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ABSTRACT 

The critical issue of vibration test on hull structures with large size is the numerous amounts of sensors. Too 

many sensors lead to excessive consumption whereas notable error would come from reducing the number of 

sensors. An approach is proposed to reconstruct the complete structural vibration via much fewer sensors. 

This iterative progress eliminates the sensor location that contributes the most signif icantly to the condition 

number of modal matrix in each cycle. Along with the iteration, the condition number goes down quickly to a 

certain level, but rises suddenly after lots of calculating cycles. The optimal number of sensors is the one 

before the condition number zooming. The corresponding sensor locations are also optimal. An experiment 

on cylindrical shell demonstrates that vibration responses reconstructed from the data of 26 optimal sensors 

are consistent with the responses measured by 200 initial sensors. The vibration error is only 2.4 dB. This 

approach may be applied to vibration test and measurement on large structures. 
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1. INTRODUCTION 

Vibration measurement on large-s ized structures is diff icult as far as the uphill work is conc erned.  

Hundreds of sensors have to be plac ed on the surface of the structure by hands, together w ith long 

signal cables generally. This means not only hard work, but also added mass to the structure that may 

influenc e its dynamic characteristic.  How ever, insuffic ient sensors on the surface are r isky for  

measurement w ith respect to data discrepancies. Thus optimal sensor placement for vibration test on 

large structure is necessary. One can reconstruct the complete vibration response field of the structure 

us ing limited data measuring by these chosen sensors. This method can subs titute the way that 

measuring every inch responses over the surface to get suffic ient spatial resolution of information 

about the structure.  

Lots of methods of optimal sensor placement have been proposed. One common measure to judge 

the suitability of sensor pos itions is the Fisher information matrix (FIM) us ing mode shapes of the 

structure. Kammer proposed this Effective Independence (EFI) method to quantify the contr ibutions of  

response measurements so that the modal states of targeted modes can be optimally observed (1).  

Similar studies of FIM are proposed to choose sensor locations by maximizing the determinant of the 

FIM, by maximizing the smalles t eigenvalue of the FIM, by minimizing the trace of inverse of the FIM,  

by maximizing the norm of the FIM,  or by minimizing the condition number of the FIM. Another 

criter ion to judge combinations of sensor pos itions w ithin s ingle setup configurations is  the modal 

kinetic energy. Heo et al. derived the Kinetic Energy Optimization Technique (EOT) with the 

formulation s imilar to EFI (2), and the difference lies in the quantity that is optimized. The EFI method 

maximizes the Fisher ′s information matrix while the EOT optimizes the kinetic energy matrix.  As the 

kinetic energy is only a mass weighted vers ion of the Fisher information matrix, the connection to the 

effective independence method is obvious. However, EOT eliminates the problem of EFI that the 

sensor locations w ith low energy content may be selected. A s imilar way to solve the problem is  the 

EFI-DPR (Driving Point Res idue) method, which multiplying the candidate sensor contr ibution of the 
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EFI method w ith the corresponding DPR coeffic ient (3). Another criter ia is derived from the modal 

assurance criter ion (MAC) originally introduced by (4),  whereas  the off diagonal terms of the MAC 

matrix need to be minimized.  

Condition number is also been used for condense sensor group, which is well known as a measure 

of robustness of the system. The criter ion can be the condition number of the observability matrix of  

the linearized tangent model of the discretized model of the process  (5), the spectral condition 

number of the Hankel matrix (6), or the condition number of the frequency response function (7). In 

this artic le, the condition number of the modal shape matrix of the structure is  employed to optimize 

sensor locations. Experiment demonstrates the accuracy of this approach and its results are 

illustrated later.  

2. APPROACH OF CONDITION NUMBER 

2.1 Principle 

Vibration responses of the structure can be expressed in mode shapes : 

V A  (1) 

where V is the vector of responses,   is the matrix of mode shapes, A  is the vector of modal 

coordinates.  

In fact, not all degrees of freedom (DOFs) can be given in mode shapes or placed sensors. In sensor 

location optimization, a limited number of sensors are placed on the chosen measurable degrees of  

freedom.  Therefore, the chosen DOFs are given in the formulation, and sec ondary ones are omitted.  

This is the purpose of optimization that condens ing enormous sensor candidates into much smaller  

group so that the latter can be applied to engineering practice.   

If only the primary DOFs are employed in Eq. (1), it can be rewritten as : 

E EV A  (2) 

where 
1 2[ , , , ]T

E EV v v v  represents the chosen veloc ity responses of E locations, and 
E  is the 

corresponding matrix of mode shapes at the chosen locations.  

According to Eq. (2), there is : 

E EA V   (3) 

where ‘+’ denotes the Moore-Penrose generalized inverse matrix. 

Substituting Eq. (3) into Eq. (1), one gets  

( )E EV V    (4) 

Eq. (4) means that one can measure only few responses of the s tructure and reconstructs  

responses anywhere over the structure (suppose all mode shapes are available). However, these few  

sensor locations are not chosen freely. The combination of sensor pos itions dominates the accuracy 

of inverse problem as well as the accuracy of response reconstruction. Herein the approac h of  

condition number is employed to choose the combination of sensor loc ations for optimization.  

The condition number of E  dominates the accuracy of the matrix inverse in Eq. (3). The bigger 

the condition number of E  the bigger the error is. So one can chooses the group of sensor 

locations leading to the smalles t condition number of E , then the optimization of sensor placement 

comes to realization. Herein the condition number of E  is the criter ia of optimal sensor placement,  

it can be expressed in Frobenius norm: 

( )E E EF F
cond      (5) 

where 
F

 denotes Frobenius norm.  

Another question is : how can we determine the value of E or the number of optimal locations? At 

least E should be bigger than the number of vibration mode partic ipated in the calculation. In 

engineering practice more sensors should be plac ed for measuremen t as various uncertainties are 

concerned. In the approac h of condition number proposed in this ar tic le, one can get this f inal 

optimal number of location according to the r is ing speed of condition number during the iteration.  

This will be explained in detail later in the results of the experiment.  
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2.2 Iteration Procedure 

Assuming that the purpose of optimization is choos ing E sensor locations from N loc ation 

candidates, the better  choic e is  iteration instead of  accomplish optimization in one step, cons idering 

the remarkable consumption of calc ulation. The proc edure of iteration is that as follows: 

(1) Calculate the condition number of mode shape matrix 
N  composed by all N locations  

(initial c andidates), which is symbolized by ( )Ncond  ; 

(2) Attempting to eliminate a row (a sensor loc ation) from 
N  to get a submatrix 

1N 
, then get 

the condition number of 
1N 
 symbolized by 

1( )Ncond  
.  

The number of all different
1( )Ncond  

 are N because there are N rows in 
N . One can us ing 

1 1( )Ncond  
 to express that this 

1N 
 is the result from eliminating the f irst row of 

N , and 

1 2( )Ncond  
 from eliminating the second row of 

N  and so on. All these 
1( )Ncond  

 compose a 

group {
1 1( )Ncond  

,
1 2( )Ncond  

, ⋯,
1( )N Ncond  

}. 

(3) Finding the smallest condition number, e.g. 
1( )N icond  

. This ins tance means that the row no.  

i contributes the most s ignif ic ant to the condition number of matrix 
N . As the last step of this cyc le 

in the iteration procedure, eliminate row i to get 
1N 

. 

(4) Substitute 
1N 
 for 

N , then repeat the above steps from (1) to (3)  to get matrix 
2N 

 with 

the smalles t condition number. Continue substituting 
2N 
 for 

N , 
3N 
 for 

N  and so on, until 

one gets 
E  finally.  

In the end, all E chosen locations are available, which means the accomplishment of the 

optimization of sensor placement. One can continue to reconstruct the f ield of responses of the 

structure us ing Eq. (4).  

3. EXPERIMENT AND RESULTS 

3.1 Experimental set-up 

In order to demonstrate the approach of condition number mentioned above, an experiment is  

carr ied out on cylindric al shell model w ith dimens ions of  1200mm×L1800mm (shown in Fig. 1).  

The thickness of the shell is 8mm. 200 sensors are placed uniformly over the inner surfac e of  the 

cylindric al shell. Responses of the structure are exc ited by an electromagnetic vibration generator  

isolated from the shell by four isolators. The cylindric al shell is sealed and sunk into the water. All 

experiments are carr ied out in a deep detention reservoir, where the shell vibration is measured 6 

meters under the water surface.  

 

Figure 1 – Sketch of experimental structure and sensor placement 

 The aim of the experiment is that measur ing vibration responses of the cylindric al shell by 

limited sensors at optimal locations, and then reconstructing the complete responses of the structure. 
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The reconstructive results are compared w ith the real data measur ing by 200 sensors in uniform 

plac ement to verify the cons istenc ies. The highest frequency of concern is 200 Hz.  

3.2 Experimental results 

Vibration modes in frequency band of conc ern are s imulated numeric ally by ANSYS. The f irst 12 

modes (shown in Tab. 1) are taken part in the calc ulation of optimization.  

Table 1 – Frequencies of the first 12 modes 

Order Modal frequency, Hz Order Modal frequency, Hz 

1 29.1 7 155.4 

2 68.7 8 167.3 

3 71.6 9 172.2 

4 89.6 10 178.0 

5 92.7 11 194.1 

6 127.9 12 208.9 

 

According to the procedure described in section 2.2, a Matlab program is des igned to carry out 

optimization. Along with the iteration, the condition number goes down quickly to about 6, and then 

keeps steady approximately until r is ing suddenly after deep iterations. Since the more iteration cycles  

the fewer the optimal sensor locations lef t, one should accept results after the more cyc les the better.  

Meanwhile a smaller condition number should be guaranteed. Thus one can choose to stop iteration 

before the condition number zooming shown in Fig. 2, and the corresponding number and loc ations of  

the lef t DOFs (where to place sensors f inally in practic e) are optimal. In Fig. 2 we choose 26 f inal 

sensor loc ations after 174 iteration cycles, and the corresponding condition number of submat rix of  

mode shapes is about 6.2.  

 

Figure 2 – Condition numbers during iteration 

Responses of the structure are reconstructed us ing Eq. (4), and the results are compared w ith the 

measuring data. It is shown that the error is only 2.4dB according to vibration levels of RMS in the 

frequency band lower than 200 Hz, averaged over the surface of the structure. Typic al comparing 

curves illus trated in Fig. 3 for magnitudes and Fig. 4 for phases.  I t is notic ed in Fig.  4 that phase 

angles have large errors at several frequenc ies, but this is not the truth. The errors shown in Fig. 4 

are almost because of the separation betw een +180° and -180°, whereas these two angles are the 

same and superposed in phase space.  
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Figure 3 – Magnitude comparison between reconstructed (solid curve) and measured (dashed) vibrations at 

four positions (DOF 25 - DOF 28) 

 
Figure 4 – Phase comparison between reconstructed (solid curve) and measured (dashed) vibrations at four 

positions (DOF 25 - DOF 28) 

The vibration response distr ibutions on the surfac e of the cylindrical shell are compared between 

reconstructed and measured results. Typic al illustrations are shown in Fig. 5 demonstrating good 

cons istenc ies of response distr ibution.  

 
(a) Response distribution at 50Hz 

 
(b) Response distribution at 130Hz 

Figure 5 – Typical comparison between reconstructed (left) and measured (right) response distribution 
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4. CONCLUSIONS 

The approach of condition number for optimal sensor plac ement proposed in this  ar tic le is  

effective and validated by the experiment, which recons tructs the c omplete structural vibration via 

much fewer sensors. It eliminates sensor locations that contr ibute s ignif ic antly to the condition 

number of modal matrix in iteration. The recons tructive error is only 2.4 dB comparing 26 optimal 

sensor placement w ith 200 initial sensor plac ement. The distr ibutions over the surface of structure 

are also cons istent betw een reconstructive and measuring data. This approach may be applied to 

vibration test and measurement on large structures.  
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