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Coupling of Circumferential Modes in a Circular Plate

Jie Pan (1), Dave Matthews (1), and Jacob Ibrahim (1)
(1) The University of Western Australia, WA 6009, Australia

Abstract - Unlike the vibrational modes of a circular plate with a perfectly clamped boundary condition, the
characteristics of circular plates in practical scenarios are influenced by the clamping pressure at the boundary.
In this paper, we explore how the natural frequencies of degenerated non-axial symmetric modes are shifted and
split. These phenomena are explained by the coupling between circumferential modes, which is induced by non-
uniform boundary conditions.

1 INTRODUCTION

An understanding of the vibration characteristics of a circular plate is a basic requirement for studying the
structural vibration under static and dynamic fluid loading [1,2], as well as vibration-induced Faraday waves and
droplet generation via surface fracture [3,4]. Discrepancies are often observed between the measured frequency
response of circular plates clamped by heavy flanges and the predictions of thin plate theory with ideal clamped
boundary conditions [5]. Typical discrepancies are the decrease of natural frequencies from the predicted values
of the clamped plate and a splitting of the natural frequencies of the originally degenerated cosine and sine modes.
Since theoretical ‘clamped boundary' conditions are nearly impossible to replicate in laboratory settings, it is
necessary to understand the mechanisms involved in the changes in the plate characteristics caused by more
realistic boundary conditions and to develop an appropriate model for this understanding.

The change in the natural frequencies of the plate modes due to the imperfect clamping by the flanges may be
explained by considering the characteristics of a mass-spring oscillator supported by boundary stiffness (K, ) and

inertia (M) as shown in Figure 1. The natural frequency of the oscillator is related to the stiffness ratio r, = —2

Ky

M
and mass ratio T, =W2 by:

, (1)

1 [K
where f =-— |—L is the natural frequency of the oscillator with perfectly clamped boundary condition. This

7\ M,

result demonstrates that that if r, =0, f reduces from f, as r, reduces from infinity. If r, =oo, fn increases

n
from f, as r, reduces from infinity. It also indicates that the reduction of natural frequencies in the flanged circular
plate is caused by non-sufficient boundary stiffness and clamping pressure.

Flange

Figure 1 — lllustration model for the shift of natural frequency of an oscillator by its boundary conditions.
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The modal characteristics of a circular plate with non-uniform boundary stiffness are derived analytically in this
paper. An example of a non-uniform boundary condition is a flange clamped by bolts at discrete angular locations.
We demonstrate that insufficient boundary stiffness causes the reduction in natural frequencies. The coupling of
circumferential modes in the plate via non-uniform boundary stiffness causes the splitting of the natural
frequencies of originally degenerate circumferential modes.

2 MODEL OF A CIRCULAR PLATE

The displacement, W(&,t) =We'™*, of a thin plate is described by:

(—phe® + DV )W =0 )
Enh® o . : ,
where D =m , o, E, v and h are the bending stiffness, density, Young’s modulus Poisson ratio
-V

and thickness of the plate. Non-uniform boundary conditions introduces plate asymmetry, and the displacement
can be expended as [6]:

W (G, @) = > cos(N@)R, (kr) + > sin(nd)R, (kr) ©)

and o = (r,8) . In this analysis, the non-uniform

where RCn (kr) — Abn‘]n (kr) + CCn n (kr) k — (a’zph)m
RSn (kr) ASn‘]n(kr)+CSn n(kr) D

boundary is modelled by springs with a torsional stiffness KW (6) and only non-zero angular displacement is

allowed at the boundary. Thus, the boundary conditions at  =a are:

M. (a,0)=K (0) (a 0) and (4)

W(a,0) =0, (5)
where bending moment is related to the plate displacement by:

82\N 18W 1 0°W

M = = ) 6
' [a (r o 17 892)] ©)
The angular-dependent stiffness can be represented using the Fourier series:
K, ()= K,c,cos(pd)+> K ¢ sin(pb) . @)
p 3

Substituting the displacement (Equation (3)) and boundary stiffness (Equation (7)) into Equation (4) results in the
modal equation describing the bending moment in terms of the plate displacement:

MrCs B 2z COS(SG) ~ 2r COS(SH) aW
[Mrsj_ !Lin(s@)}Mr(a’ 0)d0 = ﬂsin(sa)} K, (Q)E(a’ 0)do and )

the boundary condition in Equation (5) leads to:

[R.(r) R, =0. ©
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where A =Kka . Because of non-uniform stiffness, the right-hand side of Equation (8) processes weighted modal
cos(sé)
sin(sé)
cos(né) " cos(po)

) ) weighted by the P~ stiffness components (| .
sin(nd) sin(pé)

containing the coupling coefficients between circumferential modes, are presented in the following two (2x 2)

coupling integrals, which describe the coupling between the s™ circumferential modes ({ }) and the n"

circumferential modes ({ }). Eight integrals,

matrices:

.
} dé and, (10)

o Tcos (Sg)[cos(ne) [cos( po)

sin(né) || sin(pg)

(11)

o0 r T
ny - | sin(se){c?s(ne)} cos( pg)} do
5 sin(nd) || sin(po)

The orthogonal property of the weighted modal coupling integrals in Equations (10) and (11) is analysed (see
Appendix) based on their symmetrical properties in 0 <8 < 27, which leads to the following results. The axial
symmetric mode (S =0), couples with all cos(n@) and sin(nd) modes (n > 0) via the stiffness components in

the following modal boundary condition:

A : s : :
M rco — g{Ky/CO RCO (A)ACOO + Zl[Ky/Cn RCn (ﬂ‘)ACnn + Ky/Sn RSn (ﬂ‘)ASnn]} (12)
2r n=0
where A, = 150 and Ag,, =7 . The cosine mode, cos(s@),s >0, only couples with N =$ cosine
T

mode via p =0 stiffness component and with N =0 mode via p =S cosine stiffness component:

A . :
M rcs — g[Ky/CO RCs (ﬂ')ACSS + KV/CS RCO (/ll)Acss] : (13)

Similarly, the sine mode, sin(s@) and s>0, only couples with the N=S sine mode via p=0 stiffness

component and with N =0 mode via p =S sine stiffness component:

A . .
M rss g [Ky/CO RSs (ﬂ’)ASss + Kn//Ss RCO (X’)Asss] : (14)

Together with Equation (9), Equations (12) to (14) form the eigen-equation of the circular plate with non-uniform
torsional boundary stiffness. If the boundary stiffness is uniform, K, )= K,co . then the circumferential modes
are uncoupled. The cosine and sine circumferential modes with the same mode number are degenerate and have
the same natural frequency. The natural frequency of each mode increases as the boundary stiffness decreases,

approaching the natural frequency of the same plate with clamped boundary condition when the boundary
stiffness becomes infinity.

To illustrate the property of coupled circumferential modes, we consider a boundary condition consisting of a
uniform K ., and a cosine stiffness component K, cos(pé) for p=0:
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K, (0)=K,co +K,c, cos(pd). (15)

For this case, only the s =0 and cos(p#) modes are coupled, resulting in the modal coupling equations:

A : :
M rco — g[Kr//CO RCO (A)ACOO + Ka//Cp RCp (ﬂ’)ACpp] and (163)

A . .
M rCp = g[KV/CO RCP (/’L)Acpp + Kq/Cp RCO (//i’)ACpp] ' (16b)

Substituting Equation (3) into Equation (6), Equation (16) is expressed in terms of the coefficients of the two
circumferential modes:

Acq M aco(A)+ CCOM cco(d) = ACpszCp (A)+ CCpQCCp (4) and (17a)
Abp M ACp (A)+ CCp M ccp (4) = AcoéAco (A)+ Ccoécco @) (17b)

where the non-dimensional modal bending moments and angular displacements are:

M o) ={ 13,0 = 121+, s
Mieeo () ={[1.02) 0+ 21+, sy

M ACp (ﬂ“) = {[‘] p+2 (;l’) +J p-2 (ﬂ’)] - %[V + SRO][‘] p+l(ﬂ“) -J p—1(ﬂ’)] - [2 nid p ]‘] (l)} (18c)
MCCp(A’)Z{[IerZ(//{‘)—*— Ip2(1)]+%[V+SRO][Ip+1(£’)+ Ipfl(ﬂ')]+(2_4vp )I (ﬂ)} (18d)
Aco(/I) = 4SRCp‘] 4, cco(ﬂ) = 4SRCp Io(ﬁ) and (19a,b)

Qe (A) ==Sep Iy (1), ey (A) = =Sy 1 (A) (19¢.d)

where Sp, = veod and Sgc, = A are stiffness ratios. Combining Equation (9) for s=0 and s=p

modes:

[Acodo(D)+Ceolg(D) Ay d, (D) +Ce, 1, ()] =0, (20)

results in the eigen equations of the coupled S=0 and S=p cosine circumferential modes. Other
circumferential modes are uncoupled, and their eigenvalue solution is a straightforward problem.

3 PROPERTY OF COUPLED CIRCUMFERENCIAL MODES

3.1 Modal Characteristics
If cho =00 and chp =0, the plate is clamped. This condition is satisfied by letting the right-hand side of

Equation (17) being zero. Combined with Equation (20), the eigen-equation for S=0 or S= p cosine mode is:
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Is (/I)QACS (2‘) - ‘]s (ﬂ‘)QCCS (ﬂ“) =0 ) (21)

yielding the mtheigenvalue ism for the s™ circumferential modes and mode shape function:

P (0) = cos(se)RcS( % r) and (22)

where A, =K. a and the natural frequency of the (s,m)" mode is:

N -

J
As Co  =—A =15 () based on Equation (20),

(A

RCon=a. e =z @)

If cho #0 and chp =0, the eigen equation for S=0 and S= p modes becomes:
L (DM e () = 3. (DM e, (2) =0 (25)

resulting in the m" eigenvalue of the s™ circumferential mode. The mode shape function takes the same form as
in Equation (22) with the radial component of:

NCHEINCE :ﬂ E ; oy 6)

If K,co #0 and K ¢, # 0, Equation (17) is simplified by using Equation (20) as:

31 : LA

Aco[M 1.(2) CCO(/I)]_A\Cp[QACp(ﬂ’)_WQCCp(ﬂ’)]_O and (274)

A (- 22D (1= AL N e (D) -2 =0, (27b)
ol>éaco 1,() Qcco p LV acp | (l) CCp

resulting in the eigen equation for the coupled S=0 and S= p cosine circumferential modes:

[lo(A)M 5o (A) = I (M o (DI, (AIM p, (A) =3, (AIM e, (A)]

. . . . : (28)
16(A) e (4) = I (A) Q0o (DN (A) 2, () = I (A) Qe (A)] =0
The solution of the above equation gives rise to the eigenvalues A, and their mode shape functions:
= ») ﬂ’sm 5 j“sm
#in (G) = Reo (= 1)+ COS(PO)Rg, (1) (29)

where
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3 ﬂ’sm _ ﬂ'ﬂ ‘] (ﬂ’sm) sm
Reo " 1) =[J( " r- WK ( Nl and (30a)
. Jo(An) &
[QACO (ﬂ’sm) - cco ( )]
A J (4
Rep (iﬂr) = (( )) [Jp(/1sm r)—#u/1sm ). (30b)
[I\,/\I ACp (ﬂ’sm) ( ) MCCp (ﬁ’sm)] 4 p( sm) a

3.2 Results and Discussion

The above modal characteristics are illustrated by the natural frequencies and mode shapes of the first three
circumferential modes, (s,m)=(0,1),(L1),(L1),, in a steel circular plate (E =21x10""N/m? v =0.3
p =7.8x10°kg/m®) withh = 0.003m and a =0.206m . The natural frequencies of the (0,1) and (1,1) modes

of the plate with clamped boundary conditions are f(o,l) =180Hz and f(l’l)C =f = 376Hz respectively. If the

LD
boundary is supported by a uniform torsional stiffness with stiffness ratio of S; =5, the natural frequencies
reduce f,,) =140Hz and f,, =f,, =305Hzdue to the reduced boundary stiffness. The maximum
amplitude points of the (1,1). and (L1); modes shift closer to the boundary as shown in Figure 2(a). If the
boundary stiffness ratiois Sy =5+3c0s(8), (0,1) and (1,1), modes are coupled due to the stiffness component
Spc; =3C08(d) . The natural frequencies of the coupled modes are f
f[(0,1)+(1v1)c 12
modes and shown in Figure 2(b), where [(0,1)+(11).], mode is dominated by the (0,1) mode, and

n+an.y, =137Hz and

=303Hz . The corresponding mode shapes are the superposition of that of the (0,1) and (1,1).

[(0,1) +(1,1).], by the (1,1). mode. However, natural frequency and mode shape of the (1,1); mode are not
affected by the boundary stiffness Sg.; and thus remain as described in Figure 2(b). As a result, splitting in natural

frequencies occurs in the original degenerate (1,1). and (1, 1) modes. Figure 3 shows the normalized natural
frequencies of the first three modes as a function of stiffness ratio of the uniform torsional spring at the boundary.
The solid black and red curves are the normalized natural frequencies of (0,1), (1,1). and (1, 1) modes when

Sge1 =0 (without the coupling between (0,1) and (1,1). ). Without the coupling, (1,1). and (1,1); modes are

degenerate, and they have the same natural frequency curve (red). As the stiffness ratio Sz, decreases, the

natural frequencies decrease compared to those of a clamped plate due to reduced constraint on the angular
displacement at the boundary. If an extra stiffness ratio S;, =3 is present, the coupling between the (0,2) and

@ 1)(: modes further reduces the constraint on the boundary angular displacement, resulting in a further decrease
in natural frequencies of the (0,1) dominated (solid blue) and (1,1). dominated (dotted blue) modes. Meanwhile

the natural frequency of the (1, 1)S is still represented by the red curve in Figure 3.
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Figure 3 — Normalized natural frequencies of the first three circumferential modes in the plate.

It is worth noting that the theoretical model used in this analysis originates from a circular plate supported by
flanges. Twelve evenly distributed bolts on the flange apply clamping force to constrain both the transverse and
angular displacements at the interface between the plate and flange. Due to the distributed nature of the flange
and clamping forces, the model, shown in Figure 1, should be extended to represent the distributed flange.
Additionally, it accounts for the distributed transverse and torsional stiffness arising from the non-uniform clamping
forces between the flange and plate, caused by the locally tensioned bolts. A preliminary comparison of the drive
point accelerance between measured results and Comsol simulations indicates that the transverse stiffness due

to the bolts’ clamping is approximately 1.46 x10™ N/m.

4  CONCLUSIONS

The characteristics of coupled circumferential modes in a circular plate are derived and summarised as follows:

(1) If the boundary of a circular plate is supported by a uniform torsional boundary stiffness KV,CO, the

circumferential modes are uncoupled. The natural frequency of each mode reduces when boundary
conditions are less restrictive than perfect clamping. The cosine and sine components of the same
circumferential modal number are degenerate modes, meaning they share the same natural frequency

and will experience the same frequency shift for a given cho . As the stiffness ratio increases, the natural

frequencies of all the plate modes approach those of a perfectly clamped plate.
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(2) If anon-uniform boundary stiffness component, chp cos(pd) for p =0, is superimposed to the uniform

stiffness, theS=0and S= p cosine modes are coupled, resulting split of the natural frequencies of

otherwise degenerated cos(pd) and sin(pd) modes. Furthermore, both the S=0and S= p cosine

modes are in presence of the shapes of the coupled (S =0, S= p) circumferential modes.
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APPENDIX

For the uniform stiffness component, p =0,

A 0 T n=s=#0 7 n=s=z0

Hgso{ o ]H?ﬁo where Ag,, =127 N=5=0and Ay, =10 n=5=0
0

o 0 n#s 0 n=#s

If p=0,the non-zero elements in Equations (9) and (10) are:

g (L1 = 2fCOS(nH) cos(s6) cos(pd)d o = {” (s=p#0,n=0),(s=0,n=p=0) |

P 0 otherwise
2r s=p=#0,n=0
Mg (1,2) = j cos(nd)sin(s@)sin(pH)d o = T (=P . ) and
0 0 otherwise

7 (s=0,p=n=0)

P 0 otherwise

I, (2,1) = 2fsin(né’) cos(s0)sin(po)d o = {
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