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Abstract - The acoustic radiation of vibrating fluid-loaded cantilevers is a canonical problem that has many
applications in industry e.g. the noise generation of wind-turbine blades. The focus of this study is the extent to
which our reduced-order model (Tsigklifis et al., 2022) can capture the underlying physics of this problem that
includes the effect of material flexibility on sound generation. An additional benefit is that models of this type are
computationally efficient compared to commercial software. Benchmark results for comparison of a fluid-loaded
(stationary flow) cantilever are produced using COMSOL. Cantilevers of both uniform and aerofoil cross-section
have been excited by point and distributed forces at different locations on the cantilever for frequencies up to 60
kHz generating values of drive-point mobility and acoustic radiation. Of principal interest is the effect of varying
the location of the excitation force on the cantilever between the mid-chord and the trailing edge. Our reduced-
order model couples a 1D Euler-Bernoulli beam in translation and rotation with Theodorsen’s unsteady aerofoil
model capturing the added mass and the Rayleigh integral equation for the acoustic radiation. The effect of
chordwise modes along the cantilever cannot be modelled using this technique. Their effect is investigated using
the fluid-loaded thin plate model of Cao et al. (2023). Initial results show that the dominant features of the
COMSOL predictions are well captured by the 1D model for the first three modes of vibration. The 2D model more
accurately captures certain features of the high frequency response.

1 INTRODUCTION

The vibroacoustics of fluid-loaded cantilevers is a canonical problem that has many applications in industry e.g.
the noise generation of wind-turbine blades. Our previous investigations have examined the fundamental physics
through numerical and analytical modelling of sub-problems of the full system. Peters et al. (2014) showed how
cantilever natural-frequencies of vibration are modified in axial fluid-flow to enable better prediction of vortex-
induced vibration (VIV). Chen and Kessissoglou (2014) demonstrated the effect of material flexibility on the
acoustic radiation of trailing-edge noise using the semi-empirical model of Howe (1993). The focus of this study
is the extent to which our reduced-order model (ROM) of a fluid-loaded cantilever (Tsigklifis et al., 2022) can
capture the effect of material flexibility on acoustic radiation. The ROM couples a 1D beam in bending with a 1D
beam in torsion and hence cannot model chordwise modes, an approximation that is known to be effective for
lower-order modes of vibration. This study will focus on an aluminium cantilever in water for the simplest case of
a static fluid, with a future investigation to examine the effect of a flowing fluid e.g. the effect on trailing-edge noise
of an industrial fan (Howell et al., 2022). COMSOL was used to produce benchmark results of drive-point mobility
(DPM) and acoustic radiation as the open literature does not contain any substantive experimental data for
quantitative validation.

The cantilever geometry is shown in Figure 1 of span L = 0.08 m. A uniform cross-section can be modelled with
chord length ¢; = 0.05 m and thickness ratio h/c, = 0.15 and also a tapered cantilever with aerofoil NACA0015
cross-section with the free-end dimensions 50% of the clamp ¢; and h. The dimensions are chosen to be similar
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to a typical hydrofoil tested in a water tunnel e.g. see Smith et al. (2021).To excite the structure, a linear force F
is applied either as a point load at 0.625L of magnitude 1 N at the mid-chord (MC), quarter chord (QC — towards
the leading edge) or trailing edge (TE) or apply a uniformly distributed-load along the entire TE with the total
applied-force F = 1 N. Thus the ability of the ROM to capture the effect of point and distributed loads will be
demonstrated. Toillustrate what increase in accuracy can be gained by including chordwise modes, further results
are generated using the fluid-loaded, thin-plate model of Cao et al. (2023).

2 METHODS

We first present a brief overview of the computational methods used in this study with reference to the publications
that describe them in full detail.

21 COMSOL

The COMSOL Multiphysics commercial code has been used to produce benchmark DPM and acoustic radiation
characteristics of the 3D fluid-loaded cantilever. The structural equations are obtained using the finite-element
method (FEM), which are then coupled to the acoustic boundary-element method (BEM) in order to solve the
fully-coupled equations, with couplings in both directions. The resulting problem is solved with an iterative solver
that uses a hybrid preconditioner to handle the FEM part of the matrix and the BEM part of the matrix separately.
Serendipity quadratic-elements were used, which include mid-side nodes. A more refined mesh was defined
towards the sharp trailing edge of the hydrofoil, with a view to adequately representing modal structural
deformations in that lower thickness region: these deformations dominate the higher-frequency mode shapes.
With regard to convergence, the acoustic computations make use of at least six panels per-wavelength at 60 kHz
in water. With the 50% taper the panel spacing is even more refined than that in the chordwise direction. The FEM
mesh for the hydrofoil displays reasonable in vacuo mode shapes at 100 kHz, and the difference in
eigenfrequencies is ~1% with double the number of elements. A standard desktop PC typically takes 24 hours to
solve a single geometry with all the different load cases: MC, QC and TE for point load and TE distributed load.
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Figure 1 — Left: Geometry of the 50%-tapered cantilever plate with rectangular cross-section. Right: Finite element mesh
used in the COMSOL computations for the 50%-tapered NACA0015 cantilevered hydrofoil.

Australian Acoustical Society Page | 2 of 8



6-8 November 2024, Gold Coast, Australia Proceedings of Acoustics 2024

2.2 Reduced-Order Model (ROM)

The dynamic equations of the cantilever hydrofoil-response have been developed in previous work (Tsigklifis et
al., 2021, Tsigklifis et al., 2022, Wong et al., 2022, Tsigklifis et al., 2024) and may be written compactly as

D(1,2 )% = Lg (GRF, Puyy 12 f) + Lup(T(0) , Mc 2, IR €Y

In Equation 1, the left-hand side represents the structural response and right-hand side the forces exerted by the
interactions with the hydrodynamic flow. The operator D describes the bending and torsional motion of the foil,
while x describes the resultant vertical h and angular ¢ displacements (see Figure 2). Using 2D hydrofoil theory,
the unsteady lift and moment response of a hydrofoil section may be described by superimposing two forcing
functions L; and LypX. The function L arises from the leading edge (LE) of a rigid hydrofoil interacting with an
incoming upwash gust and is described by an appropriate gust-response function (GRF) and a turbulence
wavenumber-spectrum Puyu,- The function LypX, using Theordorsen’s function T(c) at reduced frequency o,

captures the fluid forces due to the heaving (bending) and pitching (torsional) motion of the hydrofoil section that
include the hydrodynamic damping due to vortices shedding to the wake. In the present work a point load or
distributed load replace the L; forcing terms to calculate the DPM and acoustic pressure. The hydrodynamic
damping is negligible because the free-stream velocity is set to zero but the fluid inertia terms M, are retained.
Loss mechanisms (1) include structural-material damping represented by an isotropic, hysteretic loss-factor n
through a complex Youngs Modulus E = E(1 + jn) and the acoustic radiation loss factor of the bending motion.
The latter is calculated from the radiation resistance: for low-to-medium frequencies an approximate expression
of the n*"* bending mode of a free—free unbaffled beam has been utilized (Blake and Maga, 1975) and for higher
frequencies that of a baffled beam is utilized (Lyon and Maidanik, 1962). It is assumed that the loss factor of the
torsional vibration is equal to that of the bending vibration. The effect of the viscous damping is not included.
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Figure 2 — Geometry of a hydrofoil strip used in the ROM.
The far-field pressure due to the bending vibration of the hydrofoil is calculated from an appropriate frequency-
response function for low-to-medium frequencies and from Rayleigh’s integral for higher ones (Wallace, 1972).
The hydrofoil is discretised into @ = 1, ..., M chordwise strips along the span (z-direction in Equation 1); applying
a finite-difference discretization a 2(M + 1) x 2(M + 1) linear system of equations A% = b is obtained. In this
system the matrix 4 is the discretized form of the D and Lyp operators and includes the cantilevered clamped-

@ T —
free boundary conditions, % = {h|a, ¢|a} is the vector of unknowns and b = [%,0]" the forcing vector with the

magnitude of the externally applied force per-unit-span at each strip a. The chordwise dependence of the
structural vertical-velocity (¢ is the ordinate in the x-direction, ¢ = 0 at the LE of the hydrofoil) due to the heaving
and pitching of the section’s elastic centre (see Figure 2) which is utilized for the calculation of the DPM and the
acoustic pressure is given by, noting yc, /2 is the position of the elastic centre relative to the mid-chord

a% (&, f) = —i2nfh| —j2nfd| (€ — (1 +y)c/2) . )
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2.3 Thin-plate theory

We now present a simplified description of the analytical model of Cao et al. (2023) of a clamped-free-free-free
(CFFF) thin plate in a fluid. The plate dimensions span L and chord ¢, are in the (x,y) plane. The origin of the
coordinate system is located at the corner of the plate. The plate is excited by a harmonic point force f,, located
at (x,, y,) coordinates. Displacement of any point (x, y) of the plate at time t is denoted by w(x, y, t). The Lagrange
function of the plate is L = KE — PE + U, in which KE, PE and U are respectively the kinetic energy, potential
energy and external work of the plate (Deng et al., 2019). Following Nelisse et al. (1998), the KE determined by

= %.Usph(vi/)zdS , 3)

where S is the surface area of the plate; PE is calculated as

d2 , W dw d?w \* s A
ff dxz y2> TV gz T V)<dxdy> ’ )

where B = Eh3/(12(1 - vz)) is the flexural rigidity, E is Young’s modulus and v the Poisson ratio. The work related
to the external forces f(x,y,t) acting on the plate, including the point force excitation f¢(x,y,t) and the surface
acoustic pressure fP(x,y,t) due to the fluid loading caused by the plate motion in the fluid, can be expressed by

= fs (f¢+fP)ywdS where fP= —lgi_r)r&(P(x,y, t,e) — P(x,y,t,—¢)), (5a,b)

-P(x,y,t)

in which the function P(x,y, t) is called the “pressure jump”. The Rayleigh-Ritz method is then used to derive the
equations of motion of the plate (Nelisse et al., 1998, Hosseini Hashemi et al., 2010, Dozio, 2011). By expanding
w(x,y,t) over basis functions satisfying the plate’s boundary conditions, an approximate solution of w(x, y,t) can
be found; similarly, the pressure jump P(x,y,t), can be written as a set of admissible functions ,,,. This gives
the following forms

wixy,0 = ) ay(©gy(xy) and Plxy,0) = 2 Prun (8) Yun(2,9) (6a)

ij

For w(x,y,t), i=1,..,M and j=1,..,N in which M and N are the numbers of vibration modes in x and y
coordinates respectively; ¢;;(x, y) are the basis functions and «;;(t) are the unknown coefficients. For P(x,y, t),
B,., are unknown pressure coefficients and the functions ,,,, are chosen so that they must vanish on the plate
contour with m =1,..,M and n=1,..,N. Finally, following the same procedure in Nelisse et al. (1998) and
assuming that £(t) = foel®*, a;;(t) = H;je’*and ¢;;(t) = jwH;;e'**, the final form of the equation of motion is as
follows

14 2 p P —
E (Kupq W Mg +]wZiJ'PCI)HPq - fli ’ ™
rq

in which Kf;pq and Mf;pq are the stiffness and mass of the plate respectively and Z;;,,, is the radiation impedance.
Equation 7 is the governing equation of motion of the plate and is used to find the coefficient set H,, for the

response of the plate. The displacement of any point of the plate w(x, y, t) is then determined using Equation 6a.
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3 RESULTS

The cantilever material is aluminium of density p = 2700 kg/m?, E = 70 GPa, v = 1/3 and loss factor n = 0.01%.
The fluid is water of density p, = 1000 kg/m3 and speed of sound ¢ = 1500 m/s @ 26.5°C. The system response
to the applied force is determined in the frequency range f = 200 Hz — 60 kHz and wave number when used is
calculated as k = w/c = 2nf/c.

Initial numerical simulations were carried out in COMSOL to provide baseline results for the tapered cantilever
with NACA0015 aerofoil cross-section. The acoustic radiation (plotted in dB relative to 1 x 10~'2 W) for the various
load cases are shown in Figure 3. For low frequencies the difference between the different forcing is relatively
much less than for higher frequencies. The low-frequency behaviour is unsurprising as the majority the modes
are in bending and the different forcing positions along the chord are still at the same spanwise position. Also as
expected the highest noise level is generated when the greatest moment is applied, the TE distributed load
response less than that of the TE point load, especially at higher frequencies. Figure 4 shows a typical mode
shape at higher frequencies: the majority of the displacement is confined to the TE and hence greater excitation
occurs when the load is located at the TE; it is also noted that the same excitation would not occur if equal moment
were applied at the LE. Comparing the point load locations, only minor difference is seen between QC and MC
point loads. The TE distributed load is only lower than QC and MC point loads in the region of 3kHz, this particular
phenomena owing to the nature of the tapered beam second and third mode shapes in bending. We can now
determine the effectiveness of the ROM to capture the physics demonstrated by the COMSOL model. Figure 5
compares the results of TE point loads using these models on the same tapered cantilever with NACA0015
aerofoil cross-section. Included in the figure for reference is the acoustic radiation of a compact-dipole acoustic-
source excited by a concentrated force of amplitude F (Ross, 1976)

My = w? F2/(12m py ). (8)

The transition between ROM radiation models for unbaffled and baffled beams occurs at kc = 4.4 that for water
is ~20 kHz. At low frequency there is good agreement, material damping is too low to compare peak noise. In
general we are more interested in comparing one-third octave band (OTOB) levels. At high frequencies the ROM
model asymptotes to the radiation of a dipole, under predicting the result from COMSOL. Given the nature of the
mode shapes at high frequency shown in the previous section a difference is anticipated: the ROM acoustic
radiation is lower as the radiation model only accounts for bending modes, not rotational modes.

An additional reason for lower radiation of the ROM is found when analysing the DPM of the point loads compared
to the response at the same location of a distributed load. Figure 6 compares the DPM results of TE point and
distributed loads on a uniform plate predicted by COMSOL, ROM and thin-plate models. Hence it is also possible
to examine what gain in accuracy can be achieved using a thin-plate model instead of the ROM. We choose a
uniform plate as the thin-plate model cannot approximate taper or thickness distribution. This required
simplification highlights the versatility of the ROM even though it cannot capture chordwise modes. In Figure 6
also shown are theoretical results for bending of an infinite-beam excited at its centre (Goyder and White, 1980)
and a semi-infinite plate excited at its edge (Cremer et al., 2005) that respectively are calculated as

-t (9a,b)

e 35yBphmax

At low frequency both point load and distributed loads show good agreement. The anti-resonance after the first-
mode in bending is much shallower for COMSOL and is caused by the more complex 3D geometry modelled. At
high frequency, all point load responses asymptote to that of a semi-infinite plate. For the distributed load, the
ROM result asymptotes to that of an infinite beam. However the COMSOL result asymptotes to that of a semi-
infinite plate (not shown here). The thin-plate distributed-load asymptotes between these two results,
demonstrating an improved capture of the high frequency mode shapes.

~ 1 ~
V| (1410 /pLc,\= 14
= = —( ) and —=
Fl, 4pLcVo \ B F
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Figure 3 — Acoustic power predictions using COMSOL of water-loaded 50%-tapered NACA0015 cross-section cantilever
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Figure 4 — Operating deflection shape prediction using COMSOL at the peak in acoustic power response at 40 kHz, for the
water-loaded 50%-tapered NACA0015 cross-section cantilever.
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Figure 5 — Acoustic radiated power response of water-loaded cantilevers due to harmonic 1-N point load at the TE, 0.625L
spanwise location: 50%-tapered NACA0015 cross section cantilever.
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Figure 6 — Drive point mobility of water-loaded cantilevers due to harmonic 1-N point/distributed load at TE, 0.625L
spanwise location for a uniform plate

4 CONCLUSIONS

This paper has demonstrated the versatility of our ROM to capture the hydroacoustics of complex geometrical
plates excited by point or distributed loads. COMSOL was used to give baseline results to compare to. A thin plate
model has shown to converge more accurately than the ROM to the COMSOL results for distributed loads at
higher frequencies as chordwise mode shapes can be captured. The next stage of development is to calculate
the far-field acoustic radiation from the thin plate model; it is noted that the unbaffled method used in the ROM
can also be used with the thin plate and gives excellent results (not shown here). An alternative route is to extend
another of our 1D models (Howell et al., 2024). to two dimensions by coupling a 2D finite-difference model of a
thin plate with a 2D panel method (Lucey and Carpenter, 1993) that imposes the static fluid loading of an ideal
fluid. Acoustic radiation would be calculated by coupling with OpenBEM (Henriquez and Juhl, 2010).
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