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ABSTRACT

The targeted energy transfer (TET) phenomenon has been demonstrated and analyzed between an acoustic
medium inside a parallelepiped cavity and a thin viscoelastic membrane that is mounted on one wall of the
cavity and that is working as a nonlinear absorber or a nonlinear energy sink (NES). Based on the desired
working zone of the NES and the two thresholds of the zone which have been obtained, this paper investigates
the parameters analysis of a nonlinear membrane absorber todesign the NES. The physical parameters of the
membrane and the place of the membrane on the wall of the cavity are studied. It can finally provide us to
determine where is the better place for the membrane and which parameter affects mainly the desired working
zone for the NES.

Keywords: Acoustic cavity, Membrane absorber I-INCE Classification of Subjects Number(s): 51

1. INTRODUCTION
The concept of targeted energy transfer (TET) was proposed by Vakakis and Gendelman (1, 2), in 2001,

which is a new passive technique for reducing noise and vibration. A purely nonlinear absorber is often
spoken of the nonlinear energy sink (NES). Firstly, the NES was used in view of applications in the field of
mechanical vibrations (3, 4, 5, 6). In acoustic, the TET phenomenon has been firstly observed and analyzed
inside one tube (1D acoustic system) by a membrane NES or a loudspeaker nonlinear absorber (7, 8, 9, 10). In
(11),the TET phenomenon can be also observed inside an acousticcavity (3D acoustic system) by a membrane
NES. By considering one acoustic mode of 3D acoustic cavity and one membrane NES, the desired working
zone for the membrane NES inside 3D acoustic cavity have beendefined and the two thresholds of the zone
have also been determined analytically and semi-numerically, respectively.

In the paper, a parametric analysis of the membrane absorberis performed by using the system with one
acoustic mode of the acoustic cavity and one membrane NES, described in (11). The parameters are the
physical parameters of the membrane and the place of the membrane on the wall of the cavity. The results
show the influence of each parameter firstly for the nonlinearnormal modes (NNMs) and the periodic forced
responses of the system, then for the value of the plateau, the desired working zone of the NES and its two
thresholds. Finally, we can conclude on where is the better place for the membrane and which parameter
affects mainly the desired working zone for the NES.

2. THE TET PHENOMENON OF THE SYSTEM
2.1 Description of the system

The system described in (11) is composed of a primary linear system coupled by a nonlinear system NES
as shown in Figure1. The primary linear system is an acoustic medium inside a parallelepiped cavity with
dimensionsLx, Ly andLz. We assume that all the walls are rigid. The NES is a thin viscoelastic membrane that
is mounted on one wall of the cavity. The eigenfrequencies ofthe acoustic cavity and the acoustic pressure of
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a mode marked by the integersl, m andn are described by the following form:

flmn =
c0
2

√

( l
Lx
)2+( m

Ly
)2+( n

Lz
)2,

pr(x,y,z, t) = Plmn(x,y,z) p(t) = cos( lπx
Lx
)cos(mπy

Ly
)cos( nπz

Lz
) p(t),

(1)

wherePlmn is the mode shape andp(t) is the acoustic pressure amplitude. The position of the membrane
center is defined as(xm,ym,zm), (xm = Lx in Figure1).

Figure 1 – Schema of the acoustic cavity with a membrane.

We assume that the first few modes of the cavity are separated in frequency, and we focus on the interaction
between one mode of the acoustic cavity and the membrane. To analyze the TET phenomenon, we consider
a simplified model with two DOFs system: one for the acoustic cavity and another one for the NES. The final
system with two DOFs is in the following form:

ma p̈+λ ṗ+ ka p+
ρ2

a c2
0sm
2 Plmn(xm,ym,zm)q̈ = f (t),

mmq̈+ k1η q̇+ k3(q3+2ηq2q̇)− sm
2 Plmn(xm,ym,zm)p = 0,

(2)

where,

sm = πR2, mm = ρmhsm
3 , k1 =

1.0154π5

36
Eh3

(1−ν2)R2 ,

k3 =
8πEh

3(1−ν2)R2 , Plmn(xm,ym,zm) = cos( lπxm
Lx

)cos(mπym
Ly

)cos( nπzm
Lz

),

V = LxLyLz, ma =
ρaV

(2−δl0)(2−δm0)(2−δn0)
, ka =

ρac2
0Vπ2(( l

Lx
)2+( m

Ly
)2+( n

Lz
)2)

(2−δl0)(2−δm0)(2−δn0)
.

(3)

and forδl0,δm0,δn0,

l = 0,δl0 = 1;l 6= 0,δl0 = 0;
m = 0,δm0 = 1;m 6= 0,δm0 = 0;
n = 0,δn0 = 1;n 6= 0,δn0 = 0.

(4)

q(t) is the transversal displacement of the membrane center (direction Ox in Figure1) andp(t) is the acoustic
pressure amplitude. The coefficientsk1 andk3 stand for the linear and nonlinear stiffness, respectively. R and
h are the radius and the thickness of the membrane, respectively. E, ν, η andρm are the Young’s modulus,
the Poisson’s ratio, the viscous parameter and the density of the membrane, respectively.λ is a coefficient of
a viscous term for the acoustic damping andf (t) is a forcing term on the acoustic cavity.

Notice that the terms of coupling are represented principally by Plmn(xm,ym,zm), where the important
factor is the placement of the membrane. i.e., ifPlmn(xm,ym,zm) = 0, the center of the membrane is on a node
of the acoustic mode, then the coupling between the two equations is null.

For convenience, the two equations of the system are dividedby the massesma andmm respectively, and
the acoustic pressure amplitudep(t) is replaced by the acoustic displacement amplitudeu(t) = p(t)

ρac0ωlmn
, so

that the two equation share the same unity, (accelarations,m/s2). Finally, the system reads

ü+µ u̇+ω2
lmnu+φ q̈ = F(t),

q̈+µm1q̇+µm2q2q̇+β q3− γu = 0,
(5)
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where
µ = λ

ma
, ωlmn = πc0

√

( l
Lx
)2+( m

Ly
)2+( n

Lz
)2,

φ = smρac0
2maωlmn

cos( lπxm
Lx

)cos(mπym
Ly

)cos( nπzm
Lz

), F(t) = f (t)
maρac0ωlmn

,

µm1 =
k1η
mm

, µm2 =
2k3η
mm

, β = k3
mm

,

γ = smρac0ωlmn
2mm

cos( lπxm
Lx

)cos(mπym
Ly

)cos( nπzm
Lz

).

(6)

For all the parameters, we choosel = 0,m = 1,n = 0, the dimensions of the cavity areLx = 1 m,Ly = 2.2

m, Lz = 1.6 m and the position of the membrane isxm = Lx,ym =
Ly
6 ,zm = Lz

6 . The values of the membrane
and air parameters are:R = 0.04 m,h = 0.00039 m,η = 0.00062 s,E = 1.48 MPa,ν = 0.49,ρm = 980 kg
m−3, ρa = 1.3 kg m−3,c0 = 350 m s−1.

2.2 NNMs and response to periodic forcing
It’s important to look for the NNMs and the periodic forced solutions of the system, because the TET

phenomenon is caused by a 1:1 resonance capture (2). A harmonic balance method (HBM) with a single term
is applied to analyze the NNMs and the periodic forced responses of the system. For the NNMs, we remove
the forceF(t) and all the dampings in the system and take the solutions as follows u(t) = u1c cos(ωt) and
q(t) = q1c cos(ωt). The displacementsu1c andq1c are obtained as the function of the angular frequencyω:

q1c =

√

4
3β

(ω2−
γφω2

ω2−ω2
010

), u1c =−
φω2

ω2−ω2
010

q1c. (7)

For the periodic forced responses, since the nonlinear terms of [5] are of the formsq3 andq2q̇, it is worth
to choose a phase condition onq(t) instead ofF(t) to get easy calculation. We set ˙q(0) = 0, and take the
forceF(t) and the displacementsu(t) andq(t) in the following form:

F(t) = F1c cos(ωt)+F1s sin(ωt),
u(t) = u1c cos(ωt)+u1s sin(ωt),
q(t) = q1c cos(ωt)

(8)

The following four algebraic equations are obtained for theeight unknownsF1c, F1s, F1, u1c, u1s, u1, q1c
andω:

(ω2
010−ω2)u1c +µωu1s −φω2q1c = F1c,

(ω2
010−ω2)u1s −µωu1c = F1s,

3
4β q3

1c −ω2q1c − γu1c = 0,
−1

4µm2ωq3
1c −µm1ωq1c − γu1s = 0,

F1 =
√

F2
1c +F2

1s, u1 =
√

u2
1c +u2

1s.

(9)

Taking the amplitudeq1c and the angular frequencyω as the master parameters, closed form expressions
can be easily obtained for the response surfaces.

2.3 The desired working zone of the NES and the two thresholds
Through analyzing the extrema of the curves of periodic forced responsesu(t) versusω for a constant

levels of forcingF1, the desired working zone is determined, where there are exactly three extrema. About
the thresholdFb for the beginning of TET, the analytical expression is obtained as following:

Fb = F̄1 =
√

(µω̄ ¯u1s)2+((ω2
010− ω̄2) ¯u1s −µω̄ ¯u1c)2. (10)

And the expression of the value of the limited amplitude, namely the value of the plateau, is also obtained:

ū1 =
1
γ

√

(
3
4

β ¯q1c
3− ω̄2 ¯q1c)2+(

1
4

µm2ω̄ ¯q1c
3+µm1ω̄ ¯q1c)2. (11)

where,ω̄, ¯u1c, ¯u1s, ¯q1c are the values of the limit point solution in (11).
About the thresholdFe for the appearance of undesired periodic regimes is obtained by using a formula of

the level of forcingF1, which is long but which depends only onω (ω < ω010):

q1c =

√

4
3β (ω2−

γφω2

ω2−ω2
010

), u1c =
1
γ (

3
4β q3

1c −ω2q1c), u1s =−1
γ (

1
4µm2ωq3

1c +µm1ωq1c),

F1 =
√

((ω2
010−ω2)u1c +µωu1s −φω2q1c)2+((ω2

010−ω2)u1s −µωu1c)2.

(12)
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3. PARAMETRIC ANALYSIS
Based on these coefficients of the system [5], we choose the analyzed parameters by the physical param-

eters of the membrane: the radiusR, the thicknessh and the damping coefficientη and the position of the
membrane on the wall of the cavityym (here,xm andzm can not work because ofl = 0,n = 0). Then we
consider their values like those in the following table:

Table 1 – The values of the parametersR, h, ym, µ andη .

R(m) 0.04 0.08 0.12
h(m) 0.00018 0.00039 0.00062
ym Ly/6 Ly/4 Ly/3

η (s−1) 0.0001–0.002

3.1 Radius of the membrane
For analyzing the influence of the radius of the membraneR, we choose theR values according to Table

1 and fix the other parameters as follows:h = 0.00039m,ym = Ly/6, µ = 0.014,η = 0.00062 s−1. Based
on the solutions [7], the NNMs of the system for the three differentR are shown in Figure2, where we can
see that in this time the radius of the membrane affect both the shapes ofq(t) andu(t). When the value of
the parameterR is higher, the maximum point (the limit point) of the second NNM of u(t) and the oblique
characteristic value of the NES in (12) will become higher.
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Figure 2 – The NNMs S11+ and S11- of the system for three differentR. Blue curve:R = 0.04m, red curve:
R = 0.06m and black curve:R = 0.08m.
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Figure 3 – (a): the amplitude of the plateau. (b): the two thresholdsFb andFe. Blue curve:Fb, red curve:Fe.

Based on the solutions [9] and the solutions of the extrema in (11), the periodic forced responses of the
system with the same levels of forcingF1 and the location of the extrema ofu(t) in the plane (Frequency,F1)
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Figure 4 – The periodic forced responses of the system and thelocation of the extrema ofu(t) in the plane
(Frequency,F1). (a)(b)(c):R = 0.04m,F1 = [0.01 : 0.2 : 2.01], (d)(e)(f): R = 0.06m,F1 = [0.01 : 1 : 10.01]
and (g)(h)(i):R = 0.08m,F1 = [0.01 : 3 : 30.01].
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are shown in Figure4 for three differentR, where we can see that all three membranes for three different R
can work. Based on the analytical formulas [10], [11] and [12], the value of the plateau and the two thresholds
Fb andFe according toh are also shown in Figure3. When the value of the parameterR is larger, the value
and the width of the plateau become larger. At the same time, the desired working zone grows much larger,
where the two thresholdsFb andFe become simultaneously larger.

Here, the radius of the membrane can much affect the characteristic of the membrane. Depending on the
requirements and the considered applications, different choices can be made, such as, to adjust the value of
the plateau to the desired value and also to set the highest level of the source as the thresholdFe.

3.2 Thickness of the membrane
We choose theh values consigned in Table1 and fix the other parameters as follows:R = 0.04m,ym =

Ly/6, µ = 0.014,η = 0.00062 s−1. The NNMs of the system for the three differenth are shown in Figure
5. We can see that forq(t), there are not many differences for three differenth, while for u(t), the larger the
value of the parameterh has, the higher the maximum point of the second NNM becomes.

75 80 85
0

0.005

0.01

0.015

Frequency

q 1
c

(a)

75 80 85
0

0.5

1

1.5

2 x 10
−3

Frequency

u 1
c

(b)

Figure 5 – The NNMs of the system for three differenth. Blue curve:h= 0.00018m, red curve:h = 0.00039m
and black curve:h = 0.00062m.

The periodic forced responses of the system with the same levels of forcingF1 and the location of the
extrema ofu(t) in the plane (Frequency,F1) for three differenth are also performed. And all three membranes
can work for three differenth. The value of the plateau and the two thresholdsFb andFe according toh are
also obtained, as shown in Figure6. We can observe that when the thickness of the membraneh is larger, the
value of the plateau becomes higher and the width of the plateau for the same level of forcingF1 becomes
more narrow, but the desired working zone between the two thresholdsFb andFe becomes a little larger,
where the thresholdFb does not nearly change and the thresholdFe becomes a little larger.
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Figure 6 – (a): the amplitude of the plateau. (b): the two thresholdsFb andFe. Blue curve:Fb, red curve:Fe.

Finally, it is difficult to choose the proper thickness of themembraneh for the TET phenomenon: a
small thickness seems best suited to the applications wherenoise levels remain relatively low, while a large
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thickness will have one relatively larger desired working zone.

3.3 Damping of the membrane
To analyze the influence of the damping coefficient of the membraneη , we choose the valuesη in Table1

and fix the other parameters as follows:R= 0.04m,h = 0.00039m,ym = Ly/6, µ = 0.014. At first, we assume
that whenη varies, the membrane can work well, namely that there is always the TET phenomenon. Then,
we can apply our method to analyze the damping coefficient of the membraneη . The value of the plateau
and the two thresholdsFb andFe are shown in Figure7. We can see that the value of the plateau does not
change a lot and when the parameterη is larger, the desired working zone for the NES becomes larger where
the thresholdFb does not change a lot.
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Figure 7 – (a): the amplitude of the plateau. (b): the two thresholdsFb andFe. Blue curve:Fb, red curve:Fe.

Then we analyze the periodic forced responses of the system to verify whether the membrane works
with three values ofη , which is taken by the minimum, middle and maximumη values in the range of
[0.0001,0.002], as shown in Figure8. We can see that forη = 0.0001 s−1 andη = 0.001 s−1, there is TET,
but TET is more effective for the latterη value. Forη = 0.002 s−1, there is no TET. According to (13), there
is a critical value for the nonlinear damping and above the value, no bifurcation of the invariant manifold
exists and the quasi-periodic solutions can not be found, namely no TET. Here, we also find that above a
certainη value, the TET phenomenon occur no longer.

3.4 Position of the membrane
For the position of the membrane on the wall of cavity in the system [5], only the positionym in the

direction Oy in Figure1 can affect the TET phenomenon. To analyze the influence of theparameterym,
we fix the other parameters as follows:R = 0.04m,h = 0.00039m,µ = 0.014,η = 0.00062 s−1. We have
known that the coupling of the system [5] is determined by the coefficientsφ andγ, which are according to
the cosine functioncos(πym

Ly
). So, forym = Ly/2, there is no coupling in the system [5] and the membrane

will not work. At this time, the center of the membrane is on the nodal plane (ym = Ly/2, ∀xm, ∀zm) of the
modeP010. Therefore, we choose the valuesym according to Table1. Here, we cite the letter N to present the
position of the membrane (ym = Ly/N). For small N, the membrane is close to the nodal plane; for large N,
the membrane is far from the nodal plane.

The NNMs of the system for three different N are shown in Figure9. We can see that forq(t), there are not
many differences, while foru(t), the larger N is, the higher the maximum point of the second NNM becomes.
The periodic forced responses of the system and the locationof the extrema ofu(t) in the plane (Frequency,
F1) for three different N are also studied. And the membrane canwork for all three positions.

The value of the plateau and the two thresholdsFb andFe according to N are shown in Figure10. We can
observe that when N is larger, the value of the plateau becomes smaller and the desired working zone for the
NES becomes larger (the thresholdFb does not change a lot, while the thresholdFe changes more). Therefore,
the larger N is better for the membrane in this example. That is to say, it’s better to mount the membrane close
to one side of the cavity in direction Oy.
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Figure 8 – The periodic forced responses of the system and thelocation of the extrema ofu(t) in the plane
(Frequency,F1). (a)(b)(c):η = 0.0001,F1 = [0.01 : 0.2 : 2.01], (d)(e)(f): η = 0.001,F1 = [0.01 : 0.4 : 4.01]
and (g)(h)(i):η = 0.002,F1 = [0.01 : 0.4 : 4.01].
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Figure 9 – The NNMs S11+ and S11- of the system for three differentym. Blue curve:ym = Ly/6, red curve:
ym = Ly/4 and black curve:ym = Ly/3.
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Figure 10 – (a): the amplitude of the plateau. (b): the two thresholdsFb andFe. Blue curve:Fb, red curve:Fe.
N stands forym = Ly/N.

4. CONCLUSIONS
In the paper, we have performed a parametric analysis of the membrane absorber, which includes the

physical parameters of the membrane, the position of the membrane on the wall of the cavity. Among the
physical parameters of the membrane, it is the radius of the membrane that has mainly affected the TET
phenomenon. For the larger value radius of the membrane, we have got the much larger desired working zone,
where the two thresholdsFb andFe have become simultaneously larger, but at this time we have got the larger
value of the plateau. Concerning the thickness of the membrane, it has mainly affected the value of the plateau,
the smaller value of the thickness, the smaller value of the plateau. For the damping of the membrane, it has
mainly affected the desired working zone: a large value of damping trends to enlarge the desired working
zone. But there is a limited value of damping for the TET phenomenon. Indeed according to the particular
considered application and its needs, different choices can be made and we can fit the parameters of the
membrane in one direction or another to give the TET phenomenon and get the desired effect. Moreover, we
have found the better positions for the membrane on the wall of the cavity, where it is better to mount the
membrane far from the nodes, nodal lines and nodal planes of the mode.
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