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ABSTRACT

The effects of dynamic loading on crack breathing mechanisms are not yet thoroughly examined in literature.
This paper introduces a parameter relating crack direction to bending load direction in order to model
breathing behaviour of fatigue cracks subject to mass unbalance. Crack states (open, partial and closed) for
shafts subject to weight-to-unbalance force ratios of 0.5, 1 and 2 and unbalance orientation angles of 0, 45,
90, 135 and 180 were sometimes seen to be non-sequential or unchanging at particular crack depths.
Additionally, the effects of varying unbalance angles and crack depth ratios on breathing mechanisms were
also examined. An area moment of inertia method was used to develop a time-varying global stiffness matrix
for each case and the results were found to be highly agreeable with the crack breathing behaviour in each
case.
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1. INTRODUCTION

Fatigue cracks and mass unbalance are amongst the primary causes of abnormal vibration patterns
in rotating machinery. Crack development in rotors subject to cyclic loading is an inevitable
phenomenon that is caused by high stress concentrations in areas of sharp geometry changes and
regions of material defects. Due to the rapid yet subtle nature of shaft cracks, monitoring and early
diagnosis play a pivotal role in preventing fractures and in ultimately avoiding catastrophic failure of
machinery. This complication is further exacerbated by the difficulty to inspect shafts whilst in
operation. As such, recent research trends have focused on the speed, location and depth of cracks in
the interest of predictive modelling (1).

Cracked shafts subjected to alternating stresses elucidate a complex, non-linear behaviour known
as crack breathing. This breathing mechanism is a result of stress and strain distribution in the region
of the crack where, typically, compressive stresses correspond to the closing of a crack and tensile
stresses to an opening of the crack.

Breathing functions that accurately characterise breathing behaviour can be developed using a
number of models. The switching crack model as seen in (2-5) is a simplified crack breathing model
that assumes breathing behaviour to be binary (open or closed). It is suggested in (6) that switching
crack models are associated with quasi-periodic vibrations that are not seen in experimental testing. A
more accurate method commonly seen in literature is one that utilises strain energy release rate
(SERR) theory (7-9). SERR relates changes in the stress intensity factor at the crack tip to the change
in overall shaft stiffness. Another technique used in literature exploits the change in area moment of
inertia of the cracked shaft to develop time varying stiffness matrix equations. Such a method is seen
in (1, 10-16) and further developed in (15). The authors of (17) implement the area moment of inertia
models in (14-16) to perform a parametric stability analysis on cracked Jeffcott rotor using Floquet
theory.

Many papers relating to the crack breathing mechanism of shafts opt to not consider mass
unbalance but have provided a number of techniques to study the breathing mechanism. Amongst these
papers (10-12, 18, 19) it is typically assumed that the static bending of the shaft dominates the dynamic
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loading of the shaft. This assumption is valid for large rotor systems with negligible mass unbalance,
but for vertical rotors or lightweight horizontal rotors this assumption reduces the precision of
theoretical models.

A notable source that examines crack breathing and unbalance is seen in (20). The assumption of
weight dominance is removed in order to analyse the effects of unbalance orientation angle  on the
dynamic response of a cracked rotor. Determination of stability, critical speed and peak response of the
rotor are also examined. The authors, however, do not provide deep insight into crack state variations
based on other unbalance parameters.

Diagnosis and modeling of cracked rotors with mass unbalance using modal expansion and a
reduced basis dynamic expansion (RBDE) method is seen in (21). Depictions of the crack breathing
mechanisms were absent from the study. Finite element procedures used in (22) shed light upon the
effects of crack orientation and crack shape on the crack breathing mechanism.

2. METHODOLOGY

2.1 Crack Breathing Model

A geometry approach for calculating the effectual loading angle was developed for this paper and is
seen in Figure 1. The bending force direction 6 and magnitude R is determined as the vector sum angle
of the static weight force F4 and the unbalance force F,. which rotates at a fixed angle f relative to the
crack direction. The crack direction angle Qt is considered to be zero when it is parallel to the negative
Y-axis.
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Figure 1 — Cross sectional diagram of a cracked element

The effectual loading angle ¢ is then calculated by
sin(Qt + B)
cos@t B +1 @

where ¢ is defined as the angle difference between the crack direction angle and the resultant force
angle, and n is the ratio between the weight force and mass unbalance force.

Crack breathing functions were then adopted from (15) to determine the state of the crack i.e. fully
open, partial or fully closed by replacing Qt with ¢ in each equation. For the region 6; < ¢ < 27 - 0, the
crack is fully open. Similarly, the region 6, < ¢ < 2= - 0, describes the shaft rotation angles for when
the crack is completely closed. When the effectual loading angle is outside of these regions the crack
is considered to be partially open/closed.

Figure 2 shows the relationship between the effectual loading angle and the shaft rotation angle for
a non-dimensional crack depth of 0.4. When the shaft rotates between 339.4 and 63.7 from its original
position the crack is completely open, similarly when the shaft is between 119.5 and 193.3"the crack is
fully closed. Outside of these regions the crack is partially open and partially closed. This breathing
behaviour is more clearly depicted in the accompanying pie chart. Discontinuity exists at Qt = 30’ due
to the crack direction angle transitioning from following to leading the bending direction.

0= Qt—tan'l[
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Figure 2 — Effectual loading angle versus shaft rotation for § =90’ n=2 and pn = 0.4

Regardless of crack depth, cases with no mass unbalance such as the one seen in Figure 3 will
present a breathing behaviour that could be described as being symmetrical and sequential. For the
purpose of this paper sequential crack breathing behaviour refers to the orderly transition of a fatigue
crack from open to partial, partial to closed, closed to partial and finally partial to open states in one
period of the shaft rotation. Whilst the particular case in Figure 2 is sequential, it is however not
symmetrical due to the relationship between the effectual loading angle and the shaft rotation being
non-linear. As a result, the case seen in Figure 2 has a reduced angle range for the first partial state as
compared to the no unbalance case, with a range of 55.8’and 100.8’, respectively. Moreover, the second
partial state occurs over a much wider angle range of 146.6"as compared to the 100.8’ for the zero mass
unbalance case. The closed and open angle ranges of the aforementioned cases are similar, but it
should noted that this is coincidental and not indicative of open and closed angle ranges for other mass
unbalance cases.
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Figure 3 — Crack breathing behaviour of a shaft with no mass unbalance

Two interesting instances of dynamic loading on crack breathing are seen in Figure 4 and Figure 5.
These particular cases amongst many more challenge the paradigm seen in literature for crack
breathing behaviour. Both cases are seen to be non-sequential and non-linear; even more so the case
seen in Figure 4 does not transition out of the closed state. It is possible for the crack to remain fully
closed throughout the entire shaft rotation if the effectual loading angle ¢ remains within the region 6,
< ¢ <2xm- 0, Such a case could render crack detection through area moment of inertia changes as being
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virtually impossible.
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Figure 4 — Effectual loading angle versus shaft rotation for p = 180, 1=0.5and u=0.1

The case seen in Figure 5 demonstrates a quintessential example of non-sequential crack breathing
behaviour. At Qt = 0 the crack is in a partially open/closed state up to 39.6 where it is completely open
until 90.4’. Instead of transitioning into another partial state the crack closes for a small range of angles
before entering a partial state once again.
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Figure 5 — Effectual loading angle versus shaft rotation for p =90, n=1and u=0.9

It is highly evident that the crack breathing behaviour of a shaft subject to non-trivial unbalance
may greatly differ from cases with no mass unbalance. Consequently, the new crack breathing models
must be employed to accurately depict the true vibration behaviour and to ultimately solve the
equations of motion for the rotor system. It should also be mentioned that the crack breathing
behaviour for combinations of p =0, 45, 90°, 135" and 180°and n= 0.5, 1 and 2 at different crack depths
were also studied but will not be discussed.

2.2 Area Moment of Inertia

Before information can be obtained about the vibration of the rotor system the stiffness matrix
associated with the breathing fatigue crack must be determined. As cracks transition between open and
closed states the overall stiffness of the shaft changes accordingly where a fully open crack
corresponds to minimum shaft stiffness and a fully closed crack corresponds to maximum shaft
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stiffness. The severity of stiffness changes due to cracking can be accurately reflected by the change in
area moment of inertia of the non-cracked element. As such, the local time-varying stiffness matrix
was determined using the approximate area moment of inertia calculations developed in (15).
Replacing the shaft rotation angle by the effectual load angle was necessary to include the effects of
rotational unbalance.

Figure 6 shows a strong correlation between approximate area moment of inertia and the breathing
mechanism seen in Figure 2. When the crack is in a fully closed state the area of the non-cracked
element is equal to the cross-sectional area of the whole shaft i.e. at a maximum value from 119.5 to
193.3". Similarly, the area moment of inertia is lowest when the crack is fully open (339.4 to 63.7).

x10° 55210
' p=90,n=2 '

3.5

p=90,n=2

0 90 180 270 360 0 90 180 270 360
Angle of rotation (rad) Angle of rotation (rad)

Figure 6 — Approximate change in area moment of inertia of the cracked element for f =90, n = 2 (left)
about X-axis, (right) Y-axis
The local stiffness matrix of the cracked element is given by

[ 120z 0 0 ellx —121ix 0 0 6liX]
0 12l -6y 0 0 —12Iy —6lly 0
0 —6lly 4’y 0 0 6lly 211y 0
ke, = — 6% 0 0 4Pk —6lix 0 0 2% 2
Bl-12k 0 0 —e6llx 12Ix 0 0 —6lix
0 —12Iy  6lly 0 0 121y 6liy 0
0 —6lly 201y 0 0 6lly 411y 0
L 6lix 0 0 2Pk -6lix 0 0 4171x 1

where | is the length of the finite element containing the crack, i and Iy are the approximate moment
of inertias about the fixed X-axis and fixed Y-axis, respectively.

2.3 Finite Element Model
A finite element (FE) approach is utilised to determine the time varying global stiffness matrix

of the cracked disk-shaft system. The rotor was discretised into N = 18 elements, where the shaft was
grounded at nodes 1 and 19 by symmetric stiffness and damping coefficient bearings. Additionally, the
unbalanced disk was mounted at node 10 and the crack was located in the 10" element. MATLAB was
used to successfully assemble the global stiffness, damping and mass matrices.

The FE model can be written as a non-homogenous second-order differential equation with viscous
damping

Mg + Gq + Kq = Ficos(Qt) + Fpsin(Qt) + Fy (3)

where M, G and K are the 4(N+1) x 4(N+1) global mass, gyroscopic/damping and cracked stiffness
matrices, respectively. g is the 4(N+1) rotor displacement vector, F;cos(Qt) + F,sin(Qt) is the sum of
unbalance forces, where the magnitude of F, and F; is equal to mew?. Fg is the weight force of the shaft
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and disk.

3. SUMMARY AND FUTURE WORK

The effect of various rotor mass unbalance magnitudes and orientations on the crack breathing
mechanism of shafts with non-dimensional crack depths of 0.1, 0.4 and 0.9 were examined. Crack
behavior was seen to be non-symmetrical, non-sequential or unchanging in most cases. Area moment
of inertia models of the cracked rotor were used to determine the time-varying stiffness matrix for the
entire disk-shaft system.

A portion of future research efforts will be dedicated in using the developed FE model to determine
the orbital and frequency response for each mass unbalance case. Such results will be compared to the
orbital and frequency response of a cracked shaft with negligible mass unbalance. Additionally, the
mode shapes and deflection of the shaft will be modelled and all of the results will be validated through
simulatory and experimental means. The newly developed methods will be used in the analysis of real
machines to detect fatigue cracks, in particular the depth and location of the crack along the rotor.
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