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ABSTRACT

The underwater sound radiation from layered stngcis determined by the properties of elastic wanehe struc-
ture and by interaction between structural/striadtuvaves and between structural/fluidal waves.hiis paper, a
model of a layered infinite plate is used to adslfesw the properties and interaction influencentéar field and far
field characteristics of the radiated sound. Irtipalar, the effect of structural discontinuityiotiuced to the layered
plate by a finite signal conditioning plate on urvdgter sound radiation is investigated. The sdatjeof structural
waves in the layered plate by the signal conditigrplate is used to explain the changes in tharedisound due to

the discontinuity.

INTRODUCTION

The addition of compliant layers such as elastianfoat-
tached to the outside surface of an underwatectsimel is a
common approach to reduce the self-noise fromttietsiral
vibration and the reflection of incoming signalerfr active
sonors [1-4]. Ko et al. [1] investigated the redrctof sound
radiation by a base plate covered by an air-voieladtomer
using the elasticity theory. He found that the sheave
speed and related loss factor have negligible &ffen the
noise reduction. Keltie [2] simplified Ko's modeking the
thin plate theory for the base plate. Latter Berryale ex-
tended the problem to a finite rectangular plategis lo-
cally reactive model [3] and a modified 3D mode] With

the shearing wave neglected as well after checKiolg ob-

servation for finite plate.

The consideration of the effect of discontinuitytbe surface
of the elastic foam, which is the interface betwaeer and
the layered structure, on the sound radiation ef dkerall
structure comes from a proposal of introducinggaai con-
dition plate on the surface. As the foam absorle®nming
sound, a locally placed plate with small sound glitgmn on
the surface may increase the local signal to n@ite of the
incoming sound for a detecting hydrophone placefdont of
the plate.

This raises a general question of how sound isatediby a
coated elastic plate with inhomogeneity, which hesve
received little attenuation because of the complexd inter-
action between elastic waves in the foam (couplgd base
plate and fluid) and the structural inhomogeneitych asthe
signal conditioning plate). Previous studies maifdgused
on vibro-acoustic response of a single elasticeplath dis-
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continuity [5-10]. Most of them utilized classigalate the-
ory [8, 9] with discontinuity treated as a concated mass.
In order to be applied to broader frequency raggeen et al.
[5] presentd redults of sound radiation of insafielastic
plate with a line discontinuity, such as a ractanuib, based
on Mindlin's plate theory. Pathak et al. [6] furthex-

tended/freed the frequency range for a line disnaity on

the vacuum side by appling 2D elasticity. Cuschaexd Feit
[7] used Green function methods based on the thaite phe-
ory and calculated the near-field sound with a gjgeem-

phasis on the method. Then they considered theesoat
effects of distributed inhomogeneity on the fard aear-field
of elastic plate [8, 9]. Later DiPerna and Fell][bbtained
the analytical solution for the response of a inuwa thin

plate with (discrete) mass discontinuity(ies) uspegturba-
tion technique.

In this paper, we present an analytical model afeuwater
sound radiation from an infinite panel covered bgsec

foam. In particular the model includes the scattpof elastic
waves in the foam by a finite signal conditionifgtp. The
study focuses on the effect of such wave scatterinthe far
field directionality of the radiated sound and néeld pres-
sure distribution. The vibration distribution inethelastic
foam (due to the scattering) is also analysed fa@x the
changes in the radiated sound when the signal tonitig

plate is introduced. Effects of structural paramgetch as
the dimensions of the signal conditioning plate amaterial
properties of the foam on radiated sound are aisesti-

gated.
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MODELING OF THE LAYERED PLATE

A sketch of the layered plate of infinite size iwwn in Fig-
ure. 1. The base plate of thickndssand density , and the
elastic foam of thicknesh, and density, are located below
the surface=0. A stationary fluid with densityg, and
sound speed, occupies space above the elastic form. In

vacuum condition is assumed for the medium belahikse
plate. A finite signal conditioning plate of thiakssh, and

density p, is placed on the top surface of the elastic foam.

The layered plate is excited by a line homonic doirt the
form of Fo(x—x, )¢ at the bottom of the base plate

(z=-h-h) and in the direction oz . For convenience, the

time harmonic dependence't*) for all field variables is
suppressed from this point.

Z
Xy L
pO CO
X
7 o EZ h
vacuum FOJ(X_ Xo)ejﬂ

Figure 1. The layered plate with a finite signal conditioning
plate as a discontiuity

The external loading to the layered plate incluitiesnormal
and tangential forces (per unit area) acting ontdipeof the
foam by the fluid pressure and stress betweendam fand
the signal conditioning plate. Another externaldiog is on
the base plate and in the z direction, representiegforce
from machinery attached to the layered plate. Tdrise pwer
unit area is denoted &0(x - x,) .

The equation of motion governing the transverseldce-
ment w, (x) of the base plate is [11]

9 _ 3
(Do~ o ph)w, (x) = 0, (x,~h)

hor,(x-h) _
+ 5 x +F,o(x—x,)

@

where D, = Eh®/12(1-v?) is the bending stiffness of the
base plate with Young’s Modulls and Poisson’s ratiq .
o, andr,, are respectively the normal and shear stress

components in the elastic foam..
The in-plane longitudinal displacemeni(x) is described as
(12]
. 0?
(Eh- 5+ phaf)u, ()

__~vh d[(g,(x-h)+F(X]
21-v,) X

@

~ T (% -h)

WhereE, = E,/ (1-V?) »
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The elastic waves in the foam are modelled usingeRistic
solid theory [13] and sound pressure in the flsidléscribed
by 2D sound wave equation. They are summarized as

9 9 D) =-Z px.2) 3)
X* 0z C;

(—: D x )= -2 y(x2) @)
X* 0z (o8

(—; 902 =-2 px.2) 5)
X~ 0z C

0

Whereg andy are the dilatational and the shear wave (also
called the scalar potential and vector potentiatiic, ,c,
and ¢, are dilatational and shear wave speed and the sgeed

sound in the fluid, respectivelyp(x, z) is the sound pressure
in the fluid.

The scalar and vector potential and sound pressamebe
written as inverse wavenumber transformation.

_ 1w Sike
A= [ @k2)e" "k (6)
_ 1w ik
w(x,z)——zﬂj_wW(k,z)e dk @
- 1 poe 5 ikx-ayz
p(x2) =] P(k.0)e" "k ®

wherea, = /k® —kZ represents the acoustic wavenumber in

thezdirection. The normal and tangential displacemamnis
stresses in the foam are related to the scalaveetdr poten-
tials based on reference [13].

It is noted that the displacements of the signalddtmning
plate are equal to those of the foam at its interfaith the
plate as the thin plate model is used for the titinaof the
signal conditioning plate.

The force equilibrium and displacement continuigguire-
ments at all the interfaces are.

(8) z=-h
(%) = ,(x,2= h,) ©)
_how(x) _ __
1,09 -2 <y, (x 2= -h) (10)
0,(x ) = (O, - o), ()
hor,(x,—h) ” (1)
S (xx)
£ () = =N + pha?), ()
(12)
_vh A[(o(%—h)+F(X]
2(1-v,) 0X
(b) z=0
() %> x> % +L
7,(x,0)= ~p(x,0) (13)
7,(x,0)=0 (14)
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__1 onx2)
WO e |, (15)
(i) %, <x<x+L
W,(X) = u,(x,0) 16)
u (x) +-2 hz 6w (X) ~u(x,0) )
a,(%, 0)— —p(x 0)+
(phaf =D 7)\,\,( x)+ 2 h,d7,(x0)  (18)
2 o0x
1(X0)= €2 + P10
9 19)
LV 9[0,(%0) - p(x,0)]
2(1—V2) X
(c) z=h, 00
_ 1 0p(x,0)
o= 0,07 07 (20)

where u, andu, are the normal and tangential displacements
of the foam.w, and u, are the transverse and longitudinal
displacements of the signal conditioning plate.
D, = E,h3/12(1-v3) is the bending stiffness of the signal
conditioning plate with Poisson’s ratis, and Young's
modulusE,. L and x; are the length and offset of the sig-
nal conditioning plate.

Substituing Equaitons (9) and (10) into Equatiohs) (and
(12) gives

0,(x~h) = (0,2~ & phiu, (x,-h,)
har, (x hl) 1)
-2 00 s(x-x,)
£ ()= =N~ + phaf)u, (x,-h,)
; (22)

vh  dl(a,(x ~h) + F(X)]
2(1-v,) 0X

Substituting Equations (16) and (17) into Equati¢i®) and
(19) and combining Equaitons (18) and (19) with &un
(13) and (14) lead to

g,(x,0)=-p(x, O)+

23
(a7 - D—)u(x) hz‘” (X°)1AH(><> 23
r,(x0)={(Eh, ;’ + D) U(%0) - Ea”a(x)l

(24)

vh, 9[o,(x0) - p(x,0)
2(1-v,) 0X ]}AH( )

where AH(X) =H (x-x;)-H(x—x, -L) is the window
function of unit amplitude ak where the signal condition-
ing plate is placedH is the Heaviside step function.

Because of Equation (16), Equations (15) and (#6jvahe
expression of the radiated sound pressure usingidh@al
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velocity componenty, (x,0) of the elastic foam in the entire
range of (x,z=0).

The stress and displacement components of the fimam
Equations (21), (22), (23) and (24) are expresseddeffi-
cients of velocity potentialg,, B,, A, andB, [1].

Combing Equations (21), (22), (23) and (24) withu&ipn
(15) and transforming them into the wavenumber doma
with respect tox , a matrix equation with unknowns

[A,B,A,B,]is obtained as

AT [Fe*
B| |0

a7 pko) (29)
B, P.(k,0)

where the coefficient matikT] is listed in the appendix and

the wavenumber coupling terms due to the wave esgadt
by the signal conditioning plate are

{{a( ph,e DK ) K *h,pcld] B,
[ ik'h,pci(k* - 5%

2
- ik (p,a” = DR AF ok~ k) dk

P,(k,0)= j

(26)
{( lozhzw2 - Eéhzkl 2)[ _jk' A1
-8, + 1T a8, - i)

IR, ) ke - gy A -2) 0B,

1
Rk0)=—["_ 2(1 :

+°7(a|31— KAk —K) dk

(27)

J(Xd)

where g(k):J'ijH(x)ejkxdx = 2 sinc(k—= ) is the

wavenumber transformation of window functldfh-l (%) .
these coupling terms become zerolasO or h,=0, then
each wavenumber component of the layered platenig o
excited by the corresponding forcing componefef*e )

only. The problem becomes a homogeneous layeree pla
with a base plate covered by elastic foam withégria con-
ditioning plate.

Hence the normal displacement of the foam is

U,(k2)=[T"] (28)

Nwr\Pn—W»->

where
[T"] =[-asin(a2),acos@z),-ik cosfz )ik sinBz ) (29)

The sound pressure in the fluid is expressed as
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p(x,2) == [ P(k, 0"k
2=

— 100(")2 J' Uz(klo) e—jkx—aozdk . (30)
2 -, a,

Equation (25) allow#\,B, to be calculated by,,B, as fol-
lows:

A(K) = Kyo(k) + Ky (K)B(K) + K fK) ALk)  (31)
B, (K) = Kyo(K) + K,(K)B(K) + K ,{K)ALk) (32)

where functionsK (k) , K, (K) , K (K) , Ky(K) , Ky(K)
andK,, (k) are given in the Appendix .

Substituting Equations (31) and (32) into thedfsind forth
equations of (25) leads to a system of Fredholnagojs of
the second kind fdB, (k) andA, (k) :

Fio(K) + Fiu(K)B(K) + F (k) A k)
= [T BU(K) (kg (k. k)dk + [ A K ) kg (k k Yk

(33)
Fa(k)B,(K) + Fo(k) ALK) = [ B (k) f (k) (k. k )k’

+J‘j: A (K (kg (k, k)dk + J.: f,0( )0 (K k Yk
(34)

whereF,,(k) , Fii(K) , Fip(K) , Fou(K) , Foo(k) s fu(K) 5 fio(K)
f,.(K) , f,,(K) andf, (k) are given to Appendix. The cou-

pled integral equations are solved numerically gisthe
Nystorm method [14]. The integrals in Equations)(38d
(34) are first approximated using Gaussian quatkatith
k'evaluated at Gauss nodksandk atk, . If k takes the

same values as the Gauss quadrature rpdeéisen a set of
N linear equations oB,(k) and A,(k) for i =1,2,...N /2
is obtained as

" Bi(k) |

Bl(kN /2)

NS

LAy ) ]

where[C]and b are given in the Appendix.

A, andB, at other wavenumbers than those at the Gauss

nodes are calculated using tiNystorm interpolation [14]
and theB(k) and A (k) obtained though sloving Equation
(35). Together withA and B, from Equations (31) and (32),

they yield the displacements of the foam and thaaicon-
ditioning by using Equation (28). Then the radiassiind
pressure is calculated by Equation (30) for evaigathe
near field sound pressure distribution. Finallye thon-
dimensional far-field directionality of the soundepsure
(using the stationary phase method [15]) is
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A(k,sing)
p(r.6) _-met . oo Bkosing) | i,
_Fp, J\/K[T (ksiné)] A, (k,sing) e
2mm B, (k,Sin6)

(36)

lll. RESULTS AND DISCUSSION

We now demonstrate the significance and mechanisrirse
discontinuity introduced by a signal conditioningatp in
changing the sound radiation characteristics of lyered
plate. The far field directionality and near figddessure dis-
tribution at 0.1 and 0.9of the critical frequencies of the base
plate are used for the demonstration. By chandireg fa-
rameters of the signal conditioning plate, the gesnin the
far-field and near field radiated sound are obskr/e also
use the velocity field in the layered plate to explthe wave
scattering responsible to the changes in the edliabund
field. The data used for the base plate and elésdim in the
numerical simulations are listed in Tablel. Thenalgcondi-
tioning plate is made by steel and its dimentichgckness
h, and lengttL ) and offset §, ) from the centre of the co-

ordinate are given in the subsections and figungti@as
where they are appropriate. The sound radiatie@vauated
at two frequency of the driving force: the loweeduency
( f =0.1f,) and the higher frequencyf (=0.9f_), where f,

is the coincidence frequency of the in-vacuum lpate.

Table 1. Parameters of the layered plate for simulations

=b (35)

Parameter Value
Position of the line forcg, Om

Base plate material Steel
Coincidence frequency of the 2.130x 10Hz
base platef,

Base plate & foam thick- 0.0Im
nessh& h

Foam density, 500kg /m’

Foam dilatational wave speeg

150/1+ j 0. &5
50,/1+j0.3n /s

Foam shear wave spegd

Directionality of far-field sound pressure

Figures 2, 3 and 4 show the directionality of fatef pres-
sure varying with the dimensions and offset of ignal
conditioning plate (SCP).

@ Effect of SCP thickness,

For L=0.4m and x, =-0.2m (symemetric with respect to
the origin), ash, increases from Om t6.02m, the direction-

ality of the radiated sound at the lower frequermly
(f =0.1f,) becomes directional specific ((Figure 2(a)) and

is charecterized by three major lobes. At the hiddeuency
(f =0.9f,) , the directionality of the layered plate is fea-
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tured by two lobes pointing approximately at 45 &8b
degrees with beamwidth of approximately 60 degrees.

(b) Effect of SCP lengthL

For h, =0.02n andx, =-0.2m, as L increases from Om

t00.7m, the gradual change in the directionality at thedr
frequency (see Figure 3(a)) is observed. At ttghédi fre-
quency (Figure 3(b))L =0.4m and L =0.7myield similar
directionality.

(c) Effect of SCP offsetx,

For h,=0.02n and L =0.4m, as the SCP is offset from

-0.2mm to 0.6m, we see the change in the directionality
from symmetrical to unsymmetrical. At the low feeqey,
the offset increases number of lobes in the divedlity,
while that at the higher frequency has a specifiakpin the
directionality indicating a strong spatial intedace of the
radiated sound due to SCP.

(b)
Figure 2. Nondimensional far-field pressure level of the
layered plate varying withh, . (a) f =0.1f, and (b)

f =0.9f,.
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(b)

Figure 3. Nondimensional far-field pressure level of the
layered plate varying withL . (a) f =0.1f, and (b)

f =0.9f_ .
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(b)

Figure 4. Nondimensional far-field pressure level of the
layered plate varying withx, . (a) f =0.1f, and (b)
f =0.9f, .

Near -field sound pressure

Figure 5 shows the near-field sound pressure lwveh the
layered plate without SCP. Non-dimensional spabiehtions
(k,x andk,z) are used in the figure to show the spatial dis-

tribution of the sound pressure with respect towtagelength
(2/k,) of free bending wave in the invacumm base plate a

the excitation frequency. We observed 10dB decagnvthe

distance from the surface doubles at the lowerueaqy at
the near field other than above the driving foroeation.

Above the driving force location, a strong neatdfieompo-

nent decay slowly over approximately 4 wavelengthge is
found. The near field sound pressure decays mumbesl
with distance at the higher frequency (see Figb))5 At

both frequencies, the localized regions of lowerspure are
also found.

(a) Effect of h,

As a SCP ofh,=0.02n, L=0.4m and x, =-0.2m is

placed on the foam, the near field sound presisukégure
6(a) becomes much more complicated because oftke i
ference of radiated sound by structural vibratigtihvwompli-
cated velocity field especially near the area ef 8CP. The
fine contours with multiple local structures of neféeld
sound radiation demonstrate the complexity of therddy-
namic near-field of a vibrating surface with a Emgnge of
wavelengths. Figure 6(b) shows the near field wiies
thickness of SCP is reduced0®Im . For this case, the hy-
drodynamic near field becomes less complex indigathe
surface vibration of the structure becomes lesspticated
(less participation of structural waves with diffat wave-
lengths).

(b) Effect of L

As the length of SCP increases frdimmto 0.7mand other
paramenets remain the same as in Figure 6(a),athgerof
the complexity of the hydrodynamic near field ireses (see
Figure 6(c). This is expected as the increasediSCP leads
to the extended range of scattering of structueales.

(c) Effect of x,

As SCP is located away from the centre of the doatd to
X, =0.6m and other paramenets remain the same as in Fig-

6
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ure 6(a), the complex strucuture of hydrodynamiarrfeeld
moves to the location where SCP is. It also charfges
symmetric distribution to unsymmetric as expectsek(Fig-
ure 6(d)).
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Figure 5. Near-field sound pressure level of the layeredepl
without SCP . (a)f =0.1f and (b) f =0.9f,
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(d)
Figure 6. Near-field sound pressure level of the layered
plate with SCP forf =0.1f, . (a) h,=0.02n, L=0.4m
andx; =-0.2m (b) h,=0.0Im, L=0.4m andx, =-0.2m
() h,=0.02n , L=0.7m and x,=-0.2m , and (d)
h,=0.02m, L =0.4m and x, =0.6m.

Similar parametric study of near field sound digitionis is
undertaken for higher frequency éf=0.9f,. The results of
the study are shown in Figure 7. Although we obsehe
similar complexity in the hydrodynamic near fielthe range
of the complexity become narrower in the x directidhis is
due to the structural waves in the foam that doteittze near
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field sound are those with shorter wavele
expected as the wavelength of scattered
qguency is shorter.
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(d)

Figure 7. Near-field soungressure level of the layered plate

with SCP at f=09f, (a) h,=0.02n , L=0.m
and x, =-0.2m (b) h,=0.0lm, L=0.4m andx, =-0.2m
(c) h,=0.02m , L=0.7m and x,=-0.2m , and (d)

h, =0.02m, L =0.4m and x, =0.6m.

Velocity field in the foam

To support the explanation of the near field sodradribu-
tion presented in Figures 6 and 7, velocity fieldhe foam is
investigated.

()] Effect of h,

Shown in Figure 8, as the thickness of the SCReas®s, the
magnitudes of velocity components on the surfacehef
layered plate at higher wavenumber also increass. ilfus-
trates the increased range of hydrodynamic neé&t figth
the SCP thickness of at =0.1f,. At f =0.9f_, the in-

crease of the components at much higher wavenu(elen

beyond k =200m™ ) is observed and used to explain the

small scale complexity of the radiated hydrodynameéar
field.

(b) Effect of L

Figure 9 shows the wavenumber spectrum for thrierelint
lengthes of SCP. At =0.1f_, the higher wavenumber re-

sponse forL =0.7mis lower than that fok =0.4m. On the
other hand, the lower wavenumber spectrumlfer0.7mis
higher that that fot =0.4m. This indicats that as the size of
the SCP increases the scattered waves are mowviveyds
the longer wavelength direction. The spectrum muFé 9(b)
also shows af =0.9f,, the scattering of the waves with

higher wavenumbers is reduced if the length of SGP
creases.

(c) Effect of x,

Offset of SCP from the symmetrical location witlspect to
the driving force to unsymetrical location causesgaificant
change in the corresponding wavenumber spectrurthef
transverse velocity on the foam surface. The eftécthe
offset on the spectrum is over the entire wavenumdrgge at
the lower frequency (see Figure 10(a)). Howevele t
changes of the spectrum is only observable indheid and
higher wavenumbers at the higher frequency (sear&ig
10(b)).
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SCP interaction. Atf =0.1f, , L/A;=6 , while at
f =0.9f,, L/ A, =50. Those ratios indicate that the lower
frequency interaction is dominated by the scatterist the

-120

) higher frequency, the size of the SCP is much grehan the
U;_ wavelength. As a result, only refelction and loszttering at
S the edges of the SCP are important mechanismsténnia-
3 b .
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Figure 11. Normal velcocity field distribution in the foarm(i
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Finally, we show the normal velocity distributiam the elas- 0af

tic foam in Figures 11 and 12, where the pa_lrameifeSCP 10 B @ 2 v 2 e e & 100
are hz = 002“, L=0.4m and Xy = -0.2m. With SCP, the Normalized X-distance

low frequency velocity distribution becomes sigediitly (@
complicated due to strong scattering of the stmattwaves

by SCP (see Figure 11). Howevere, the higher &rqu

velocity field only have small changes in short elangth

scale when SCP is introduced (see Figure 12). @tie of

size the SCP to the wavelength of the dilatatioveale in the

foam (L/A,) is used for explaining the nature of wave and
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Figure 12. Normal velcocity field distribution in the foarm(i
dB) atf =0.9f, . (a) without SCP (b) with SCP

IV.SUMMARY AND CONCLUSIONS

An analyticl model is developed for studying souiadiation
from a fluid-loaded layered plate with a finite & condi-
tioning plate on the top. Both far-field directiditya and

near-field sound pressure distribution are usetktononstrate
the effect of the discontinuity introduced by thgnal condi-
tioning plate on the sound radiation. The vibratdistribu-

tion in the elastic foam is also analysed to expldie

changes in the radiated sound when the signal tonitig

plate is introduced.

Lobe structures are observed in both far-and rielt-fadi-
ated sound at the two frequencies of investigatimiow the
coincidence frequency of the base plate) due tarttesfer-
ence between the acoustic waves radiated by stalieaves
with different wavelength, especially due to (aptsering
waves when the length of the signal conditioninatelis in
the same order of magnitude of the elastic waveagalength
in the foam; (b) reflections of structural waves enhthe
length of SCP is much greater than the wavelengthes

The thicker the signal conditioning plate is, tioisger the
scattering waves are, which leads to stronger lob#se far-
field and inteferece pattern in the near-field.

The offset of the SCP generates the unsymmetrizahd
radiation directionality, which indicates the ttedative phase
angles between the scattered structural waves dnfam
significantly controls the interference of the etdid sound.

Although only one thickness of the elastic foamassidered
in this simulation, we have found that increasifghe foam
thickness mainly reduces the magnitude of systesporse.

The effects of wave interaction with SCP on thefifeld and
near field sound pressure are still observable.

APPENDIX

.= 0’(le4 - pth)Sin(ahl)_ plcsz (kz - ,BZ) COS@hl )
+pcZk’ahsin(ah,) (Ala)

T, =a(DK* - pha?)cos@h, )+ pe? k*- B?)singh,)
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+pc’k’ahcos@h, ) (Alb)
T,y = - K(DK* ~ pha?)cos(Bh, )+ 2pgkB sinh,
- ik (= F)cosioh,) (ALc)

T, = jk(D1k4 —,ohwz)sin(ﬂhl)Jr 2j,0102le COSﬁhl:

+ikD (K - F)sin(an,) (ALd)
T,, =-2j pckasin(@h,)+ (oha? - Ehk?)C

jkvhpc?(k? - B*) cos@h, )
2(1-v,)

(- keos@h )L a singh, )1

(Ale)

T,, =-2jpcka cosrh, )+ (oha” - Ehk® )

jkuhoc? (K - £2)sin(ah,)

[jksin(ah) —j—;ha'cos@fh1 )+

2(1-v,)
(A1)
T,s =—pL(K* = B cosBh, )+ (phw® - Ehk *)C
. k*h kv,h .
[=Bsin(Bh) Y cos(Bh, )l-——— [pczk B sinBh, )]
- Vl)
(Alg)
T, = o (k? - B?)sin(Bh,)+ (phw? - Ehk *)C
2, 2]
[-eos(gn 1+ singon, - KhPLIBCOSEN)
2 (1-v)
(Alh)
Ty = plcs(kz -B? (ALi)
wa )
1, =-2Y9 (ALj)
aO
T, = KA (ALK)
aO
T34 = ‘ijlcﬁkﬁ (ALl)
T.=0 (A1m)
T, =-2jpcka (Aln)
T, =—pC (K- B9 (Alo)
K,, = 1z EXP(K%,) (A2a)
Tl = Tol o
Tl =Tl 5
= Tl = Tyl 2 (A2b
" Tl = Tol o
A a2

Tl =Tl o
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—T,F exp(j kxo )

Ko = (A2d)
TiTos =Tl

K, =- Tl = Tial o (A2e)
Tl = Tod

== TiaTos =Tl (A2f)

Tl =Tl o

Fa = TaK v ToK o+ Ty (A29)

Fo = ToKpt ToK ot Ty (A2h)

Fio = TaK 1o+ ToK o (A2i

Fou =Ty (A2))

Foo =Ty (A2K)

(k) :%T[a(pzhzaf ~DY) -kThpgia]  (A3a)

(k) = %T[Mz(‘“/” - JKi(phe? — D)

(A3b)

)= {( ot - EM%{(%a — KK BK ] -

jk'v,h, 2(k'2— 32 : pra
—22Z - K,,—2 XBK ,,+
2(1_\/2)[(,0105( BIK,—2jpLkpK,, a, )i

(A3c)

£alk) = (7 - EMZ)[(%— K K = BK ) -

(A3d)
(k) = %T{( PP AF ~ENKI - K K- BK
KNG, ) (ke B7) K - 2] p e BK )
2(1_ VZ) 1¥s 10 'S 2
(A3e)

Where a = /k? -k® andB =k’ -k” are thez -directional

dilatational and shear wavenumber, respectivglandk, are

the x -directional dilational and shear wave number, eesp
tively. ¢, and ¢, are the dilatational and shear wave speeds,

respectively.

c{ifil %4 (ta)
F21 - R21 Fzz_ Rzz
b= [_E‘)} (A4b)
Ryo
where
F,, = diag(Fy,(k)) (A4c
F,, = diag(F,,(k)) (Add)
ICA 2010
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Fyy = diag(Fyy(k) (Ade)
Fy, = diag(F,(k) (A4f)
F,o(k ) = F(k) (Column vector) (A4q)
Rilkk) = A kgl k) (Adh)
Rak k)= A Tuk)a(k, k) (Adi)
Rul.k) = DA Ful)alk, k) (Adi)
Ralk,k) = DA kgl k) (Adk)

g(kn) = %Ai fo(k)a(k, k) (Column vector) (A4l)

where -
f,, = diag(f,,(k)) (A4m)
f,, = diag(f,,(k)) (A4n)
£, = diag(f,(k)) (A4o)
f,, = diag(f,,(k)) (A4p)
(k) = f4(k)) (Column vector) (A4q)
g =diag(g(k.k,) (Adr)
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