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ABSTRACT 

An implementation of the acoustic multiple scattering between bubbles in a bubble cloud to model the cloud re-
sponse to an active sonar signal is described. The bubble cloud is modelled as an aggregation of identical omni-
directional point scatterers. The acoustic scattering strength of the scatterers is calculated from the physical 
properties of bubbles. The dependence of the multiple scattering effect on air volume fraction, sonar frequency, 
and the bubble size is investigated. 

1 INTRODUCTION 

Modern simulations of sonar performance in military applications require higher fidelity models of sonar echoes 
from underwater objects. Various bubbly wakes play an important part in these simulations. Examples include 
surface ship wakes, exhaust gas bubbles behind a torpedo, the bubble cloud created by an underwater explo-
sion. All of them can be described as bubble clouds of certain shape with a certain size and spatial distribution 
of bubbles. All these parameters define how a signal from an active sonar will be scattered by a bubble cloud. 
Previously, a high-fidelity model of scattering of an acoustic wave from a bubble cloud has been developed in a 
single-scattering approximation (Kouzoubov 2017). One of the main characteristics of the wakes is the air vol-
ume fraction, or bubble density. It can be very high at the initial stages of the wakes, gradually falling to very low 
values as the wake develops. When the bubble density is high, the scattering of acoustic wave between the 
bubbles, in other words multiple scattering, can contribute to the overall backscattered sonar signal from a bub-
bly wake. In this paper we investigate how multiple scattering of acoustic wave in bubble clouds affects the re-
turn signal, and in what degree it depends on the air volume fraction. 

2 MODEL DESCRIPTION 
The simulation of multiple scattering effect presented in this paper is based on the approach described in sever-
al papers (Hahn 2007, Mookerjee and Dowling 2015, 2017), which are, in their turn, based on an early paper of 
Foldy (Foldy 1945). For completeness, we reproduce here the main assumptions and equations of this ap-
proach to multiple scattering. Unlike previous work (Kouzoubov 2017), we do not consider scattering of a sonar 
pulse of finite length but rather scattering of a continuous plane wave. We consider an ensemble of 𝑁 scatterers 

at positions 𝑟𝑖. The simulation is simplified by the assumption that the scatterers are identical and omnidirection-

al. The total pressure field at a point of observation 𝑟 can be written as the sum of an incoming field 𝑝0(𝑟) and a 
scattered field 𝑝𝑠(𝑟) 

𝑝(𝑟) = 𝑝0(𝑟) + 𝑝𝑠(𝑟) = 𝑝0(𝑟) + ∑ 𝑓𝑠𝑝𝑖𝑁
𝑖=1 (𝑟𝑖)𝐺(𝑘; 𝑟 − 𝑟𝑖) (1) 

In the above equation 𝑝𝑖(𝑟𝑖) is the field incident on 𝑖th scatterer, 𝑓𝑠 is the complex scattering coefficient, 𝐺 is the 
Green’s function 

𝐺(𝑘; 𝑟𝑖 − 𝑟𝑗) =
𝑒

𝑖𝑘|𝑟⃗⃗⃗𝑖−𝑟⃗⃗⃗𝑗|

|𝑟𝑖−𝑟𝑗|
 (2) 

The field incident on the 𝑖th scatterer is the sum of the incoming field 𝑝0(𝑟) at the position 𝑟 = 𝑟𝑖 and the scat-
tered field generated by all other scatterers propagated to the position 𝑟𝑖: 

𝑝𝑖(𝑟𝑖) = 𝑝0(𝑟𝑖) + ∑ 𝑓𝑠𝑝𝑗(𝑟𝑗)𝐺(𝑘; 𝑟𝑖 − 𝑟𝑗)𝑁
𝑗=1
𝑗≠𝑖

 (3) 
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The equations (1) and (3) form a set of 𝑁 linear equations. The solution of these equations for the scattered field 
can be written in 𝑁 × 𝑁-matrix form: 

𝑝𝑠(𝑟) = 𝑓𝑠[(𝟏 − 𝑓𝑠𝑮𝑘)−1𝒑0]𝑇 ∙ 𝑮𝑘(𝑟), (4) 

with the matrix 𝑮𝑘 defined as 

𝑮𝑖,𝑗
𝑘 = {

𝐺(𝑘; 𝑟𝑖 − 𝑟𝑗),   𝑖 ≠ 𝑗  

0,              𝑖 = 𝑗,
 (5) 

with the vectors 𝒑0𝑖 and 𝑮𝑘(𝑟) defined as 

𝒑0𝑖 = 𝑝0(𝑟𝑖), (6) 

𝑮𝑘(𝑟) = 𝐺(𝑘; 𝑟𝑖 − 𝑟). (7) 

The above solution was implemented in MATLAB. It is obvious that the time to solve the multiple scattering 
equations depends on the number of scatterers. Figure 1 shows the results of a numerical test for estimating the 
time required to solve the equation. For each number of scatterers, 1000 random realizations of their positions 
were generated and the solution was timed at every realization. The mean values of the solution time are shown 
in the figure. The error bars indicate the standard deviation of the solution time distribution. The results present-
ed in the figure were obtained on a 64-bit computer with a single Intel® Xeon® CPU E5-2667 v3 @ 3.20 GHz. 
The computer RAM was 64 GB, but only about 3 GB were used by the code at the maximum number of scatter-
ers of 3000. The plot shows that the solution time is reasonable at the relatively large number of scatterers. 

 

Figure 1. Average time of MATLAB implementation of solution of equation (4). Averaged over 1000 random 

realizations of scatterers’ positions. 

To verify our implementation we reproduce results published in (Mookerjee and Dowling 2017) on the so-called 
Coherent Backscatter Enhancement (CBE). CBE occurs when an aggregation of many individual scatterers is 
insonified by an incident acoustic plane wave. It reveals itself in the form of a peak in the angular distribution of 
backscattered intensity in the direction opposite to the propagation direction of the incident wave (Mookerjee 
and Dowling 2017). It depends on many parameters, such as shape of the aggregation, its size, the acoustic 
strength and density of individual scatterers in the aggregation. The paper (Mookerjee and Dowling 2017) pro-
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vides details of CBE dependence on various parameters. Here we reproduce only a specific case of backscat-
tering from a spherical cluster of point scatterers, which is illustrated in Figure 2. It is described by three non-

dimensional parameters: 𝑘𝑎, 𝑘𝑠, and 𝑘𝜎𝑠
1 2⁄

, where 𝑘 = 2𝜋𝑓 𝑐⁄  is the acoustic wave number with 𝑓 being the 

acoustic wave frequency and 𝑐 the speed of sound, 𝑎 is the aggregation radius, 𝑠 is the average spacing be-

tween scatterers, and 𝜎𝑠 is a scatterer’s cross section. In this example we used the following values of the pa-

rameters: 𝑘𝑎 = 16 and 25, 𝑘𝑠 = 3.2, and 𝑘𝜎𝑠
1/2

= 1.5, which correspond to some cases considered in 

(Mookerjee and Dowling 2017). 

The wave-number-scaled scattering coefficient, 𝑘𝑓𝑠, can be calculated in the elastic scattering approximation as 
(Mookerjee and Dowling 2015): 

𝑘𝑓𝑠 = 𝑘√𝜎𝑠 [(
1

4𝜋
− (

𝑘√𝜎𝑠

4𝜋
)

2

)

1 2⁄

− 𝑖
𝑘√𝜎𝑠

4𝜋
] (8) 

More accurately, in the specific case of bubbles the scattering coefficient can be calculated from the following 
expression (Medwin and Clay 1998): 

𝑓𝑠 =
𝑅𝑏

[(
𝑓𝑅
𝑓

)
2

−1]−𝑖𝛿

, (9) 

where the total damping constant 

𝛿 = 𝛿𝑟 + 𝛿𝑡 + 𝛿𝜈 (10) 

is the sum of the reradiation term 𝛿𝑟 = 𝑘𝑅𝑏, the thermal damping term 𝛿𝑡 = (𝑑 𝑏⁄ )(𝑓𝑅 𝑓⁄ )2, and the viscous 

damping term 𝛿𝜈 = 4𝜇 (2𝜋𝑓𝜌𝐴𝑅𝑏
2)⁄ , where 𝜇 is the dynamic viscosity of the ambient fluid, 𝜌𝐴 is its density. The 

resonance frequency of the bubble, 𝑓𝑅, is calculated according to the following equation (Medwin and Clay 
1998): 

𝑓𝑅 =
1

2𝜋𝑅𝑏
√

3𝛾𝑏𝛽𝑝𝐴

𝜌𝐴
 (11) 

In the above equation the parameters 𝑏 and 𝛽 are defined as (Medwin and Clay 1998): 

𝛽 = 1 +
2𝜎

𝑝𝐴𝑎
(1 −

1

3𝛾𝑏
), (12) 

𝑏−1 = [1 + (
𝑑

𝑏
)

2

] [1 + (
3𝛾−3

𝑋
) (

𝑠𝑖𝑛ℎ 𝑋−𝑠𝑖𝑛 𝑋

𝑐𝑜𝑠ℎ 𝑋−𝑐𝑜𝑠 𝑋
)], (13) 

𝑑

𝑏
= 3(𝛾 − 1) [

𝑋(𝑠𝑖𝑛ℎ 𝑋+𝑠𝑖𝑛 𝑋)−2(𝑐𝑜𝑠ℎ 𝑋−𝑐𝑜𝑠 𝑋)

𝑋2(𝑐𝑜𝑠ℎ 𝑋−𝑐𝑜𝑠 𝑋)+3(𝛾−1)𝑋(𝑠𝑖𝑛ℎ 𝑋−𝑠𝑖𝑛 𝑋)
], (14) 

𝑋 = 𝑎 (
2𝜔𝜌𝑔𝐶𝑝𝑔

𝐾𝑔
)

1 2⁄

. (15) 

The scattering cross-section of an individual bubble is given by the following equation (Medwin and Clay 1998): 

𝜎𝑠 =
4𝜋𝑅𝑏

2

[(
𝑓𝑅
𝑓

)
2

−1]

2

+𝛿2

 (16) 

While generating a spherical aggregation of randomly placed scatterers (Figure 2), it was made certain that the 
minimum distance between individual scatterers satisfied the following condition: 𝑘𝑠𝑚𝑖𝑛 > 1.6. The minimum 
spacing prevents numerical singularity problems arising from the form of Green’s function (2). This certainly ex-
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cludes very high air volume fractions from consideration. It should be noted here that, in the case of very dense 
clouds, the form of equations (1) and (2) may not be valid anyway. The results for normalized mean square 
pressure 〈|𝑝𝑠(𝜙)|2〉/〈|𝑝𝑠(0)|2〉 versus scattering angle 𝜙 in degrees are presented in Figure 3. The averaging 
was performed over 10000 random realizations of spherical aggregation for 𝑘𝑎 = 16 and 7000 realizations for 

𝑘𝑎 = 25. To ensure the far-field conditions, the distance from the source and receiver to the center of the ag-

glomerate of scatterers was chosen as 𝑅𝑟𝑡 ≈ 70𝑘𝑎2. One can see a characteristic CBE peak, similar to that 
shown in FIG 2 of (Mookerjee and Dowling 2017). This verifies our implementation of the multiple scattering so-
lution from an aggregation of point scatterers of the same acoustic strength. 

 

Figure 2. Example of spherical aggregation of individual scatterers. In this example, 𝑣𝑓 = 10−3, 𝑘𝑅𝑏 = 0.4, 𝑓 =

100 𝑘𝐻𝑧.  

 
Figure 3. Normalized mean square pressure 〈|𝑝𝑠(𝜙)|2〉/〈|𝑝𝑠(0)|2〉 versus scattering angle 𝜙 in degrees. 

3 RESULTS AND DISCUSSION 
Using the implemented model of multiple scattering from an aggregation of monodisperse individual scatterers, 
we now investigate how the multiple scattering effects depend on the volume fraction of gas bubbles in a cloud. 
We use for this purpose two types of aggregations of point scatterers: spherical (Figure 2) and an element of a 
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sonar conical beam (Figure 6). Although we do not simulate a bubble cloud response to a finite sonar pulse, we 
can consider the response by a volume of the cloud insonified by such a pulse to a plane continues wave. 

Consider 𝑁 bubbles in a spherical bubble cloud (Figure 2). The bubbles are assumed to be of the same volume 

𝑉𝑏 =
4

3
𝜋𝑅𝑏

3, where 𝑅𝑏 is the bubble radius. The air volume fraction in a spherical bubble cloud is 

𝑣𝑓 =
𝑁𝑉𝑏

𝑉𝑏𝑐
, (17) 

where 𝑉𝑏𝑐 =
4

3
𝜋𝑅𝑏𝑐

3  is the volume of the spherical bubble cloud with radius 𝑅𝑏𝑐. The average distance between 

bubble centres can be estimated as 

𝑠 = (
𝑉𝑏𝑐

𝑁
)

1

3
 (18) 

Substituting 𝑉𝑏𝑐 from (17) and multiplying both sides of equation (18) by the wave number 𝑘, we will get the fol-
lowing relation between non-dimensional parameters: 

𝑘𝑠 = 𝑘𝑅𝑏 (
4𝜋

3𝑣𝑓
)

1

3
 (19) 

In the following calculations we assume that the number of bubbles, 𝑁, in the spherical cloud is the same for 
different bubble sizes. From this, the non-dimensional radius of the cloud is 

𝑘𝑅𝑏𝑐 = 𝑘𝑠 (
3𝑁

4𝜋
)

1

3
= 𝑘𝑅𝑏 (

𝑁

𝑣𝑓
)

1

3
 (20) 

In the following calculations we set 𝑁 = 2000. The non-dimensional bubble radius, 𝑘𝑅𝑏, was varied in the 

interval from 0.4 to 2 with a step of 0.2. The air volume fraction values were 10−4, 10−3, 2 ∙ 10−3, 3 ∙ 10−3, and 

4 ∙ 10−3. This provided the minimum value of non-dimensional average distance between bubble 𝑘𝑠 ≈ 4, which 
simplified the generation of a random realization of bubbles with the condition 𝑘𝑠 ≥ 1.6. As in the previous 

section, to ensure the far-field conditions the distance to source and receiver was chosen as 𝑅𝑟𝑡 ≈ 70𝑘𝑅𝑏𝑐
2 . The 

scattering strength of individual bubbles at chosen parameters is shown in Figure 4. In this figure, the black 
curve is the scattering strength in the wide range of non-dimensional bubble sizes, the magenta circles 
represent the scattering strength at the specified values of the non-dimensional bubble size. It can be seen that 
the chosen values are well above the resonant bubble size.  
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Figure 4. Non-dimensional scattering strength of individual bubbles: black curve – in the wide range of the non-

dimensional bubble sizes, magenta circles – at the specified values of the non-dimensional bubble size. 

For given values of non-dimensional bubble size 𝑘𝑅𝑏 and bubble volume fraction 𝑣𝑓 we generate 𝑁𝑘 random 

realizations of a spherical agglomerate of individual scatterers. For each realization we calculate the multiple 

scattering pressure, 𝑝𝑚𝑠, and the single scattering pressure, 𝑝𝑠𝑠. Figure 5 shows the ratio 〈|𝑝𝑚𝑠|2〉 〈|𝑝𝑠𝑠|2〉⁄ , 
where angle brackets define averaging over 𝑁𝑘 random realizations. In these simulations, 𝑁𝑘 = 5000. One can 

see from the figure that the ratio is increasing with decreasing scaled bubble size, 𝑘𝑅𝑏, and increasing volume 
fraction, 𝑣𝑓.  

 
Figure 5. Ratio of multiple scattered intensity to the single scattered intensity for the case of spherical aggrega-

tion of monodisperse bubbles for various air volume fractions. 

Apparently there are two competing factors influencing the magnitude of the multiple scattering effect: the scat-

tering strength of individual bubbles, 𝑘𝜎𝑠
1 2⁄

, and the average distance between them, 𝑘𝑠. Obviously, from equa-
tion (2), the less distance between the bubbles, the higher scattered pressure from a bubble reaching other 
bubbles. This results in an increase of total scattered pressure from an agglomerate of scatterers. As we see 
from equation (19), a decrease of the bubble size and an increase of the volume fraction leads to a decrease of 
the average distance between the bubbles. On the other hand, from Figure 4 we see that a decrease of bubble 
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size also results in a decrease of the scattering strength of an individual bubble. Apparently, this influences the 
effect of multiple scattering to a lesser degree than the average distance between the bubbles. 

Another shape of agglomerate of scatterers that we consider here is an ensemble of scatterers in a volume in-
sonified by a sonar pulse (Figure 6). Such a volume element was considered in previous work (Kouzoubov 
2017) for the case of single scattering. Assuming a conical beam with the beam angle 𝛾, the insonified volume 

at the distance 𝑟 from the sonar can be calculated according to the following equation: 

𝑉 =
1

3
𝜋 tan2 (

𝛾

2
) {(𝑟 +

1

4
𝑐𝜏)

3

− (𝑟 −
1

4
𝑐𝜏)

3

}, (21) 

where 𝜏 is the pulse length and 𝑐 is the speed of sound in water. Here we consider the same values of 𝑘𝑅𝑏 and 
𝑣𝑓 as in the case of the spherical agglomerate of bubbles. Again, the number of scatterers was assumed to be 

the same for all combinations of the above parameters, 𝑁 = 2000, and the geometrical parameters of the in-

sonified volumes are calculated from the values of 𝑘𝑅𝑏, 𝑣𝑓, and 𝑁. The average distance between the bubbles is 

defined by the same equation (19). Using the approximate form of equation (21): 

𝑉 =
𝜋

2
𝑐𝜏 (

𝑟𝛾

2
)

2

, (22) 

and defining the characteristic size of the insonified volume as the radius of the beam in the middle section of 
the volume: 

𝑅𝑏𝑐 =
𝑟𝛾

2
, (23) 

we will find that 

𝑘𝑅𝑏𝑐 = (
2(𝑘𝑠)3𝑁

𝜋𝑘𝑐𝜏
)

1 2⁄

. (24) 

 

Figure 6. Insonified beam element illustration. In this example, 𝑣𝑓 = 10−3, 𝑘𝑅𝑏 = 0.4, 𝑓 = 100 𝑘𝐻𝑧.  

As in the case of a spherical cluster, we generate 𝑁𝑘 random realizations of bubble positions within the insoni-

fied volume for given values of the non-dimensional bubble size, 𝑘𝑅𝑏, and the air volume fraction, 𝑣𝑓. For each 

realization we calculate the multiple scattering pressure, 𝑝𝑚𝑠, and single scattering pressure, 𝑝𝑠𝑠. Figure 7 

shows the ratio 〈|𝑝𝑚𝑠|2〉 〈|𝑝𝑠𝑠|2〉⁄ , where angle brackets define averaging over 𝑁𝑘 random realizations. In these 
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simulations, 𝑁𝑘 = 5000. We can see that the results are even quantitatively similar to those for the spherical 
cloud of bubbles (Figure 5), which confirms that solutions for both shapes of volumes were obtained in the far-
field. 

 
Figure 7. Ratio of multiple scattered intensity to the single scattered intensity for the case of a beam element 

filled with monodisperse bubbles for various air volume fractions. 

4 CONCLUSION 
A mathematical technique for calculating acoustic backscattering from a bubble cloud of identical bubbles has 
been implemented in Matlab. The technique takes into account multiple scattering between bubbles, which al-
lowed us to investigate the dependence of multiple scattering effects on the gas volume fraction in a bubble 

cloud. It was found that the multiple scattering takes significant effect for the volume fraction higher than 10−3. In 
practical cases of surface ship wakes the volume fraction is usually lower especially in the far wake region 
(Stanic et al. 2009), which is of most interest for the considered type of applications.  
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