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Abstract
In our paper we developed a non-linear model for studying the motions of a human body. For

our model we obtained the equations of motion using the Newton’s equations. We also treated
a few aspects concerning the stability of the equilibrium and motion.

1. INTRODUCTION

The mechanical model is captured in figure 1.

We made the following notations: m;, i = 1,4 - mass of the body i; C,, i =14 -

weight center of the body i; J,, i = 3,4 - inertial moment of the body i with respect to the
weight center C,; h - distance between C, and C, measured in the direction of the axis y;
GG =1L; DE, =L,; C,D,=1; DC, =1,; C,D, = L;; F, - elastic force in the spring

between the bodies 0 and 1; M, . - elastic moment in the spring between the bodies 2 and 3;
M,,, - elastic moment in the spring between the bodies 3 and 4; F, elastic force in the

€34

spring between the bodies 1 and 2; F

€3

elastic force in the spring between the bodies 1 and 3;

d - distance between C, and C, measured in the direction of the axis x and for unstressed
springs; F, - coulombian friction force between the bodies 1 and 2; N, - normal reaction

between the bodies 0 and 1; N, - normal reaction between the bodies 1 and 2. We shall
consider that all elastic forces and moments are equal to zero for zero strains.

2. ISOLATION OF THE BODIES

For the fourth body we obtain the following equations (fig. 2):
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Figure 2. Isolation of the bodies.

mX, = H,; m4(j}4 + g) =V,; J4é4 =-H,,cos6, +V,/,sinb, _Me34(e4 - 93)'

(1)
For the third body we obtain:
mX; = Hy — H, _F;13(x2 + l;'sin63); m3(j}3 + g) =V, =V,
J3é3 =—-H,l; cos 0, — H4(L3 - l;)cos 0, +V,l;sin0, + V4(L3 - l;)sin 0, + )

+M, (0, -05)-M,_ (0,)-F, (x, +{sin0, i —I5)cos 05 = 0.

€3

For the second body and the first body it follows



ICSV14 « 9-12 July 2007 « Cairns * Australia

myX, = —H; — uN, - F, (xz); 0=N, -V, -mg,

€12

respectively

mX, = pN, + Elz(x2)+F;13(x2 + [y sin 93)_F (xl); 0=N, -mg-N,.

€01

3. OBTAINING THE SECOND ORDER DIFFERENTIAL EQUATION

SYSTEM

It is easy to obtain the following relations:

J0, = -mi [, cos 0, + m (¥, + g)l,sin6, - M, (6, - 6;)

J,0, = —[m3>'é3 +m, +F, (x, + 17 sin 63)113' cos 0, — m,¥,(L, —1})cos 0, +

+ (m3j}3 +myg +my, + m4g)l3' sin 0, + (m4j}4 + m4g)(L3 - l;)sin 0, +

+M, (0, -0,)-M,_ (0,)-F, (x, +5sin0, 5 —15)cos 0, =0,

€13

m,X, = —[m3)'c'3 +mX, +F, (x2 + [ sin 63)J—

_H[msj}3 +myy, +(m2 + my +m4)g]—Felz(x2),

mx, + myX, + my¥; + myx, = —F, (xl).

On the other hand

¥, =% + X, + 10, cos0, — ;07 sin 0,; ¥, = —110,sin 0, — ;03 cos 0;;

X, = ¥ + ¥, + L0, cos 0, — L,02sin 0, + 1,0, cos 0, — 1,62 sin O, ;

$, = —L,0,sin 0, — L,02 cos 0, — 1,§, sin 0, — 1,62 cos 0,
and replacing in the equations (5)-(8) we obtain the system

Alljél + Alzjéz + A13é3 + A14é4 = B; Azljél + Azzjéz + A23é3 + Az4é4 = B,;
Ay X, + A, + A3363 + A3464 = By; Ay, + ApX, + A4363 + A4464 = B,,

where

4, =my, cos0,; 4, =m,l, cosb,;
A, =m,L,cos6,l, cos0, + m,L,sin0,/,sin 0, = m,L;/, cos(@4 - 93);

— 2 2 2 qin?2 — 2
A, =J,+ml;cos*0, + ml;sin*0, =J, + myl;,

4, = (ms + m4)l3: cos 0, + m4(L3 - lg)COS 0;;

4, = (m3 + m4)l3' cos 0, + m4(L3 - l;)cos 0,; 4y, = J, + m3(l3’ )2 +m,L3;

A,, = m,l,1 cos(e4 - 63)+ m4l4(L3 — 13’)cos(64 - 63),

€)

(4)

(5)

(6)

(7)

(8)

9)

(10)

(11)

(12)
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Ay =my+my; Ay, = m, +m; +my;
A,y = myl; cos 0, + m,L, cos 0, — wm,/; sin 0, — wm,L, sin 0, ; (13)

A4, =myl, cos0, —um,l,sinB,,

p— . J— . _— ! .
Ay =m +my +my; Ay, =my, + my + m,; A, = myl;cos0, + m,L, cos6,;

A, =myl, cosf,, (14
B, = m,L,1,0% sin(0, — 0,)+m,gl, sin0, - M_ (6, -0,);
B, = m,l,L,0%sin(0, —0,)— F, (x, + 1} sin 0 )/} cos 0, +
+mygly sin 05 + m, gL, sin0; + M, (0, —0,)- M, (0;);
B, = m3l3’9§(sin 0, —pcos0, ) + m4L39§(sin 0, + ncos0,)+ (15)
+m,1,02(sin®, + ncosO,)— F,. (x, +7sin@,) -

- “(mz +my + m4)g - F,, (xz);
B, = m,[}6? sin O, + m,L,0? sin 0, + m,[,0? sin 0, — F, (x,);

hence 4, = 4,(x,x,,0,,0,,%,%,0,,6,), B = B/(x,x,0,.6,%,%,6,,0,), i=14,

j=14.
The system (10) leads to

X = fl(xl,x2,83,84,xl,x2,63,64); X, = fz(xvx2’63’64ax1>x2563’e4);

.. (16)
0, = ]g(xl,xz,63,64,x1,x2,83,64); 0, = ﬂ(xl,x2,63,64,xl,x2,63,64).
Denoting
X =85x=8,:0,=6:0,=8: % =& %, =830, =856, =&, (17)
it results the first order non-linear differential equations system
e, . d, .
32%4;1219423Zfi_4(i1=---a§g)91=578- (18)

Let us observe that the system (18) is valuable for N, > 0, otherwise the system has

five degrees of freedom.
Our system has four degrees of freedom : x,, x,, 6, and 0,.

4. THE STUDY OF THE EQUILIBRIUM

In this case, we obtain
% =0;%=0:0,=0;6,=0. (19)

We study the equilibrium for the elastic forces and moments given by linear relations
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F, (x,) = kX, 3 F, (x, + Isin0;) = ky5(x, + £'sin 0,);

€13
(20)
Me34 (94 - 63) = k34(e4 -6 )7 er3 (63) = (93)’
oLy L,
the bars are homogeneous, and /; = ey 5,1, = > p=0.
It follows the system
A%, + A%, + A1sé3 + A14é4 = B;; A%, + A%, + A23é3 + A13é4 =B,; @1
A X+ Ak, + 4,0 + 4,0, = Bys AyX, + ApX, + 4,0, + 4,0, = B,
Subtracting the third and the fourth equation (21) term by term, it results
B, -B
(ASI - A41)jé1 =B;-B, =X = — . (22)
A31 - A41
We obtain a system of three equations with three unknowns
. . B. — B
A%, + 43095 + 4,0, = B, — 4, — " = Dy;
A31 - A41
. s - B, - B
Ay, + 4,0, + 4,0, = B, — 4, — 1t = D,; (23)
A31 - A41
A%, + Az1é3 + A34é4 =B, — 4, M = D;.
A31 - A41
Denoting
A4, As Ay D, 4, 4, 4, D, 4,
A =14, A4y A sz =|D, Ay As|; A93 = |4y D, Ay|;
Ay, A4y Ay, Dy 4, 4, A4y, Dy 4, (24)
A4, A, D,
Ae4 =4, Ay D),
4y, Ay D,
one obtains the equilibrium conditions
sz ZO;A93 :();A94 =0 (25)
or, equivalently,
Dl(A23A34 - A21A13) - Dz(A13A34 A21A14) + D (A13A13 - A A14) 0;
- DI(A21A34 - A32A13) + Dz(A11A34 - A32A14) - D3(A11A13 A A ) > (26)

Dl(A221 - A23A32) - Dz(A11A21 - A32A13) + D3(A11A32 - )
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It results two situations: either D, = 0, i = 1,3, or the determinant of the system in the

unknowns D,, i = 1,_3 is equal to zero. The second situation would imply that the equations

(23) are not linear independent which is absurd. It remains

D =0,i=13 27)

From the definition of the parameters D,, i = 1,3, it follows the equilibrium positions

given by
x=0;x=0;0,=0;0,=0;%=0;%=0;6,=0;6,=0. (28)

The study of the stability of this equilibrium position will be made numerically,
considering a deviated position characterized by &,, i = 1,8 with |§i| sufficiently small.

We selected the following values:

m, =1000[kg]; m, = 26.68[kg]; m, = 46.06[kg]; m, = 5.52[kg]; L, = 0.427[m];
L, =024[m]; k,, = ISOlNr%adJ for 0, > 0,, otherwise k,, = 300[Nn%adJ;

kyy = 350N/ | for 6, 2 0, otherwise &, = 1000[Nm/ | &, = 600000N/ |:
kyy = 600000[%]; Koy = 800000[%].
The step time is Az = 0.001[s], and the initial values are
09 = < [rad]; 09 = 0.001]2d ] (30)

The graphics are plotted in the next figures.
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Figure 3. Time history for x,.

It is easy to observe the quasi periodicity of the diagrams, so the equilibrium is a simply
stable one.

The equilibrium becomes if k,, = 0 for x, < 0.

The domain of stability increases around the equilibrium position (28) if the friction
coefficient has a non-zero value.
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Figure 4. Time history for 6, .

5. CONCLUSIONS

In our paper we presented a four degrees of freedom model for study the motion oh a human
body. This model characterizes the behavior of the human body in a car. We obtained the
equations of motion and we study the stability of the equilibrium position in a particular case.
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