodicity of the diagrams, so the equilibrium is a simply 
stable one. 
 The equilibrium becomes if 012 =k  for 02 <x . 
 The domain of stability increases around the equilibrium position (28) if the friction 
coefficient has a non-zero value. 
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Figure 4. Time history for 4θ . 

5. CONCLUSIONS 

In our paper we presented a four degrees of freedom model for study the motion oh a human 
body. This model characterizes the behavior of the human body in a car. We obtained the 
equations of motion and we study the stability of the equilibrium position in a particular case. 
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