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ABSTRACT

An elliptic perturbation method is developed for calculating solutions of strongly nonlinear
systems of the form 7 +c,z +¢,2° = &f (z, 2,cc), where z is the complex deflection function. The

Jacobian elliptic functions are employed instead of the usual circular functions. The suggested
procedure can give also a second approximate solution. The method is applied for the equation
which describes cyclic motion. The analytically obtained results are compared with numerical
ones. They show a good agreement.

INTRODUCTION

The vibrations of the rotors are usually described with differential equations with complex
functions. Due to nonlinear properties of the rotors the differential equations are also nonlinear.
These non-linearities are not only weak but very often strong. To solve these equations various
asymptotic methods are developed [1-9]. When the non-linearity is of cubic type the generating
solution is a complex function of two Jacobian elliptic functions [2,4,7]. If beside the strong
cubic nonlinear term also weak non-linearities exist, the perturbation methods based on the
Bogolubov-Mitropolski method [4], Krylov-Bogolubov [2] and Elliptic-Krylov-Bogolubov [7,8]
method are developed. For all of them it is common that the methods are correct only for small
non-linearities. '

In this paper a perturbation method developed for the systems with one degree of freedom [9] is
extended for systems with two degrees of freedom described with complex function. The method
is applicable not only for small but also large values of parameter € but it is correct only for a
strictly defined group of problems. The constraints of the method are discussed in the paper. An



example with nonlinear gyroscopic force is discussed. The analytically obtained results are
compared with numerical ones.

MATHEMATICAL MODEL

The mathematical model of the strong nonlinear rotor system is assumed as

i+cz+ez’ =¢f(z,2,cc), (1)

where z is the complex deflection function, x,y are the coordinates of rotor center, ¢, is the
coefficient of linear and c3 of nonlinear terms, f is the nonlinear function, cc is the complex
conjugate function and € is the small parameter. The equation (1) is a strong nonlinear
differential equation with complex function. If the parameter € is negligible the differential
equation transforms to

F+cz+c,z’ =0, ¥))

where z=x+iy is the complex function, x,y are coordinates, i=(-1)”2, c1, ¢3 are coefficients of the
linear and cubic term. It represents the generating equation. For ¢,>0, ¢;>0 the solution is

z = Afen(z, k) +isn(z,k)], 7=t 3)

where cn(z,k) and sn(z,k) are cosine and sine Jacobian elliptic functions, Ao, Qo, £ are called the
amplitude, the angular frequency and the modulus of the elliptic functions, respectively. The first
and the second time derivatives of the function (3) are

5= c—;'_dzr_% = —Ajdn(z,k)[cn(z, k) +isn(z, k)],
g dr _ —Q; 4, (ik*snenlen(z, k) +isn(z, k)], “)
dr dt

where dn(z,k) is the Jacobian elliptic function. Substituting equations (3) and (4) into (2),
separating the real and imaginary parts and equating the coefficients of cn and cn’ to zero we
obtain

2
Q= +od, w2 )
0

THE ELLIPTIC PERTURBATION METHOD

The eq.(1) can be written in the form
i+ex+c,(x* =307 =4, ©
yray+e,(x’y -y )=o),

where f; and f; are the real and imaginary components of non-linearity, respectively. We assume
the solution of the equations (6) in the form of a seriesx = x, +&x, +..., y = y, + &, +....In order
to construct the correct solution which must include the parameter € we introduce a nonlinear
transformation

x = Aen(r k), y = A'sn(z,k), @)

where

A=A +€4 +..., A =4 +ed +.. 3)



The 4; and 4;" are constants. We assume that the frequency of vibrations has different values in x
and y direction (Q and Q" are not equal) and it is

Q=91_q +:@)+.., Q" =0 +6Q](7) +.. ©)
dt

The frequencies Q,, Q,... are dependent on 1. Then the first and second time derivatives of @)
are

x= dibc—%[— =x, Q) +&(x,Q, + x,Q) + £ (x,Q, +x,Q +x,Q) +..., (10)
4
dy dr,
d —d— - Qo.yo + 8(90)’1 +Qly0) t+é (szo + Q1y1 + Qoyz) +.. (1 1)
X= xOQ0 +£(6,Q +2Q,Q %, + x,Q,Q)) + &7 (5, +2Q,Q x; +x, 0 +x,Q, +x,Q.),
(12)
7= Yo% + (1% + 20y, + ¥ Q) + £° (1 +2Q 0y, + 7, Q7 + Q) + Y, Q)
(13)
dy,
here x'= ——, .
where dr, Y= dr,

Substituting (7)-(13) into (6) and separating the terms with the same values of parameter ¢ a
system of differential equations is obtained:

g% X, Q% +¢,xy + ¢y (xg —3x,y2) =0, (14)
Yo% + ey, +¢5(=ys +3%31,) =0, (15)
gl X, Q + 20,0, x; + QQx, +¢,x, +¢,(3x2x, = 3x,y7 ~ 6x,3,3,) = £,(x,, Vs, x,Q4, ¥,K2,),
(16)
y1Q(2> + ZQoQ:J’o +Qoﬂ;yo +oy + cs(—3y§yl + 3y1x§ +6x,0%,) = £, (X, Vo, x;)Qo, y(')QO),
(17)
g2

X% +2Q,Q %, + x, 0 + QQx, + QQ,x, +¢,x, +¢,[3x,x7 +3x,x2 - 3(x,y? + 2%, YoV, + %oV +2%,1,,)]

gf;x fr?yyﬁgf—‘(xlﬂ +xOQ)+gfy',(y;Qo+y;QI),

(18)
V% +2QQ 7, + ¥l + QY + Q% ¥, + 6,7, — ¢33y 37 + 39,97 = 3(1,x2 +20%0%, + yox? +2,x,%,)] =

T T T e xn)+ Loia+ o),

(19)
where f, = f,(x,, v, Qo%,, Q,),), and fo= fz(xo’yo’gox;vgoyg)'
The solutions of (14) and (15) are as for the generating solution

= A()cn(rv k)’ yO = AOSH(T, k),

where 7= Q.



To transform the equations (16) and (17) they have to be multiplied with x;° and yy’,
respectively. The transformed equations are

t ¢ *

t »
' A y A ' A
Q'oQ'lxoz :): '"Q?) ‘~lx02 ___1(0ng +c3xg —3x§y§c3 0_3'—xoyoc3 3cijo[2yoyo =L X, +
4 0 o 0 4,
4 : P
zzyoyoxo]df‘*'jflxodr’
0
(20)
t t
. 14"l , * A t ' A«
QQ ;o= - 'A—;yo2 i —Zl_(clyg +¢3V5 = 3% Y0630 3A:) Xo Yo 0 +3cz.(l:)’o[2xoxo Zi)’o +
2—Al : + t d
4, YoXoXo Mt + | fLydr.
0

If the equations (20) are integrated in the period 4K where K is the first order Jacobian intergral,
we obtain

6C 4K 4K ' 6c 4K 4K
- —1-4:3 jxgyoyo(A, +A)dr + J'f,xodz' =0, 715 jygxoxo(A1 +A)dr + Ifzyod‘r =0.
0 0 0 0
(21)
If
4K 4K
[ fixgdr = [ fysde =0, (22)
0 0

the identities (21) are satisfied for any 4, and A,". This relation is the constraint condition for the

developed method. As an example, it is f = +iF ;o, ie, f,=+Fy,, and f, =¥FFx,, where Fisa
real function of xo, yo, Xo’, yo’. This type of functions describes the nonlinear gyroscopic force.
Let us transform the eqs.(18) and (19) by multiplying it with xo> and yy’, respectively. If we
integrate the transformed equations in the period 4K it is

I[ J’1 +_fl—(x|Q + on )+ $, (J’;Qo +y;,Q]')]x;)dz' =0, (23)

' . a ' ' » ’
j[%xl +%yl +g_xf%(xlgo +x8,) +?$(J’1QO + Y&y dr =0. (24)
The values of 41, A;", Q, Q, are determined from the equations (20), (23) and (24). For
computational reasons it is convenient to calculate the previous values according to the
following relations

Q =AW, + AW +W,, Q; =AB +A4B +B,,
= AL, - Pl X Al' = AL, -Pl, ; (25)
111122 _121112 112121 _122111
where
W, = J.f(xo,}’o’n xo’ oyo)xodT

QOO



W, =- ! Q07 +exg +e,x) 3,2y + 6c3j‘x§y0y(')dr],
0

AOQO 0
W' =— >[3e,x2y? +6c 2y yidr),
1 AOQO 0 3 0 0 36'. 0 ¢
f F:(%, Y0, Q% Qo33 )y,
0 0 0
B =~ : 2 [3c3x§y§ —603jygxoxt,)d7]a
AOQO.yO 0
. 1 . P ,
B =- Ty, +a¥, ~cy, +3c,%, Y, —603J.y§xoxodr]’
A4y,

4K
A= I@( I/Voxo I%Box(')y;’ F= 'f onyo J.% Boyo 5
5 OX

1, _Tafxx' f —+Qx;} +Iafo0+I =L Bx,y,,

1= [ jafnxoyoq i+ [ b,
IzrzTg;z ;:0 J‘?;onyo'*'fszxo.)’o J.aszyo,
0
Ty (o, 2 %, (O e 2
L, =220, VP20 w, By,
2 :':5)/ 4 +£®/, 0o +'£6x' x0y0+‘[6)1' 1 Vo

In the first approximation the solution is x = Xot+&x, and y=y +gy,, ie.

x = (4, +&4))en(z, k), 26)
%= ~(dy + 80 4, + 60,4 )sn(z, K)din(r, k),

and

y = (4 +ed)sn(z, k),

. . (27)
y=(4,+eQ 4, + £ 4, )cn(z',k)dn(z',k),

EXAMPLE

Let us consider the case when the force has the form

J =y, +ix,)F, (28)
Le,

Ji = 0oF, S =x,F,

where

F= X Yo + (xg +y§)x£)y;)' (29)
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Fig.1. Limit cycles: ___ numerical solution, ---- analytical solution for €=0.5.
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Substituting (28) into (22) it is

- TK(Q-k*)(k* -2) +14E(k* +1-K7)
4 = [4(1+ k2B +K>) - 5(9k> + DK (2 + k%) —2E(1+ k)]
Due to the relations (25) it is evident that 4, and A, are zero and the frequencies are Q =W,

and Q = B,, where

(30)

A 1 E
W, =- o {ISk“ [(A-K*)(K* - 2)r +2(k* +1 —kz)Er +2(k* +1-kH)Z(r) +

4 5 2, 74 _ap?
—-—A‘; ~ {—k—snscndn+8k tk Sendn + 32k
Q sn°dn 7 T0k
LAA+E)B+E) - 509 +1)

105k*

k*sncndn (3k*sn® —1-k*)]} +

[kcndn +(1+k*)In d_nllk;cz -k] [((2+&*)r —2(1+k*)E(z) + k*sncndn]),

A 1 21,2 ‘ 2 E s 2

B,=- 1-k)E =D +2(k" +1-k)—c+2(k" +1-k)Z(2) +

o ronzdnz{ISk"[( X )T +2( )K ( )Z(7)

4 2 2 4 2

4 {—E—snscndn+8k Tk sn3cndn+1—1——32k—
7 70k

2 2.2 2
kisncndn(Bk“sn® —1-k )]}+Q—Ocn—26:m—2
dn—ken . 4(1+ k)8 + k%) - 59K +1)

1-k 105k*
For the case when ¢;=0.243384 and c;= 0.25, the modulus of Jacobian function is #=1/2, and the
initial amplitude and frequency are 4,=(2=0.56966 and the solution in the first approximation is
2 =0.56966[cn(0.56966¢,4/0.5) +isn(0.56966¢,+/0.5)]. In Fig.1. the limit cycles in x—y, x— %
and y—y frames for €=0.5 are plotted. The solutions obtained numerically by Runge-Kutta
method and analytically by the presented method are compared. They are in good agreement.

[(2+kY)7 =20+ k*)E(z) + k*sn cndn)},

[kendn+(1+k%)In

CONCLUSION

It can be concluded that the elliptic perturbation method suggested in this paper is applicable for
solving strong differential equations with periodic solutions. The method gives solutions which
are in good agreement with those obtained numerically, even for high values of non-linearity.
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