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ABSTRCT 
Prediction of the vibro-acoustic responses of fluid-loaded cylindrical shells is important for underwater 
vehicles. In this work, a number of analytical and numerical approaches to predict the radiated sound power 
of a fluid-loaded cylindrical shell are compared. In the first approach, an analytical methodology is used 
whereby the equations of motion for the cylindrical shell are solved by the method of modal superposition. 
The shell displacements are represented by a Fourier series and auxiliary functions. The radiation sound 
power is calculated by integrating the product of the pressure and velocity on the surface of the cylinder. In 
the second approach, an integrated analytical and numerical approach is implemented whereby the 
vibrational response of the cylindrical shell is used as an input to a boundary element model. The radiated 
sound power is subsequently obtained using the boundary element method. In the final approach, a 
fully-coupled finite element/boundary element model of the fluid-loaded cylinder is developed. Results for 
the radiated sound power from the various analytical, hybrid analytical/numerical and fully coupled 
numerical approaches are compared. 
 
Keywords: Radiated sound power, cylindrical shell I-INCE Classification of Subjects Numbers: 21.2.1, 23.1 

1. INTRODUCTION 
Cylindrical shells are widely used in many applications such as aircraft fuselages, pressure 

vessels and pipelines. Vibration of cylindrical shells has been extensively investigated by many 
researchers. Love’s thin shell theory was first proposed in 1888 (1). Since then, numerous shell 
theories have been developed and many are summarised by Leissa (2).  

Two common approaches to predict the dynamic responses of cylindrical shells are analytical and 
numerical methods. The influence of boundary conditions on the dynamic characteristics of 
cylindrical shells has been analytically investigated by several researchers (3-5). Analytical 
approaches to predict the sound radiation from cylindrical shells include the modal superposition 
method (6) and wave propagation method (7). Whilst analytical methods can clearly describe the 
structural and acoustic responses of cylindrical shells, there are limitations when trying to model 
shells of complex shapes or shells with irregular internal or external structures.  

Using numerical approaches, structures are dispersed into discrete elements. Common numerical 
approaches include the finite element method (FEM), boundary element method (BEM) and 
statistical energy analysis. For fluid-structure interaction problems, FEM is generally used to 
calculate the structural vibration on the fluid-loaded surface and BEM is used to solve the acoustic 
problem in the exterior acoustic field (8). Numerical FEM/BEM models of fluid-loaded cylindrical 
shells have been developed to consider excitation by fluctuating forces transmitted to the shell via 
both structural and fluid paths (9). Recent work using fully coupled FEM/BEM models of a 
fluid-loaded cylindrical shell has investigated the effects of internal mass distribution and isolation 
on the radiated sound power (10).     

In this work, three approaches to predict the radiated sound power of a fluid-loaded cylindrical 
shell are compared. In the first approach, an analytical method is used whereby the equations of motion 
for the cylindrical shell obtained analytically are solved using the method of modal superposition. In 
the second approach, an integrated analytical and numerical approach is implemented whereby the 
vibrational response of the cylindrical shell obtained analytically is used as an input to a boundary 
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element model. The radiated sound power is subsequently obtained numerically using the boundary 
element method. In the final approach, a fully-coupled finite element/boundary element model of the 
fluid-loaded cylinder is developed. Results for the radiated sound power from the analytical, hybrid 
analytical/numerical and fully coupled numerical approaches are compared and discussed. 

2. ANALYTICAL APPROACH 
Consider a finite cylindrical shell as shown in Figure 1. The radius, thickness and length of the 

shell are respectively denoted by R, h and L. Four independent springs are placed at each end 
comprising three linear springs and one rotational spring. Different boundary conditions can be 
obtained by setting the spring stiffness to different values. For example, a free-free boundary 
condition can be obtained by setting all the spring stiffness to zero.   

 

 

Figure 1 – Schematic diagram of a finite cylindrical shell elastically restrained boundary conditions 

2.1 Equations of Motion  
The equations of motion for a fluid-loaded cylindrical shell using Donnell-Mushtari thin shell 

theory are given by (2)  
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where 𝑢, 𝑣 and 𝑤 denote the shell displacement in the axial, circumferential and radial directions, 
respectively.  𝜌 is the density of the shell. 𝐾 = (𝐸ℎ)/(1− 𝜇2) is the in-plane rigidity, where 𝐸 
and 𝜇 are respectively the Young’s modulus and Poisson’s ratio of the shell. 𝑝𝑓 is the acoustic 
pressure of the external fluid acting on the cylindrical shell. Based on the Green’s function and the 
boundary integral equation, the acoustic pressure 𝑝𝑓 can be expanded as follows (11) 
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𝜌0 is the density of the fluid, 𝐻𝑛 is the Hankel function of order 𝑛, 𝐻𝑛′  is its derivative respect to 
the argument, 𝑘𝑚 is the radial wavenumber, 𝑘𝑟 = �𝑘𝑚2 − 𝑘𝑥2, 𝑅 is the cylinder radius and 
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𝑓𝑒 is an external point force in the transverse direction at a location (𝜕0,𝑅0) which can be expanded 
as  
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where  𝐹𝑒 is the magnitude of the exciting force. 

2.2 Boundary Conditions 
In this study, the shell is considered to be elastically restrained. The boundary conditions for an 

elastically restrained cylindrical shell are listed in Ref. (12) and are given here for completeness. At 
𝜕 = 0 the boundary conditions are 

 

𝑘1𝑢 − 𝑁𝑥 = 0,   𝑘2𝑣 − 𝑁𝑥𝑥 = 0,   𝑘3𝑤 − 𝑄𝑥 −
𝜕𝑀𝑥𝑥
𝑅𝜕𝑥

= 0,   𝑘4
𝜕𝜕
𝜕𝑥

+ 𝑀𝑥 = 0 (7) 

Similarly, at 𝜕 = 𝐿 the boundary conditions are 

𝑘5𝑢 + 𝑁𝑥 = 0,   𝑘6𝑣 +𝑁𝑥𝑥 = 0,   𝑘7𝑤 + 𝑄𝑥 + 𝜕𝑀𝑥𝑥
𝑅𝜕𝑥

= 0,   𝑘8
𝜕𝜕
𝜕𝑥
− 𝑀𝑥 = 0   (8) 

𝑘1 to 𝑘8 are the spring stiffness as shown in Figure 1. 𝑁𝑥 and 𝑁𝑥𝑥 are in-plane forces, 𝑄𝑥 and 
𝑄𝑥 are transverse shear forces, 𝑀𝑥 and 𝑀𝑥 are bending moments, and 𝑀𝑥𝑥 is a twisting moment. 
Definitions for the force and moment expressions in terms of the shell displacements can be found in 
Refs. (2) and (12). 

2.3 General Solutions 
Omitting the time harmonic dependency 𝑒𝑗𝑗𝑗, general solutions for the axial, circumferential and 

radial displacements for a cylindrical shell with elastically restrained boundary conditions can be 
assumed as (12) 
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where 𝜆𝑚 = 𝑚𝜋 /𝐿. As described in Ref. (12), 𝐴𝑚𝑛, 𝐵𝑚𝑛 and 𝐶𝑚𝑛 are Fourier coefficients of the 
Fourier series expansions for the shell displacements (12). 𝑝𝑛𝑢(𝜕), 𝑝𝑛𝑣(𝜕) and 𝑝𝑛𝜕(𝜕) are closed 
form functions used to deal with structural discontinuities and are described in detail in Ref. (13).  

The Fourier series expansion coefficients in equations (9) to (11) are determined as follows. The 
series expansions are truncated to 𝑚 = 𝑀 and 𝑛 = 𝑁. The total number of unknown Fourier 
expansion coefficients becomes 3(𝑀 + 1)(𝑁 + 1) + 8(𝑁 + 1) . The system equations can be 
assembled by substituting the general solutions given by equations (9) to (11) as well as equations (4) 
and (6) into the equations of motion given by equations (1) to (3) as well as the boundary conditions 
given by equations (7) and (8). The final system of equations is a homogenous system of linear 
equations. Further details on the assembly of the system of equations can be found in Ref. (12). 

2.4 Radiated Sound Power 
Once the cylindrical shell displacements have been obtained, the radial velocity of the cylindrical 

shell can be determined from equation (11) as follows 
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Using equations (4) and (12), the radiated sound power is obtained by  
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3. NUMERICAL APPROACH  
A numerical model using finite elements for the structure and boundary elements to represent the 

exterior fluid is developed to model the fluid-loaded cylindrical shell with elastically restrained 
boundary conditions. The coupling conditions at the fluid-structure interface correspond to (i) 
equilibrium of the acoustic pressure and the normal stress in the structure, and (ii) continuity of the 
velocities of the fluid particles and the structure in the normal direction on the wetted structural 
surface. This leads to the following global system of equations (14) 

�
K−𝜔2M −C𝑠𝑓
−𝑖𝜔GC𝑓𝑠 H � �

u
p� = �f𝑠

p𝑖
� (14) 

Matrices K and M are the stiffness and mass matrices of the structure, respectively, and are built using 
the finite element software package ANSYS. Matrices H and G are the boundary element method 
influence matrices obtained through collocation using the BEM software AKUSTA (15). p and u are 
vectors with the nodal values for pressure and displacement, respectively. The vectors f𝑠 and p𝑖 are 
the nodal structural forces and the nodal values of the incident pressure field, respectively. C𝑠𝑓 and 
C𝑓𝑠 are structural-acoustic coupling matrices (14). Once the acoustic pressure on the wetted structural 
surface and the structural displacement are known, the radiated sound power P is obtained by 

𝑃 =
1
2

Re�pT𝚯v𝑓∗� (15) 

where vf is the particle velocity and Θ is the BEM boundary mass matrix (16). 

4. RESULTS 
The cylindrical shell is 45m long, 6.5m in diameter and has a thickness of 40mm. The shell is made 

of steel with a density of 𝜌 = 7800kg/m3, Young’s modulus of E=210GPa and Poisson’s ratio of 
𝜇 = 0.3. The shell is submerged in either air or water. Air has a density of 𝜌𝑎 = 1.204kg/m3 and speed 
of sound 𝑐𝑎 = 340m/s. Water has a density of 𝜌𝜕 = 1000kg/m3 and speed of sound 𝑐𝜕 = 1500m/s. 
Two axial locations along the length of the cylinder for the external transverse point force are 
considered corresponding to 𝜕0 = 5m and 𝜕0 = 22.5m. The boundary conditions for the cylindrical 
shell used in this work are simply supported, corresponding to 𝑘1 = 𝑘4 = 𝑘5 = 𝑘8 = 0 and 𝑘2 = 𝑘3 =
𝑘6 = 𝑘7 = ∞, where the infinite spring stiffness was achieved using a very large number.  

In this study the focus is on the low frequency range up to 50Hz, which corresponds to less than two 
acoustic waves along the length of the fluid-loaded cylinder. Results for the radiated sound power from 
the analytical approach, fully coupled numerical model and the hybrid analytical/numerical approach 
are compared. In the hybrid analytical/numerical method, the radiated sound power is calculated using 
the analytically obtained structural surface displacement as an input for the BEM software AKUSTA.. 

The radiated sound power of the cylindrical shell in air and in water for the two different point force 
excitation locations are presented in Figures 2 to 5. The peaks in the radiated sound power correspond 
to axial and circumferential modes of the cylindrical shell. When the transverse point force is located 
halfway along the length of the shell at 𝜕0 = 22.5m, there are less peaks visible. This is due to the fact 
that for simply supported boundary conditions, midway along the length corresponds to a nodal 
location for every even integer axial mode number 𝑚. As a result, in Figures 3 and 5 there are around 
half the number of peaks compared to Figures 2 and 4, respectively.  

In Figures 2-5, results for the radiated sound power from the three approaches are shown to match 
reasonably well. The radiated sound power predicted analytically and using the hybrid 
analytical/numerical approach is in perfect agreement. However, there are some discrepancies with the 
results obtained numerically using the fully coupled FEM/BEM approach. This discrepancy increases 
for the shell in water (Figures 4 and 5). Compared with the numerical results, the analytical model does 
not capture all of the resonant peaks. This error may be attributed to the truncation of the order of the 
circumferential modes used in the analytical model and will be investigated further. Since the radiated 
sound power obtained analytically and using the hybrid analytical/numerical approach are in perfect 
agreement, it is identified that discrepancies in the analytical results are attributed to errors in the 
prediction of the structural response and not the radiated sound power.  
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Figure 2 – Sound power from the cylindrical shell in air for a transverse point force at 𝜕0 = 5m  

 

 
Figure 3 – Sound power from the cylindrical shell in air for a transverse point force at 𝜕0 = 22.5m 
 

 
Figure 4 – Sound power from the cylindrical shell in water for a transverse point force at 𝜕0 = 5m 
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Figure 5 – Sound power from the cylindrical shell in water for a transverse point force at 𝜕0 = 22.5m 

 

 
Figure 6 – Sound power and modal contributions from grouped circumferential modes for the cylinder in 

air 
 

 
Figure 7 –Sound power and modal contributions from grouped and individual circumferential modes for 

the cylinder in water 
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Figures 6 and 7 present the total radiated sound power and modal contributions to the radiated 
sound power obtained analytically for the cylinder in air and in water, respectively, for a transverse 
point force located at 𝜕0 = 5m. Unlike using numerical methods, the individual circumferential 
modes n can be easily observed using the analytical approach. For the cylindrical shell in air (Figure 
6), the sound power from grouped n = 0 modes, grouped n = 1 modes, grouped n = 2 modes and 
grouped n = 3 modes are also shown. Both Figures 6 and 7 show that for the cylindrical shell under 
transverse point force excitation, the circumferential n = 0 axisymmetric breathing modes are hardly 
excited. For the frequency range considered, only the n ≤ 3 modes contribute to the overall sound 
power. When the cylindrical shell is submerged in water (Figure 7), the effect of the heavy fluid 
loading has both a mass and damping effect on the structural responses of the cylindrical shell, 
respectively leading to a decrease of the resonant frequencies and a reduction of the sound power 
amplitude. Furthermore, the majority of the resonant peaks in Figure 7 correspond to successive 
circumferential n = 1 bending modes of the cylindrical shell. In this figure, the grouped n = 1 modes 
as well as the individual axial modes for the n = 1 modes are also presented. The physical insight 
into the individual modal contributions to the total radiated sound power can allow for more efficient 
application of noise and vibration control treatments. 

5. SUMMARY 
The radiated sound power for a fluid-loaded cylindrical shell with simply supported boundary 

conditions from analytical, hybrid analytical/numerical and fully coupled numerical approaches are 
presented and compared. The analytical approach was solved by the method of modal superposition 
using Fourier series with auxiliary functions. The numerical approach consisted of a fully coupled 
finite element/boundary element model. Comparing results for both techniques with those from a 
hybrid analytical/numerical approach showed that the radiated sound power calculated using either 
technique gives the same result. However, the results for the cylinder structural responses obtained 
analytically and numerically slightly differed. An advantage in using the analytical approach is that the 
individual contributions from cylindrical shell axial and circumferential modes can be easily observed.  
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