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ABSTRACT 

Acoustic sensors can be used to localize moving sound sources. The trajectory of a sound source moving in air 
or under water at constant velocity along a horizontal linear path is fully specified by a set of five motion pa-
rameters. The first part of this paper describes a motion parameter estimation method for a broadband source in 
transit using inter-sensor multipath delay measurements from a pair of acoustic sensors located in the same 
medium (air or water) as the source. The performances of the method in the air and underwater domains are 
evaluated using real data recorded, respectively, from a ground-based microphone array in a field experiment 
for ten different transits of a jet aircraft, and from a bottom-mounted hydrophone array in a shallow water exper-
iment for four different transits of a small vessel and a single transit of a rigid-hulled inflatable boat. The second 
part of this paper describes a motion parameter estimation method for a transiting broadband airborne source 
that contains a narrowband component using both instantaneous frequency and time delay measurements from 
a pair of underwater acoustic sensors. The performance of the method is evaluated using real data recorded 
from a towed hydrophone array in a deep water experiment for four different transits of a turbo-prop aircraft.  

1 INTRODUCTION 
Acoustic sensors can be used to localize moving sound sources (Sedunov, Sutin, Salloum, and Sedunov 2015, 
Lo and Ferguson 2012). The trajectory of a sound source moving in air or under water at constant velocity along 
a horizontal linear path is fully specified by a set of five motion parameters: velocity, altitude or depth, time of 
closest point of approach (CPA) to a sensor, horizontal range at CPA, and azimuth angle at CPA (Lo and Fer-
guson 2001). Therefore, the localization or tracking problem is reduced to a source motion parameter estimation 
problem. A single ground-based acoustic sensor (microphone) is only able to estimate some of the motion pa-
rameters of an airborne source including its speed, CPA time, and CPA slant range or altitude (Ferguson and 
Quinn 1994, Lo, Ferguson, Gao, and Maguer 2003). To estimate the entire set of the source motion parameters 
requires an array of sensors. Traditionally a wide-aperture acoustic array is used. For narrowband sources, in-
stantaneous frequency (IF) measurements from the array are processed (Lo and Ferguson 2001), while for 
broadband sources, time delay (TD) measurements from the array are processed (Ferguson and Lo 2000). Re-
cently, two techniques have been proposed to improve the precision of the source motion parameter estimates 
for a small aperture array (Lo 2013, Lo 2016). The first technique, which is applicable to broadband sources, 
utilizes inter-sensor multipath delay (MD) measurements from the array (Lo 2013). Using this technique, it was 
shown that a three-element array with a 0.9-m inter-sensor spacing is able to provide precise estimates of all 
five motion parameters of a broadband airborne source in transit (Lo 2013). The second technique, which is ap-
plicable to broadband sources that contain a narrowband component, utilizes both IF and TD measurements 
(instead of only TD measurements) from a three-element planar array (Lo 2016). It was shown that the tech-
nique greatly improves the precision of the source velocity and altitude estimates for a three-element L-shaped 
array with a 0.9-m inter-sensor spacing (Lo 2016). This paper considers estimating the entire set of motion pa-
rameters of a moving sound source in transit using only a pair of acoustic sensors. It is assumed that the left-
right ambiguity can be resolved by some means or it is known a priori on which side (left or right) of the array 
the source’s CPA position is located. The first part of this paper describes the source motion parameter estima-
tion method using inter-sensor MD measurements from a pair of acoustic sensors located in the same medium 
as the source (first technique). Its performance is evaluated first in the air domain using real data recorded from 
a ground-based microphone array in a field experiment for ten different transits of a jet aircraft, and then in the 
underwater domain using real data recorded from a bottom-mounted hydrophone array in a shallow water ex-
periment for four different transits of a small vessel and a single transit of a rigid-hulled inflatable boat (RHIB). In 
the second part of the paper, the source motion parameter estimation method using both IF and TD measure-
ments from a pair of acoustic sensors located in the same medium as the source (second technique) is extend-
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ed to the case where the two sensors are located in a medium different from the source. The performance of the 
method is evaluated using real data recorded from a towed hydrophone array in a deep water experiment for 
four different transits of a turbo-prop aircraft. 
 

 
Figure 1: Geometric configuration for a pair of sensors and the linear trajectory of an acoustic source in transit. 

The sensors are located in the same medium as the source. 

2 MOTION PARAMETER ESTIMATION USING INTER-SENSOR MULTIPATH DELAY MEASUREMENTS  

2.1 Method (air domain) 
Figure 1 shows a pair of acoustic sensors located above the xy-plane (ground) and the linear trajectory of an 

airborne source as it transits past the sensor pair at constant velocity 𝑉 and constant altitude ℎ. The positions of 

sensor 1 (denoted as 𝑆1) and sensor 2 (denoted as 𝑆2) are given respectively by (0, 0, 𝑧1) and (𝑑, 0, 𝑧2). The 
source position at any time 𝜏 is given by 

     𝑥(𝜏) = 𝑑𝑐 cos 𝜃𝑐 + (𝜏 − 𝜏𝑐)𝑉 sin 𝜃𝑐 , 𝑦(𝜏) = 𝑑𝑐 sin 𝜃𝑐 − (𝜏 − 𝜏𝑐)𝑉 cos 𝜃𝑐 , 𝑧(𝜏) = ℎ, (1) 

where 𝜏𝑐 is the time of CPA to 𝑆1 (or the origin O), 𝑑𝑐 is the horizontal range at CPA, and 𝜃𝑐 is the azimuth angle 
at CPA (−𝜋 < 𝜃𝑐 ≤ 𝜋). The source velocity 𝑉 is either positive or negative, depending on whether the origin O is 

on the source’s right- or left-hand side as the source moves along its trajectory. Also, the source speed |𝑉| is 

assumed to be subsonic, i.e., |𝑉| < 𝑐𝑎, where 𝑐𝑎 is the (iso)speed of sound in air. The source trajectory is com-
pletely specified by the five motion parameters {𝑉, 𝜏𝑐 , ℎ, 𝑑𝑐 , 𝜃𝑐}. 

The source emits continuously a broadband acoustic signal, which arrives at each sensor via a direct path and a 
multipath (ground-reflected path). If the speed of the source is not much less than the speed of sound, the 
source will have moved to a very different position by the time its emitted signal arrives at any one of the two 
sensors, and this so-called “retardation effect” must be taken into account when formulating the source motion 
parameter estimation algorithm. The signal emitted by the source at time 𝜏 arrives at 𝑆𝑚 via the direct path at 

time 𝑡𝑚
𝑑 = 𝜏 + 𝑅𝑚

𝑑 (𝜏) 𝑐𝑎⁄ , where 𝑅𝑚
𝑑 (𝜏) is the length of the direct path from the source to 𝑆𝑚 at time 𝜏, for 𝑚 = 1,2. 

The same signal arrives at 𝑆𝑚 via the multipath at time 𝑡𝑚
𝑟 = 𝜏 + 𝑅𝑚

𝑟 (𝜏) 𝑐𝑎⁄ , where 𝑅𝑚
𝑟 (𝜏) is the length of the mul-

tipath from the source to 𝑆𝑚 at time 𝜏, for 𝑚 = 1,2. Let 𝐷21
𝑑𝑑(𝑡) denote the differential time of arrival (DTOA) be-

tween the direct path signal at 𝑆2 and the direct path signal at 𝑆1 at time 𝑡,  𝐷21
𝑟𝑑(𝑡) the DTOA between the multi-

path signal at 𝑆2 and the direct path signal at 𝑆1 at time 𝑡 , and 𝐷21
𝑑𝑟(𝑡) the DTOA between the direct path signal 

at 𝑆2 and the multipath signal at 𝑆1 at time 𝑡. By definition, at time 𝑡 = 𝑡1
𝑑, 

  𝐷21
𝛼𝛽(𝑡) ≜  𝑡2

𝛼 − 𝑡1
𝛽

= [𝑅2
𝛼(𝜏) − 𝑅1

𝛽
(𝜏)] 𝑐𝑎⁄ ,    for 𝛼𝛽 = 𝑑𝑑, 𝑟𝑑 and 𝑑𝑟. (2) 

The DTOA 𝐷21
𝑑𝑑(𝑡)  is referred to as TD, while 𝐷21

𝛼𝛽(𝑡) is referred to as inter-sensor MD for 𝛼 ≠ 𝛽. Each of these 

three DTOAs varies with time 𝑡 as the source position changes with time 𝜏. Time 𝑡 denotes signal receiving time 

at  𝑆1 (or sensor time), whereas 𝜏 denotes signal emission time (or source time). At any given time  𝑡, the DTOA 

between the direct path/multipath signal at 𝑆1 and the direct path/multipath signal at 𝑆2 can be estimated by first 
performing a short-time cross-correlation of the outputs of the two sensors and then finding the time lag corre-
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sponding to the appropriate peak of the cross-correlation function. In this case, the cross-correlation function is 

dominated by a strong peak [corresponding to 𝐷21
𝑑𝑑(𝑡) ] and two weaker peaks [corresponding to 𝐷21

𝑟𝑑(𝑡) and 

𝐷21
𝑑𝑟(𝑡)]. Using the sensor coordinates and (1), it can be shown that 

  𝑅𝑚
𝑑 (𝜏) = {𝑉2(𝜏 − 𝜏𝑐)2 + 𝑑𝑐

2 + (ℎ − 𝑧𝑚)2 − 2𝑥𝑚[𝑑𝑐 cos 𝜃𝑐 + (𝜏 − 𝜏𝑐)𝑉 sin 𝜃𝑐] + 𝑥𝑚
2 }1 2⁄ , (3)    

 𝑅𝑚
𝑟 (𝜏) = {𝑉2(𝜏 − 𝜏𝑐)2 + 𝑑𝑐

2 + (ℎ + 𝑧𝑚)2 − 2𝑥𝑚[𝑑𝑐 cos 𝜃𝑐 + (𝜏 − 𝜏𝑐)𝑉 sin 𝜃𝑐] + 𝑥𝑚
2 }1 2⁄ , (4) 

where 𝑥𝑚 is the x-coordinate of 𝑆𝑚, for 𝑚 = 1,2. Substituting the expression for 𝑅1
𝑑(𝜏) and 𝑡 = 𝑡1

𝑑 into 𝑡1
𝑑 = 𝜏 +

𝑅1
𝑑(𝜏) 𝑐𝑎⁄ , and then solving the resulting quadratic equation for 𝜏 gives  

  𝜏 = 𝜏𝑐 + 
𝑐𝑎

2(𝑡−𝜏𝑐)−[𝑅𝑐
2(𝑐𝑎

2−𝑉2)+𝑉2𝑐𝑎
2(𝑡−𝜏𝑐)2]

1 2⁄

(𝑐𝑎
2−𝑉2)

 , (5) 

where 𝑅𝑐 = [𝑑𝑐
2 + (ℎ − 𝑧1)2]1 2⁄  is the slant range of the source from 𝑆1 at CPA. Equations (2)‒(5) constitute a 

delay model (which predicts the variations with sensor time 𝑡 of the TD and inter-sensor MDs) for 𝑆1 and 𝑆2. De-

fine the source motion parameter vector 𝛌 = [𝑉, 𝜏𝑐 , ℎ, 𝑑𝑐 , 𝜃𝑐]𝑇, where the superscript T denote vector transpose. 

This delay model is a function of time 𝑡 and 𝛌, i.e., 𝐷21
𝛼𝛽(𝑡) ≡ 𝐷21

𝛼𝛽
(𝑡, 𝛌) for 𝛼𝛽 = 𝑑𝑑, 𝑟𝑑 and 𝑑𝑟. 

Let 𝐷̂21
𝛼𝛽(𝑡) be the estimate of  𝐷21

𝛼𝛽(𝑡). The nonlinear least-squares estimate (NLS) of 𝛌 is given by 

  𝛌̂ = arg min𝛌′ ∑ ∥ 𝐟(𝑡𝑛) − 𝐟(𝑡𝑛, 𝛌′) ∥2𝑁
𝑛=1 , (6) 

where 𝛌′ = [𝑉′, 𝜏𝑐
′ , ℎ′, 𝑑𝑐

′ , 𝜃𝑐
′]𝑻, 𝛌̂ = [𝑉̂, 𝜏̂𝑐 , ℎ̂, 𝑑̂𝑐 , 𝜃̂𝑐]𝑇, 𝐟(𝑡𝑛) = [ 𝐷̂21

𝑑𝑑(𝑡𝑛), 𝐷̂21
𝑟𝑑(𝑡𝑛), 𝐷̂21

𝑑𝑟(𝑡𝑛) ]𝑇 and 𝐟(𝑡𝑛, 𝛌′) =
[𝐷21

𝑑𝑑(𝑡𝑛, 𝛌′), 𝐷21
𝑟𝑑(𝑡𝑛, 𝛌′), 𝐷21

𝑑𝑟(𝑡𝑛, 𝛌′)]𝑇 are the observation and model vectors at time 𝑡𝑛 (1 ≤ 𝑛 ≤ 𝑁), respectively, 

and ∥⋅∥ denotes 𝑙2 norm of a vector. It is assumed that the observation time interval (𝑡1, 𝑡𝑁) is sufficiently long 
that it covers both inbound and outbound legs of the source transit. The minimization (6) is subject to the follow-
ing constraints: 

 [sgn(𝑉) − 1]𝑐 2⁄ < 𝑉′ < [sgn(𝑉) + 1]𝑐 2⁄ ,  𝜏̂𝑐
0 − ∆𝜏max < 𝜏𝑐

′ < 𝜏̂𝑐
0 − ∆𝜏max, 

  0 < ℎ′ < ℎmax,  0 < 𝑑𝑐
′ < 𝑑𝑐,max,  [sgn(𝜃𝑐) − 1]𝜋 2⁄ < 𝜃𝑐

′ < [sgn(𝜃𝑐) + 1]𝜋 2⁄ , (7) 

where 𝜏̂𝑐
0 is the initial estimate of 𝜏𝑐, ∆𝜏max is the maximum possible error in 𝜏̂𝑐

0, ℎmax and 𝑑𝑐,max are the maxi-

mum altitude and CPA horizontal range, respectively, and sgn(∙) denotes the sign of the quantity in brackets. In 
this paper, the left-right ambiguity is resolved by assuming a priori knowledge of sgn(𝜃𝑐). The sign of 𝑉 is deter-

mined using the TD measurements: when 𝜃𝑐 > 0, 𝑉 < 0 if 𝐷̂21
𝑑𝑑(𝑡𝑁) > 𝐷̂21

𝑑𝑑(𝑡1), and 𝑉 > 0 otherwise; whereas, 

when 𝜃𝑐 < 0, 𝑉 < 0 if 𝐷̂21
𝑑𝑑(𝑡𝑁) < 𝐷̂21

𝑑𝑑(𝑡1), and 𝑉 > 0 otherwise. The initial estimate 𝜏̂𝑐
0 is obtained by finding the 

time when the received signal energy at 𝑆1 attains its maximum.  

2.2 Experimental results (air domain) 

A 21-element planar microphone array was used in a field experiment (Lo 2013). All 21 sensors, labelled 𝑀1 to 

𝑀21, were located at a height of 0.55 m above a level ground (xy-plane) composed of compact soil. Fifteen of 
the sensors, 𝑀1 to 𝑀15, were uniformly spaced at 0.9 m on a straight line parallel to and directly over the x-axis. 
The output of each sensor was sampling at a frequency of 7111 Hz. Acoustic data were recorded for 10 transits 
of a jet aircraft travelling at a nominal speed of 154 m/s. The aircraft’s nominal altitudes were 305 m for transits 
1 and 2, 381 m for transits 3 and 4, 457 m for transits 5 and 6, 533 m for transits 7 and 8, and 610 m for transits 
9 and 10. The flight path of the aircraft during each transit was level with the ground and approximately parallel 
to the x-axis. The speed of sound in air was 340 m/s. Sensors 𝑀1 to 𝑀14 were used to form 13 sensor pairs, 
each consisting of two adjacent sensors. For a given sensor pair, data from each sensor were processed in 
overlapping blocks, each containing 2048 samples, with 50% overlap between two consecutive data blocks. 
Each data block of the first sensor was cross-correlated with the corresponding data block of the second sensor. 
The cross-correlation processing was implemented in the frequency domain using the fast Fourier transform, 
with a rectangular spectral window from 50 to 3555 Hz. For each sensor pair, the first three peaks of the cross-
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correlation function were refined using three-point quadratic interpolation, and the locations of the refined peaks 
provided the TD and inter-sensor MD estimates. In this way, a series of TD estimates and two series of inter-
sensor MD estimates were obtained for each sensor pair. Figure 2(a) shows the normalized cross-correlogram 
(an intensity plot showing the normalized cross-correlation function as a function of time) of the 13rd sensor pair 
for aircraft transit 10. In this example, {𝑆1, 𝑆2} = {𝑀14, 𝑀13}. Three time-lag tracks were observed, with the upper, 

middle, and lower tracks representing 𝐷̂21
𝑟𝑑(𝑡), 𝐷̂21

𝑑𝑑(𝑡), and 𝐷̂21
𝑑𝑟(𝑡), respectively. Figure 2(b) shows, as black cir-

cles, these three time series of estimates and, as red lines, the least-squares (LS) fit of the delay model to these 
estimates.  

 

Figure 2: (a) Normalized cross-correlogram of sensor pair {𝑀14, 𝑀13} for aircraft transit 10. (b) Corresponding 
times series of TD and inter-sensor MD estimates (black circles) and LS fit of delay model (red lines). 

 

Figure 3: Bias errors (circles) and 1 standard deviation (error bars) in the estimates of {𝑉, ℎ, 𝑑𝑐 , 𝜃𝑐} for the 10 
jet aircraft transits. Results are shown in black for using 2 sensors and in blue for using 3 sensors. 

𝐷̂21
𝑟𝑑 𝑡

𝐷̂21
𝑑𝑑 𝑡

𝐷̂21
𝑑𝑟 𝑡

(a)
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A different local xy-coordinate system was set up for each sensor pair such that the local x-coordinate of its first 
sensor was always zero. The source motion parameter estimation method was applied in turn to each of the 13 

sensor pairs. The minimization (6) was implemented in MATLAB using the global optimization solver Global-
Search in conjunction with the minimization algorithm fmincon. The initial estimates of |𝑉| and ℎ were assigned 
typical values of 75 m/s and 200 m, respectively, and the initial estimates of 𝑑𝑐 and 𝜃𝑐 were simply set to zero. 

Also, ∆𝜏max = 10 s, and ℎmax = 𝑑𝑐,max = 1 km in (7). The statistics of the 13 sets of motion parameter estimates 

{𝑉̂, 𝜏̂𝑐 , ℎ̂, 𝑑̂𝑐 , 𝜃̂𝑐}, one set per sensor pair, were compiled (after correcting the estimates of 𝜏𝑐 and 𝑑𝑐 from each 

sensor pair using the method described in a previous paper (Lo 2013) so that the corrected values all refer to 

the CPA to 𝑀19) for each aircraft transit. Figure 3 shows the bias errors and 1 standard deviation in the esti-
mates of {𝑉, ℎ, 𝑑𝑐 , 𝜃𝑐} for each of the 10 aircraft transits. The bias errors were computed by subtracting the nomi-

nal values from the mean values. The nominal values of 𝑑𝑐 (at CPA to 𝑀19) and 𝜃𝑐 were assumed to be 60 m 

and 90
o
, respectively, for each transit. Also included in Fig. 3 for comparison purposes are the results obtained 

with two sensor pairs formed by three consecutive microphones (Lo 2013), instead of a single sensor pair. As it 
is uncertain how close the nominal values are to the actual values, it is the precision (or variability), rather than 
the bias errors, of the motion parameter estimates that is of interest here. The average standard deviations in 
the estimates of {𝑉, 𝜏𝑐 , ℎ, 𝑑𝑐 , 𝜃𝑐} over all 10 transits are 4.3 m/s, 0.05 s, 12.3 m, 24.6 m, and 2.0

o
, respectively, 

when using two sensors, and 3.4 m/s, 0.04 s, 9.6 m, 18.0 m, and 1.3
o
, respectively, when using three sensors. 

Using an additional sensor provides slightly better results. 

2.3 Method (underwater domain) 
The method can be used to estimate the motion parameters of a broadband underwater (or surface) source us-
ing a pair of hydrophones located above the sea bottom. In this case, the xy-plane coincides with the sea bot-

tom, ℎ represents the height of the source above the sea bottom, and 𝑐𝑎 is replaced by 𝑐𝑤, the (iso)speed of 

sound in water. Also, as 𝑐𝑤 ≫ |𝑉|, the “retardation effect” can be ignored, i.e.,  𝑅1
𝛽

(𝜏) ≅  𝑅1
𝛽

(𝑡) and 𝑅2
𝛼(𝜏)  ≅

 𝑅2
𝛼(𝑡), for 𝛼𝛽 = 𝑑𝑑, 𝑟𝑑 and 𝑑𝑟. Therefore, (2) reduces to  

  𝐷21
𝛼𝛽(𝑡) = [𝑅2

𝛼(𝑡) − 𝑅1
𝛽

(𝑡)] 𝑐𝑤⁄ ,    for 𝛼𝛽 = 𝑑𝑑, 𝑟𝑑 and 𝑑𝑟. (8) 

There are a lot of multipaths in an underwater environment. The bottom-reflected path may not be used (be-
cause its associated inter-sensor MD tracks are unresolvable from the TD track in the correlogram). The correct 
multipath needs to be identified by some means before the motion parameter estimation method can be applied. 
For a surface source, the bottom-surface-reflected path is often used and therefore (4) is replaced by 

 𝑅𝑚
𝑟 (𝑡) = {𝑉2(𝑡 − 𝜏𝑐)2 + 𝑑𝑐

2 + (ℎ − 𝑧𝑚 + 2𝑤)2 − 2𝑥𝑚[𝑑𝑐 cos 𝜃𝑐 + (𝑡 − 𝜏𝑐)𝑉 sin 𝜃𝑐] + 𝑥𝑚
2 }1 2⁄ , (9) 

where 𝑤 is the water depth and 𝑧𝑚 is now the height of sensor m above the sea bottom. In this case, the cross-

correlation function for 𝑆1 and 𝑆2 is dominated by a strong positive peak [corresponding to 𝐷21
𝑑𝑑(𝑡) ] and two 

weaker negative peaks [corresponding to 𝐷21
𝑟𝑑(𝑡) and 𝐷21

𝑑𝑟(𝑡)].  

2.4 Experimental results (underwater domain) 
An eight-element linear hydrophone array was used in a shallow water experiment (Lo and Ferguson 2014a). 
The water depth is 21.5 m. The eight sensors, labelled 𝐻1 to 𝐻8, were located at a height of 1 m above the sea 
floor, with an inter-sensor spacing of 14 m. The output of each sensor was sampled at a frequency of 250 kHz. 
Acoustic data were recorded for four different transits of a small vessel (transits 1 to 4) travelling at a nominal 
speed of 4.6 m/s and a single transit of a RHIB (transit 5) travelling at a nominal speed of 10.8 m/s. The trajecto-
ry of the small vessel was approximately perpendicular to the array axis, while the trajectory of the RHIB is in-
clined at approximately 25

o
 to the array axis. The nominal values of 𝑑𝑐 (at CPA to 𝐻4) for transits 1 to 5 are 130, 

135, 89, 83, and 25 m, respectively. The speed of sound in water was 1520 m/s. Owing to data acquisition/time 
synchronization problems among some hydrophones, only four sensor pairs were formed: {𝑆1, 𝑆2} = {𝐻3, 𝐻4}, 
{𝐻5, 𝐻6}, {𝐻6, 𝐻7}, and {𝐻7, 𝐻8}. The data processing was similar to that for the microphones, except now that (1) 
each data block contained 65,536 samples, (2) the phase transform prefiltering technique was used to suppress 
ambiguous peaks which would otherwise have appeared in the cross-correlation function due to the strong har-
monic components of the source signal, and (3) the spectral window was from 50 to 1000 Hz. Figure 4 shows 
(a) the normalized cross-correlogram and (b) the time series of TD and inter-sensor MD estimates (denoted by 
black circles) for the second sensor pair {𝐻5, 𝐻6} for the fourth small vessel transit. Also shown in Fig. 4(b) is the 
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LS fit of the delay model (denoted by red lines) to the TD and inter-sensor MD estimates. Figure 5 shows the 
corresponding results for the RHIB transit. The source motion parameter estimation method was applied in turn 
to each of the four sensor pairs. The initial estimates of |𝑉| and 𝑑𝑐 were assigned typical values of 5 m/s and 50 

m, respectively, and the initial estimate 𝜃𝑐 was simply set to zero. The water depth 𝑤 was used as an initial es-

timate of ℎ. Also, ∆𝜏max = 10 s, ℎmax = 𝑤, and  𝑑𝑐,max = 500 m in (7). The statistics of the four sets of motion 

parameter estimates {𝑉̂, 𝜏̂𝑐 , ℎ̂, 𝑑̂𝑐 , 𝜃̂𝑐}, one set per sensor pair, were compiled (after correcting the estimates of 𝜏𝑐 

and 𝑑𝑐 from each sensor pair so that the corrected values all refer to CPA to 𝐻4) for each small vessel or RHIB 

transit. Figure 6 shows the bias errors and 1 standard deviation in the estimates of {𝑉, ℎ, 𝑑𝑐 , 𝜃𝑐} for each of the 
five transits. The average standard deviations in the estimates of {𝑉, 𝜏𝑐 , ℎ, 𝑑𝑐 , 𝜃𝑐} over all five transits are 0.09 
m/s, 0.34 s, 0.51 m, 1.82 m, and 0.85

o
, respectively.  

 

 

Figure 4: (a) Normalized cross-correlograms of sensor pair {𝐻5, 𝐻6} for vessel transit 4. (b) Corresponding time 
series of TD and inter-sensor MD estimates (black circles) and LS fit of delay model (red lines). 

 
Figure 5: (a) Normalized cross-correlograms of sensor pair {𝐻5, 𝐻6} for the RHIB transit. (b) Corresponding time 

series of TD and inter-sensor MD estimates (black circles) and LS fit of delay model (red lines). 

3 MOTION PARAMETER ESTIMATION USING IF AND TIME DELAY MEASUREMENTS 

3.1 Method (airborne source and underwater sensors) 
The propagation of sound from an airborne source to a pair of hydrophones under water is modelled by applying 
the geometric ray theory to the two isospeed media (air and sea) separated by the planar air-sea interface 
which coincides with the xy-plane. The positions of sensor 1 (𝑆1) and sensor 2 (𝑆2) are given respectively by 

(0, 0, −𝑑1) and (𝑑, 0, −𝑑2), where 𝑑1 and 𝑑2 are the respective depths of 𝑆1 and 𝑆2 below the sea surface. The 
position of the source at any time 𝜏 is given by (1), where ℎ is now the source altitude above the sea surface. 

Figure 7 shows the ray path from the source to 𝑆𝑚 for 𝑚 = 1,2. The signal emitted by the source at time 𝜏 ar-

rives at 𝑆𝑚 at a later time 𝑡 given by 

 𝑡 = 𝜏 + 𝑙𝑎𝑚(𝜏) 𝑐𝑎⁄ + 𝑙𝑤𝑚(𝜏) 𝑐𝑤⁄ , (10) 

(a) (b)

(a) (b)
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Figure 6: Bias errors (circles) and 1 standard deviation (error bars) in the estimates of {𝑉, ℎ, 𝑑𝑐 , 𝜃𝑐} for the four 
small vessel transits (transits 1 to 4) and the RHIB transit (transit 5). 

 

 
Figure 7: Ray path of sound emitted by a source in air at time 𝜏 arriving later at a sensor 𝑆𝑚 under water. 

 

where 𝑙𝑎𝑚(𝜏) and 𝑙𝑤𝑚(𝜏) are the lengths of the ray paths in the air and sea media, respectively. An explicit ex-
pression for the signal emission time 𝜏 in terms of the signal receiving time 𝑡 at sensor 𝑆𝑚 has been derived 
elsewhere (Lo and Ferguson 2014b): 

 𝜏 = 𝜏𝑐𝑚 + 
𝑐𝑤

2 (𝑡−𝜏̃𝑐𝑚)−[ℎ̃𝑚
2 (𝑐𝑤
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where 𝜏𝑐𝑚 is the time when the source is at CPA to 𝑆𝑚, 𝜏̃𝑐𝑚 = 𝜏𝑐𝑚 + (1 − 𝛾2)ℎ 𝑐𝑎⁄ , and ℎ̃𝑚 = 𝛾ℎ + 𝑙𝑤𝑚𝑐, with 
𝑙𝑤𝑚𝑐 = 𝑙𝑤𝑚(𝜏𝑐𝑚) and 𝛾 = 𝑐𝑎 𝑐𝑤⁄ . The source emits continuously a broadband acoustic signal with a narrowband 

tone of constant frequency 𝑓𝑜. It has been shown that the IF of the narrowband tone received by 𝑆𝑚 at time 𝑡 is 
given by (Lo and Ferguson 2014b) 

  𝑓𝑚(𝑡) = 𝑓𝑜 [1 +
𝑉2(𝜏−𝜏𝑐𝑚) sin 𝜙𝑤𝑚(𝜏)

𝑐𝑤𝑟𝑚(𝜏)
]

−1

, (12) 

where 𝜙𝑤𝑚(𝜏) is the angle of refraction (see Fig. 7), and 𝑟𝑚(𝜏) = [𝑑𝑐𝑚
2 + 𝑉2(𝜏 − 𝜏𝑐𝑚)2]1 2⁄  is the horizontal range 

of the source from 𝑆𝑚 at time 𝜏, with 𝑑𝑐𝑚 = 𝑟𝑚(𝜏𝑐𝑚). By definition, 𝜏𝑐1 =  𝜏𝑐 and 𝑑𝑐1 =  𝑑𝑐. It can be shown that 
(Lo and Ferguson 2014b) 

  𝑑𝑐2 = |𝑑𝑐 − 𝑑 cos 𝜃𝑐 |,      𝜏𝑐2 = 𝑑 sin 𝜃𝑐 𝑉 + 𝜏𝑐⁄ . (13) 

Equations (11)‒(13) constitute an IF model for the two sensors 𝑆1 and 𝑆2. This IF model is a function of time 𝑡, 

𝑓𝑜, and 𝛌, i.e., 𝑓𝑚(𝑡) ≡ 𝑓𝑚(𝑡, 𝑓𝑜, 𝛌) for 𝑚 = 1, 2. The methods to compute 𝑙𝑤𝑚𝑐 in (11) and sin 𝜙𝑤𝑚(𝜏) in (12) can 
be found in a previous paper (Lo and Ferguson 2014b). 

The signal receiving time 𝑡 at 𝑆1 is related to its emission time 𝜏 via (10) with 𝑚 = 1. Given 𝑡, 𝜏 can be computed 

using (11) with 𝑚 = 1. This value of 𝜏 can then be used in (10) with 𝑚 = 2 to calculate the receiving time of the 

same signal at 𝑆2. Subtracting the signal receiving time at 𝑆1 from that at 𝑆2 gives the DTOA (or TD) of the signal 

at the two sensors at time 𝑡: 

  𝐷21(𝑡) = [𝑙𝑎2(𝜏) − 𝑙𝑎1(𝜏)] 𝑐𝑎⁄ + [𝑙𝑤2(𝜏) − 𝑙𝑤1(𝜏)] 𝑐𝑤⁄ . (14) 

From Fig. 7, 𝑙𝑎𝑚(𝜏) = ℎ cos 𝜙𝑎𝑚(𝜏)⁄  and 𝑙𝑤𝑚(𝜏) = 𝑑𝑚 cos 𝜙𝑤𝑚(𝜏)⁄ . Both equations can be expressed in terms of 

sin 𝜙𝑤𝑚(𝜏) instead of cos 𝜙𝑎𝑚(𝜏) or cos 𝜙𝑤𝑚(𝜏) by using the identity cos 𝜃 = √1 − sin2𝜃 and Snell’s law: 
sin 𝜙𝑎𝑚(𝜏) 𝑐𝑎⁄ = sin 𝜙𝑤𝑚(𝜏) 𝑐𝑤⁄ . Therefore, 𝐷21(𝑡) is readily computed once sin 𝜙𝑤𝑚(𝜏) is calculated. Equations 

(11) and (14) constitute a TD model for the two sensors 𝑆1 and 𝑆2. This TD model is a function of time 𝑡 and 𝛌, 
i.e., 𝐷21(𝑡) ≡ 𝐷21(𝑡, 𝛌). 

The NLS estimates of {𝑓𝑜, 𝛌} are given by 

      {𝑓𝑜,  𝛌̂} = arg min𝑓𝑜,
′ 𝛌′  ∑ 𝜎𝑓𝑚

−2 ∑ |𝑓𝑚(𝑡𝑓𝑚 ,𝑛) − 𝑓𝑚(𝑡𝑓𝑚,𝑛, 𝑓𝑜, 𝛌′)|2𝑁𝑓𝑚
𝑛=1

2
𝑚=1 + 𝜎𝐷

−2 ∑ |𝐷̂21(𝑡𝐷,𝑛) − 𝐷21(𝑡𝐷,𝑛, 𝛌′)|2𝑁𝐷
𝑛=1 ,  (15) 

where  𝑓𝑚(𝑡𝑓𝑚 ,𝑛) is the IF measurement from 𝑆𝑚 at time 𝑡𝑓𝑚,𝑛, for 1 ≤ 𝑛 ≤ 𝑁𝑓𝑚
 and 𝑚 = 1, 2; 𝐷̂21(𝑡𝐷,𝑛) is the TD 

measurement from the sensor pair at time 𝑡𝐷,𝑛, for 1 ≤ 𝑛 ≤ 𝑁𝐷; 𝜎𝑓𝑚

2  is the error variance in the IF measurements 

from 𝑆𝑚 and 𝜎𝐷
2 is the error variance in the TD measurements from the sensor pair. The minimization (15) is 

subject to the set of constraints given in (7) and an additional constraint: 0 < 𝑓𝑜
′ < 𝑓𝑜,max. In this paper, the left-

right ambiguity is resolved by assuming a priori knowledge of sgn(𝜃𝑐). The initial estimate of 𝑑𝑐 is set to a small 

value, here 5 m. The methods to obtain the initial estimates of 𝑓𝑜, |𝑉|, 𝜏𝑐 , and ℎ can be found in a previous paper 

(Lo and Ferguson 2014b). Let |𝑉̂|0,  𝜏̂𝑐
0,  ℎ̂0, and 𝑑̂𝑐

0 denote the initial estimates of  |𝑉|, 𝜏𝑐 , ℎ, and 𝑑𝑐, respectively. 

To determine the sign of 𝑉 and obtain an initial estimate of 𝜃𝑐, the second summation term in (15) is evaluated 

at 𝛌′ = [|𝑉̂|0, 𝜏̂𝑐
0, ℎ̂0, 𝑑̂𝑐

0, 𝜃𝑐
′]𝑻 and [−|𝑉̂|0, 𝜏̂𝑐

0, ℎ̂0, 𝑑̂𝑐
0, 𝜃𝑐

′]𝑻 for a discrete set of values of 𝜃𝑐
′ ranging from its lower 

bound to its upper bound at increments of 9o. The set of values, either  {|𝑉̂|0, 𝜃̂𝑐
0} or {−|𝑉̂|0, 𝜃̂𝑐

0}, that result in the 
smallest value of the summation term provide the initial estimates of {𝑉, 𝜃𝑐}.  

Since 𝜎𝑓𝑚

2  and 𝜎𝐷
2 are unknown, a two-step procedure is proposed to compute their estimates, along with {𝑓𝑜, 𝛌̂}. 

(1) Assign a typical value of 1 Hz to 𝜎𝑓𝑚
 and a typical value of 1 ms to 𝜎𝐷, and compute {𝑓𝑜, 𝛌̂} using (15).  

(2) Estimate 𝜎𝑓𝑚

2  as the variance of the residues 𝑓𝑚(𝑡𝑓𝑚 ,𝑛) − 𝑓𝑚(𝑡𝑓𝑚,𝑛, 𝑓𝑜, 𝛌̂), 1 ≤ 𝑛 ≤ 𝑁𝑓𝑚
, and 𝜎𝐷

2 as the variance 

of the residues 𝐷̂21(𝑡𝐷,𝑛) − 𝐷21(𝑡𝐷,𝑛, 𝛌̂), 1 ≤ 𝑛 ≤ 𝑁𝐷. Then use these values of 𝜎𝑓𝑚

2  and 𝜎𝐷
2 in (15) to recompute 

{𝑓𝑜, 𝛌̂}. 
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3.2 Experimental results (airborne source and underwater sensors) 
A 24-element linear towed hydrophone array was used in a deep sea experiment (Ferguson and Lo 1999). The 
water depth was 4500 m. The 24 hydrophones, labelled 𝐻1 to 𝐻24, were uniformly spaced at 7.5 m and located 
18 m below the sea surface. The speeds of sound were 340 m/s in air and 1524 m/s in water (between the sea 
surface and the sensors). The output of each sensor was sampled at a frequency of 5333 Hz. Acoustic data 
were recorded for several transits of a turbo-prop aircraft. Four of these aircraft transits are considered in this 
paper. The flight path of the aircraft was approximately directly over and along the axis of the linear array for 
each transit. The aircraft’s nominal velocities and altitudes for transits 1 to 4 were (123 m/s, 151 m), (125 m/s, 
305 m), (122 m/s, 610 m), and (-119 m/s, 1843 m), respectively. The propeller blade rate of the aircraft (corre-
sponding to the source frequency 𝑓𝑜) was 68 Hz, independent of its velocity. The acoustic data had been pro-
cessed in previous work (Ferguson and Lo 1999) which resulted in a time series of IF estimates for each sensor 
and time series of TD estimates for several sensor pairs with various inter-sensor spacings, for each of the four 

aircraft transits. Four of these sensor pairs: {𝐻11,𝐻9}, {𝐻12,𝐻10}, {𝐻13,𝐻11}, and {𝐻14,𝐻12} have an inter-sensor 

spacing of 15 m. Figure 8 shows, as circles, (a) the two time series of IF estimates and (b) the time series of TD 
estimates for sensor pair {𝐻14,𝐻12} for aircraft transit 2. Also shown, as black lines, in Fig. 8 is the LS fit of the IF 

and TD models simultaneously to the IF and TD estimates. The source motion parameter estimation method 
was applied in turn to each of the four sensor pairs. It was assumed that the actual flight path was displaced (if 

any) to the left-hand side of the array axis, i.e., 0 ≤ 𝜃𝑐 ≤ 𝜋. Also, ∆𝜏max = 10 s, ℎmax = 5 km,  𝑑𝑐,max = 100 m, 

and 𝑓𝑜,max = 1 kHz. The results for all four sensor pairs were used to compute the statistics of the source pa-

rameter estimates. Figure 9 shows the bias errors and 1 standard deviation in the estimates of {𝑉, ℎ, 𝑑𝑐 , 𝜃𝑐} for 

each aircraft transit. The average standard deviations in the estimates of {𝑉, 𝜏𝑐 , ℎ, 𝑑𝑐 , 𝜃𝑐} over all four transits are 
3.3 m/s, 0.18 s, 58.4 m, 9.6 m, and 3.9

o
, respectively. The average root-mean-square error in the estimates of 

 𝑓𝑜 over all four transits is 0.17 Hz. 

4 CONCLUSIONS 
Two methods for estimating the entire set of motion parameters of a sound source in uniform horizontal linear 
motion using a pair of acoustic sensors have been described. The first method, which is applicable to airborne 
or underwater broadband sources, utilizes inter-sensor MD measurements from the sensor pair located in the 
same medium (air or water) as the source. The second method, which is applicable to airborne broadband 
sources with a narrowband component, utilizes both IF and TD measurements from the sensor pair located un-
der water. The total observation time interval for each of the two methods is required to be sufficiently long so 
that it covers both inbound and outbound legs of the source transit. Both methods have been tested using real 
data. The precision or variability of the source motion parameter estimates is satisfactory for both methods. Bias 
errors have been observed in the source motion parameter estimates, which are small in some cases and large 
in other cases. The observed bias errors are likely due to uncertainties in the nominal parameter values and the 
use of a simple, linear propagation model for sound in the source parameter estimation methods. Future re-
search includes reformulating the source motion parameter estimation methods using a more realistic sound 
propagation model and reassessing their performances. 
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Figure 8: Time series of (a) IF estimates (red and blue circles) and (b) TD estimates (blue circles) and simulta-
neous LS fit of IF and TD models (black lines) for sensor pair {𝐻14,𝐻12} for turboprop aircraft transit 2. 

 

Figure 9: Bias errors (circles) and 1 standard deviation (error bars) in the estimates of {𝑉, ℎ, 𝑑𝑐 , 𝜃𝑐} for the four 
turboprop aircraft transits. 

(a) (b)


