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ABSTRACT

In the present article, a modified nonlinear continuum model is presented for the large-amplitude vibration of
ultrasmall tubes taking into account the effect of a geometric imperfection. The higher-order size-dependent the-
oretical model is developed via help of a nonlocal strain gradient theory of elasticity in conjunction with the Euler—
Bernoulli beam theory. The presented scale-dependent model is able to better capture the effect of the size of
ultrasmall tubes on the vibration behaviour. According to the work/energy principle, size-dependent relations are
presented for the elastic energy and motion energy of the micro/nanoscale tube as well as the work performed by
external forces. Using these relations, the size-dependent differential equations of the described problem are then
derived. Lastly, the Galerkin decomposition scheme and the continuation-based scheme are employed to extract
the nonlinear vibration characteristics. It is found that geometric imperfections have an important influence on the
nonlinear forced vibration of ultrasmall tubes. For small geometric imperfections, the nonlinear vibration is of
hardening type whereas a combination of softening-type and hardening-type nonlinear responses is observed for
large imperfections.

1 INTRODUCTION

Nanoscale tubes have notably been utilized as the fundamental parts of many nanoelectromechanical devises
involving nanoresonators, mass nanosensors and nanoscale energy harvesters. To have a more reasonable de-
sign for fabricating these precious devices, it is important to improve the level of understanding of the forced
vibration of nanoscale tubes since excitation mechanical loads are often applied to them.

Ultrasmall beams and tubes such as carbon nanotubes and silver microscale wires which are broadly used in the
fabrication of small-scale electromechanical devices are rarely found in a geometrically perfect form. Performing
a precise manufacturing process at small scales is difficult and thus geometric imperfections are usually found in
ultrasmall beams and tubes. However, in many theoretical models and computational simulations, these imper-
fections have not been taken into consideration due the complexity of the equation of motion(Wang and Wang
2007, Arash and Wang 2012, Saadatnia and Esmailzadeh 2017, Gul and Aydogdu 2018, Zhang, Liew, and Hui
2018, Barretta et al. 2016).

In recent years, few research articles have been reported on the mechanical behaviour of geometrically imperfect
ultrasmall beams and tubes employing modified elasticity theories. A nonlocal continuum model was proposed by
Farshidianfar and Soltani (Farshidianfar and Soltani 2012) for investigating the dynamic response of fluid-convey-
ing nanoscale tubes in a geometrically imperfect form; a multi-scale perturbation approach was used in order to
obtain explicit expressions for the solution of governing equations. In another analysis, Wang et al. (Wang, Deng,
and Zhang 2013) utilised a classical nonlocal theory for examining the forced vibrational response of a single
imperfect carbon nanotube (CNT) with large deformations; a one-term Galerkin method and an integration ap-
proach were employed for the discretisation of derived partial differential equations and the solution of the ordinary
equation, respectively. Furthermore, the nonlinear buckling of geometrically imperfect beams at nanoscale levels
was also investigated by Mohammadi et al. (Mohammadi et al. 2014) on the basis of a nonlocal theory; for the
buckling analysis, the nanoscale beam was assumed to be embedded in an elastic foundation. In addition, Barati
and Zenkour (Barati and Zenkour 2017) studied the effect of a geometric imperfection on the large-amplitude
stability of metal foam nanobeams; the effects of structural porosities were also taken into consideration. The
influences of a small initial curvature on the mechanical response of CNTs (Arefi and Salimi 2015) and graphene
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sheets (Wang et al. 2013) have been also studied in the literature; it has been reported a small initial curvature
has an important influence on the mechanics of ultrasmall CNTs and monolayer graphene sheets.

In the above-mentioned papers, only one scale parameter is applied so as to describe the size influence on the
mechanical behaviour of geometrically imperfect ultrasmall structures. Lately, it has been reported that incorpo-
rating only one scale parameter is not enough for developing a precis size-dependent continuum model. Lim et
al. (Lim, Zhang, and Reddy 2015) introduced a novel modified elasticity theory which contains two different scale
parameters; both nonlocal and strain gradient influences are taken into consideration in a refined scale-dependent
elasticity theory called the nonlocal strain gradient theory. Recently, this theory has been utilised for analysing
different ultrasmall structures such as CNTs (Li, Hu, and Ling 2016, Farajpour et al. 2018), nanorods (Zhu and Li
2017) and graphene sheets (Ebrahimi and Barati 2017, Farajpour et al. 2016). Nonetheless, in these valuable
papers, the effect of geometric imperfection on the mechanical characteristics is not captured. In this analysis, a
two-parameter size-dependent model is proposed for the large-amplitude forced vibration of ultrasmall tubes with
a geometric imperfection. Incorporating both strain gradient and stress nonlocality, an accurate size-dependent
model is developed. Hamilton’s principle is then employed for deriving coupled motion equations. A solution pro-
cedure is presented via help of a continuation-based method as well as Galerkin’s scheme. The influences of the
geometrical imperfection, nonlocal and strain gradient parameters are studied.

2 NONLINEAR SIZE-DEPENDENT CONTINUUM MODELLING

In Fig. 1, a geometrically imperfect ultrasmall tube with length L is shown. It is assumed that the tube is clamped
at both ends. This type of boundary conditions is assumed since in practical applications, especially in nanoreso-
nators, carbon nanotubes are fixed at both ends. The internal and external radii of the ultrasmall tube are denoted
by Rj and R, respectively. Furthermore, in the present formulation, h denotes the tube thickness. A, E, p, v and

| are respectively the cross-sectional area, the Young modulus, the mass density, Poisson’s ratio and the inertia
moment.
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Figure 1: An ultrasmall tube with a geometric imperfection.

Let us use u, w and wo in order to indicate the axial, transverse and initial displacements of the imperfect ultrasmall
tube, respectively. Applying the nonlocal strain gradient theory, one can write as (Lim, Zhang, and Reddy 2015,
Lietal. 2017)
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Here tx, €0, a, V* and Isg stand for the total stress, the calibration coefficient, the internal characteristic length,
the Laplace operator and the strain gradient parameter, respectively (Zhang, Zhang, and Liew 2017, Mercan and
Civalek 2017). Employing molecular dynamic simulations, the applicability of the nonlocal strain gradient consti-
tutive equation to carbon nanotubes has recently been shown (Li, Hu, and Ling 2016). It should be noticed that
when the scale parameters are set to zero, the present model is reduced to that of the classical theory for mac-
roscale tubes. Using Eq. (1), the force stress resultant (Ny) and the moment stress resultant (Myx) are obtained
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The force and moment stress resultants are defined by
=[t,da, M, =zt dA.
4)
Let us use m to denote the mass per unit length of the ultrasmall tube. It is assumed that the tube is under a

_ F, cos(wt — . . .
harmonic force as ! ( ) along the transverse direction; F1 and @ are respectively the forcing amplitude
and frequency. Formulating the kinetic energy, potential energy and the external work, and then substituting the
resultant relations into the following work/energy principle
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the motion equations of nonlocal strain gradient ultrasmall tubes are obtained as
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Applying Egs. (2) and (3) as well as Egs. (6) and (7), one obtains the nonlinear equations for nonlocal strain
gradient ultrasmall tubes with a geometric imperfection. The equation of motion along the transverse direction is
as follows
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The following dimensionless parameter are now proposed in order to prepare the nonlinear motion equations for
a standard solution procedure
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Galerkin’s scheme is now applied for the discretisation of the motion equations; hence, the axial and transverse
displacements are expressed as

u(x,t)= ir, (), (x),

(10)
w(x,t)=> g0, (),
o (1)

Here N, denotes the number of generalised coordinates in the z axis while the number of generalised coordinates
in the x axis is denoted by N,. Moreover, r and q; are respectively the generalised coordinates in the x and z axes

whereas W, and @, indicate the shape functions in the x and z axes, respectively. In the present analysis, the

geometric imperfection is assumed as w, = A ®, (x) where Ao is the imperfection amplitude. Using Egs. (10) and

(112), implementing appropriate shape functions, and finally applying a continuation-based technique, the nonlin-
ear vibration characteristics of geometrically imperfect nonlocal strain gradient ultrasmall tubes are determined. It
should be noticed that eight base functions are chosen along each axis in the solution procedure.

3 NUMERICAL RESULTS

Numerical results are presented in this section for an ultrasmall tube of length L=100 nm, internal radius Ri=0.5
nm and external radius R,=0.84 nm. The tube elastic properties are set to E=1.0 TPa and v=0.19. In addition, the
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mass density, the slenderness ratio and the modal damping ratio (used in the numerical method) are taken as
p=2300 kg/m?3, [3=204.5935 and {=0.005, respectively.

Figure 2 shows the amplitude-frequency behaviour of geometrically imperfect nonlocal strain gradient ultrasmall
tubes for the transverse motion. The nonlocal coefficient is setto y,, =0.1 while the strain gradient coefficient is
X5, =0. A value of Ao=0.8 is chosen for the imperfection amplitude while the forcing amplitude is F1=0.1. The

nonlinear vibrational response of the ultrasmall tube is of hardening type. Moreover, two distinct saddle points are
observed for the imperfect ultrasmall system.
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Figure 2: Amplitude-frequency behaviour of imperfect ultrasmall tubes for the transverse motion; Ao=0.8.

Figure 3 depicts the amplitude-frequency behaviour of geometrically imperfect nonlocal strain gradient ultrasmall
tubes for a larger imperfection amplitude (Ao=1.5). The numerical results are plotted for the first generalised co-
ordinate in the transverse direction. The forcing amplitude, nonlocal and strain gradient coefficients are assumed
as F1=0.14, x»=0.0 and xs3=0.1, respectively. This time the nonlinear vibrational behaviour of the imperfect ul-
trasmall system is a combination of softening-type and hardening-type nonlinear responses. In addition, four sad-
dle points (i.e. Bi for i=1,2,3,4) are found in the nonlinear behaviour. It is found that the imperfection amplitude has
a critical role to play in the nonlinear vibrational behaviour of ultrasmall tubes.
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Figure 3: Amplitude-frequency behaviour of imperfect ultrasmall tubes for the transverse motion; Ao=1.5.

4 CONCLUSIONS

A modified scale-dependent nonlocal model was developed for the nonlinear vibrational response of ultrasmall
tubes capturing the influence of geometric imperfections. The nonlocal strain gradient theory of elasticity was
utilised in order to develop the modified model. Strain gradients and stress nonlocality at ultrasmall levels were
taken into account to obtain more reliable results. Hamilton’s principle as an approach for the equation derivation
was used. Furthermore, a combination of Galerkin’s approach and the continuation scheme was employed for the
equation solving step. It was observed that the geometric imperfection has a significant influence on the nonlinear
vibrational response of ultrasmall nonlocal strain gradient tubes. For small imperfection amplitudes, the nonlinear
vibrational response is of hardening type while a combination of softening-type and hardening-type nonlinear
responses is found for higher imperfection amplitudes.

REFERENCES

Arash, B, and Q Wang. 2012. "A review on the application of nonlocal elastic models in modeling of carbon
nanotubes and graphenes." Computational Materials Science 51 (1):303-313.

Arefi, A, and M Salimi. 2015. "Investigations on vibration and buckling of carbon nanotubes with small initial cur-
vature by nonlocal elasticity theory." Fullerenes, Nanotubes and Carbon Nanostructures 23 (2):105-112.

Barati, Mohammad Reza, and Ashraf M Zenkour. 2017. "Investigating post-buckling of geometrically imperfect
metal foam nanobeams with symmetric and asymmetric porosity distributions." Composite Structures 182:91-
98.

Barretta, Raffaele, Luciano Feo, Raimondo Luciano, Francesco Marotti de Sciarra, and Rosa Penna. 2016. "Func-
tionally graded Timoshenko nanobeams: a novel nonlocal gradient formulation." Composites Part B: Engi-
neering 100:208-219.

Ebrahimi, Farzad, and Mohammad Reza Barati. 2017. "Vibration analysis of nonlocal strain gradient embedded
single-layer graphene sheets under nonuniform in-plane loads." Journal of Vibration and Con-
trol:1077546317734083.

Farajpour, Mohammad Reza, Abbas Rastgoo, Ali Farajpour, and Moslem Mohammadi. 2016. "Vibration of piezo-
electric nanofilm-based electromechanical sensors via higher-order non-local strain gradient theory." Micro &
Nano Letters 11 (6):302-307.

Page 6 of 7 ACOUSTICS 2018



(ENHEAR
N
Proceedings of ACOUSTICS 2018

7-9 November 2018,

Adelaide, Australia

Farajpour, MR, AR Shahidi, F Tabataba’i-Nasab, and A Farajpour. 2018. "Vibration of initially stressed carbon
nanotubes under magneto-thermal environment for nanoparticle delivery via higher-order nonlocal strain gra-
dient theory." The European Physical Journal Plus 133 (6):219.

Farshidianfar, Anoshirvan, and PAYAM Soltani. 2012. "Nonlinear flow-induced vibration of a SWCNT with a geo-
metrical imperfection." Computational Materials Science 53 (1):105-116.

Gul, Ufuk, and Metin Aydogdu. 2018. "Noncoaxial vibration and buckling analysis of embedded double-walled
carbon nanotubes by using doublet mechanics." Composites Part B: Engineering 137:60-73.

Li, Li, Yujin Hu, and Ling Ling. 2016. "Wave propagation in viscoelastic single-walled carbon nanotubes with
surface effect under magnetic field based on nonlocal strain gradient theory." Physica E: Low-dimensional
Systems and Nanostructures 75:118-124.

Li, Xiaobai, Li Li, Yujin Hu, Zhe Ding, and Weiming Deng. 2017. "Bending, buckling and vibration of axially func-
tionally graded beams based on nonlocal strain gradient theory." Composite Structures 165:250-265.

Lim, CW, G Zhang, and JN Reddy. 2015. "A higher-order nonlocal elasticity and strain gradient theory and its
applications in wave propagation.” Journal of the Mechanics and Physics of Solids 78:298-313.

Mercan, Kadir, and Omer Civalek. 2017. "Buckling analysis of Silicon carbide nanotubes (SiICNTs) with surface
effect and nonlocal elasticity using the method of HDQ." Composites Part B: Engineering 114:34-45.

Mohammadi, Hossein, Mojtaba Mahzoon, Mohsen Mohammadi, and Mojtaba Mohammadi. 2014. "Postbuckling
instability of nonlinear nanobeam with geometric imperfection embedded in elastic foundation.”" Nonlinear
Dynamics 76 (4):2005-2016.

Saadatnia, Zia, and Ebrahim Esmailzadeh. 2017. "Nonlinear harmonic vibration analysis of fluid-conveying pie-
zoelectric-layered nanotubes." Composites Part B: Engineering 123:193-209.

Wang, Bo, Zi-chen Deng, and Kai Zhang. 2013. "Nonlinear vibration of embedded single-walled carbon nanotube
with geometrical imperfection under harmonic load based on nonlocal Timoshenko beam theory." Applied
Mathematics and Mechanics 34 (3):269-280.

Wang, CG, L Lan, YP Liu, HF Tan, and XD He. 2013. "Vibration characteristics of wrinkled single-layered gra-
phene sheets.” International Journal of Solids and Structures 50 (10):1812-1823.

Wang, Q, and CM Wang. 2007. "The constitutive relation and small scale parameter of nonlocal continuum me-
chanics for modelling carbon nanotubes.” Nanotechnology 18 (7):075702.

Zhang, LW, Yang Zhang, and KM Liew. 2017. "Vibration analysis of quadrilateral graphene sheets subjected to
an in-plane magnetic field based on nonlocal elasticity theory." Composites Part B: Engineering 118:96-103.

Zhang, Yang, KM Liew, and David Hui. 2018. "Characterizing nonlinear vibration behavior of bilayer graphene
thin films." Composites Part B: Engineering 145:197-205.

Zhu, Xiaowu, and Li Li. 2017. "Closed form solution for a nonlocal strain gradient rod in tension." International
Journal of Engineering Science 119:16-28.

ACOUSTICS 2018 Page 7 of 7



