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The phenomenon of wave localization in hydroelastic systems leads to the
strength concentration of radiation fields. The linear method considers the
process of localization to be the formation of nonpropagation waves (trapped
modes phenomenon). The presence of such waves in the total wave packet
points to the existence of mixed natural spectrum of differential operators
describing the behaviour of hydroelastic systems. The problem of liquid and
oscillating structure interaction caused the trapped modes phenomenon has
been solved (membranes, dies, plates and different liquid models). The areas
of wave localization have been determined. This areas depend on both the
parameters of oscillating structures and the liquid waveguide parameters (the
linear dimensions of the channel filled with liquid; the height from the bottom
to the liquid surface; the liquid density gradient according to the height, etc.).

1 INTRODUCTION AND STATEMENT OF THE
PROBLEM

The linear problem on wave propagation in the finite depth water has been studied in
[1]. The bottom topography influence on trapped modes characteristics thoroughly in-
vestigated in [2]. The problem on the standing wave formation localized in the area of
dynamical inclusions on the bottom of a channel is seemed to be very interesting and of
practical use. This paper is devoted to solving this problem.

There is a massive rigid die on the elastic foundation on the bottom of a three-
dimensional channel filled with an ideal noncompressible liquid. Cartesian axes are chosen



so that y is directed vertically upwards and = and z in the plane of the unperturbed bot-
tom. The coordinate origin coincides with the middle of the die (its width 2a). The
motion of the liquid is described by velocity potential ®(z,y, z,t) in the linear theory.
Velocity potential is found from the following boundary problem:

S,z + ®yy + 8., =0, in the domain occupied by liquid, (1)
®,, + g®, = 0, on the free surface y = h, (2)

B W on the moving part of boundary |z| < a
Y™ 1 0 on the rigid part |z| > a, y=10

Where g is the gravity acceleration, A is the depth of the liquid in the channel, w is the
die displacement determined by the equation

Mwu-i-Cw:p/ (®: + gw)dz, |z|<a, y=0. (4)

Where M is die mass per unit length, C is the die rigidity, p is the liquid density. Let us
consider the die as a wave surface having a constant cross-section in the z-direction and
oscillating with frequency w. The solution of problem (1)-(4) being found in the form:

w(z,t) = Re {woel™~+}, (5)
®(z,y, 2,t) = Re {p(z,y)el ™9},

Substituting (5) into (1)-(4) we satisfy the following boundary value problem

oy=%p, y=h (6)

{(pm+<pyy-—mgo, —oo<zr<+o0, 0<y<h
Oy =wwo, |z|<a, @,=0,|z|>a y=0

(C — MwHwp = pw ’ p(z)dz, |z]<a y=0. (7)

—-a

' Where m is wavenumber, € = C' —2apg. For v(z,y) we require the "localization property”

/ / V|2 dedy + f o*(z, h)dz < +oo. (8)

In this case the energy of the wave mode is finite per unit length of the z-axis, and the
mode (or wave) is said to be trapped. Without the die the problem (6)-(7) leads only to
continuous spectrum starting with w, = y/gm tanh mh which is the cut-off frequency.

2 FREQUENCY EQUATION
The Green function allows us to express the solution of problem (6) in the form
p(z,y) = —wwo /_ Gz =n,y,w)dn. (9)

Substituting (9) into (7) one can have the following equation to determine the natural
frequency

C - Mw? = —pu? //a G(z — n,0,w)dndz. (10)



The corresponding Green function G(z,y,w) is

Ap(w)e=bll + T2 | Ap(w)e=l, w < w,

Gz, y,w) = { 1Ap(w)eltelel 4 320 Ay(w)e~lel) w > wy, )
where
Ao 20 cosh yéo A= — 26k cosye
® 7 " (o(sinh 2h&o + 2h&,)’ Ci(sin 2R, + 2hEL)’

£o is the positive root of the below equation

2 _ g2
g€ tanh h¢ = w?, <0={Vm £6, w<w

VE —m2, w> w,
&k is the positive root of the below equation

gétanhé = —w?, G=\/E+m?, k=1,2,...

Remark: It has been shown that having been integrated, the series obtained in the
right parts of (9) and (10) converge.

Analyzing the obtained solution of the spectrum problem (9)-(11) one can come to
the following conclusions.

3 MAIN RESULTS

1. In the region of low frequency (w < ws) only localized waves can exist, and the
condition of lack of radiation (8) is always met. The analysis of frequency equation (10)
shows that its right part is positively determined increasing function. In this case, the
" unique natural frequency can exist, when the following inequality is fulfilled

C > 2apg.

Then wy,, satisfies the inequality

0 <wr, < min{wb,‘/c—_;(z—’)g}.

2. Above the cut-off frequency (w > w;) the Green function is the complex, with
a consequent formation of surface travelling waves carrying the energy to infinity. The
condition (8) is fulfilled when

which is equal to the existence of the trapped wave discrete spectrum above the cut-off

frequency
wi2 = gy/m? 4 m2n2/a? tanh (h\/m2 + m2n2fa?), n=0,1,....




In order that some trapped mode wyy, is the eigenvalue, it is necessary that it satisfies
the frequency equation (10).

When the frequency is equal to wry, than the right part of equation (10) has negative
values, and theoretically always possible to choose the parameters for the mechanical
system C, M and a so that the equation of frequency can turn into the identity, and wr,
is the natural frequency

3. The existence of the discrete spectrum at certain parameters of the discrete spec-
trum of frequency leads to possible resonance oscillations in the given die-liquid system
under the action of harmonic forces which frequency coincide with the system natural
frequencies.

4 LIQUID OSCILLATION IN A PLANE CHAN-
NEL WITH RIGID SIDES AND AN INCLUSION
IN THE FORM OF A RIGID DIE.

A die of mass m and width 2/ executes vertical oscillation on a plane channel filled with
inviscid compressible liquid of density p. The speed of sound in the liquid c¢o. The general
equation of the die motion and the state equation has the form:

2
—(Pu+Pyy)=<§) P, —oo<z< oo, 0<y<H

+
Mt w = / P(H, ) d¢ (12)
Z

+ .
w?wp, |z| <
Q= [ P(H,)de, Piymo=0, Pyen ={ AN

-1

where wg et — die displacement; H — channel height; P e“* — liquid radiation pressure.
To get the uniqueness of a solution one should use the concepts of limiting absorption.
Using Fourier transform in the equation along coordinate x one can get for P(H,¢):

4+
P(H,€) = pow? wo [ G(H, |o — &) d¢ (13)
i
where
G(H,|z —¢]) = 05 0 —iwle—¢l/eo + 1 f: ie—lw—fm
(H,|= =—05i e "2



The Green function is complex because the system has travelling waves that transfer
the energy of the oscillating die to infinity. With every other travelling wave harmonic
the frequency w is translated above the corresponding boundary frequency wy = 7 ¢o/H.

( ) powwy [ zﬁci; sin 4 e‘“"’/ e kE —;e""‘”sh'ykl] , z>1
P H,:c = =
pocg%?- [2%-,‘;1 g(l - e‘”k'shfyka;) - (1 — e~wa/e cog “;T’)] , 0<z<l

(14)
Substituting it in the die motion equation one can have a frequency equation. Integrating
the pressure along the die length, one obtains:

Q= 2/’002 2o l (2 }: ) w2) — % Z —2 I""sh'ykl + Z}—osin _c% e““"””] (15)
k=1 k=1

After some manipulations the expression has the form.

wH w1 pocs . lw _;
= —Wo [200cocteE + 450§ Le-mighyl — 220 0 10 mivtra| (g
Q o [ pococtg—— + 4po ;?:1: v W — T, sin (16)
One has another form of the frequency equation:
' wH W &1 pocd . lw _
—Muw? + 2pocolwctg— + 4 Y — e Mshyl + S22 sin —e % = 17
POy T POH 2 )3 T He " o (17)

The condition for existence of real roots in the equation is the lack of radiation behind
the die, when |z| > [. The last expression is complex because of the two last components
only. It is easy to verify that the imaginary part of them is determined by integrals that
" have the form:

+
/eiW€/co d¢ =0,

2

+Ho NPT
/ e€((/eol=tx/B?)" ge o (18)
=

+
[ ettt =mimr)" ge = o,
2
or
lw )
sin— =0,...,siny,l =0
co

The last mentioned expression determines traveling waves of the pressure. It means that
if they vanish, it will lead to a real frequency equation. Show the existence of parameters



[ and H which allow us to find the real frequency w from the equation. Solving the last
equation step by step one obtains:

TmMcy
W, = 7 ;

(I/HY? =m?—k}; 4(I/H)=m?-k2,...; N*(/H)?=m?—ky (19)

m=0,1,2,...; k;=12,...; j7=12,...N

The domain of the parameter m variation is found from the inequality determining the
frequency w,, location:

lN IN +1
E <m< H
m — is integers in the last inequality. It needs to solve the system of equation for
unknown [/ H, ki, k, kny—1 which must be expressed in terms of parameters m and ky.
In the general case it is rather awkward procedure. We can demonstrate it with some
examples.
When N = 0 the location of the frequency is the following:

(20)

T o
0<w, < _I—I—
Considering wy, = ™% one can obtain for the parameter m:
0<m< l
m —
H

Obviously the relation [/ H > 1 must be correct since m is an integer. The last mentioned
relation is a necessary condition for the real discrete spectrum existence between the first
. and the second boundary frequencies. A sufficient condition is the solution to the equation
for mass M. When wn, = ™% the expression for the radiation pressure has the form of
a standing wave, because the travelling modes coefficient vanishes. When y = H, z > [,

the pressure has the form:

P.(H,z) = POwr WG i 1 i e-((%)z-(”—g)g)xmsh (<ﬁ)2 ) (uﬁ)z) 1/2

TS - (2 7) "
(21)

Having determined the frequencies (name them trapping ones), one can find the value of
m, when these frequencies become natural. It is from the equation one finds:

wmH 4p0 o &= 1 _.
+ —w;, ——e """ shyk,l 22
0  H "D Vim (22)

272 1/2
7km=§(%—m2) , m=12...

The domain of integer value of m must ensure the inequality:

M,, w,zn = 2pocolwmctg

where



Im & 1 — e~ VRUHP-m?
Hrm? kgl [k?(l/H)2 _ m2]3/2 + Ctgzl Z 0, 0< zn<m (23)

(From one can find z} such that the relation becomes zero:
m
2

Here, the natural frequencies are located in the domain:

<zi<m

Tmco
0<w,,.<T

It is one value of m only exits (m = 1) and one value of the discrete frequency only when

I/H =2.

w = —

[

If {/H > 2 — m real discrete frequencies exist. The value of m is located in the domain:

0<m<m,

where m, is defined by the relation a/H previously. When N = 1 the real discrete
frequencies are:

Wy = ——, l/H=\/§

=0 /) =VE (/H) = VB
The existence of the real discrete natural frequencies in the region of the continuous
" spectrum is proven. It should be noted that, if a spring of rigidity c is connected to the
die it will change the domain of values m that satisfy the equation. In that case one can
always find some values of parameters m and c that satisfy, if n = 0. Besides, there will
be some other values of m which satisfy the inequality:

wm <meo/H (I/H >1)

5 ELASTIC NONLINEAR SYSTEMS

Consider the following simplified model (the beam with nonlinear and linear inclusions)
Duzzxz + muy + Ku + f;(-’L‘)u + 7g€u3 = P(t’ m) (24)

where = € (—00,0). To simplify, firstly let us assume the external force P = 0. It is well
known that, in the linear case (g = 0), for appropriate coefficients f, there exist "localized”
and almost localized modes [3] describing special beam oscillating. For example, if we
take two inclusions f = §(z) + 8(z — !), then one obtains the solution of the form

u = [A cos(wt) + B sin(wt)]¥(z,w) (25)



where a(w) = (mw?— K), ¥ = exp(—a|z|)+exp(—a|z —I|)+ A(w)(cos(az) + cos(a(z —1)))
and )X is small, if the "resonance condition” is satisfied: la =~ m(2n + 1),n € Z. This
mode is the sum of exponentially damping contribution and the small harmonic tail
cos(az) + cos(a(z — l)). The pure localized mode corresponds to the case A = 0.

The aim of this subsection is to investigate nonlinear evolution of such modes and
show the possibility of the coherent structure formation.

6 CASE OF SINGLE MODE

We begin, to simplify, with the case of a single almost localized mode (2). The natural
and classical approach for small nonlinearities, (assume, 7 is a small parameter), is to
suppose that these amplitudes depend on slow time 7 = y¢. Then one can apply the well
known Whitham principle [4]. For the localized modes, there exists a simple approach
leading to ordinary differential equations for slowly oscillating amplitudes A(7) and B(7)
5]

Let define the Lagrangian
1 1
L= 5[ (mu? — Du?, — Ku® — f.(z)u® - %'ygcu")dx.
0

Substituting (2) into this expression and integrating over "fast” variables z and ¢, one
obtain the averaging Whitham lagrangian L. Up to small corrections, one finds

L= c%[w(dA/drB _ dB/drA) + c1(A? + B + ¢;( A% + BY).

The corresponding motion equations can be easily resolved and describe slow oscillations

of A and B:
A= acos(@(r — 7)), B =asin(@(r—)).

. The frequency @ is proportional to the quantity A? + B? (that does not depend on time
7).

Finally, we see that, in this simplest case, the slow time evolution is defined by an
integrable Hamiltonian system with the single freedom degree.

7 CASE OF SOME LOCALIZED MODES

If, in system (1), the coexistence of some modes is possible, then the mathematical ap-
proach 2 holds but the results are more interesting. Suppose modes ¥,, ¥,,...¥, coex-
ist, with corresponding frequencies wy,ws,.... Let A;(r) and Bi(r) be the correspond-
ing slowly oscillating modes. A nontrivial Whitham lagrangian (with nonlinear contri-
butions that define the mode interactions) can occur if the time resonance condition
0 = wj, +wi, +wi, +wi, = 0o0r 0 =wj, +w;, —wj; —wj, = 0 holds, for some w;, from the
frequency set.

Repeating the calculations from the previous point, we find that the Whitham lagrang-
ian has the following general form

clw(dA;/dTB; — dB;/dT A;) + c1(A? + B?)? + +ca(A? + BY)) +

1

L=

n
1=

DO =



+X Y ChniiAnAn A A + .+ diy iy s, By, Bi, By, B,
11432,33,84:0=0

where the second sum describe different contributions connected with the 4-order resonan-
ces 0 = 0. The corresponding equations for A; and B;, in general, are not integrable. They
can be analyzed by the KAM theory which can be used due to the condition A << 1. Due
to classical results, we know that they can describe quasiperiodic motions and moreover,
different chaotic occurrences (for example, Arnold’s web, homoclinic structures and etc.)

To conclude this subsection, let us note the important point. We can change the form
of L by a frequency and coefficient f, g choice. Thus, in a sense, these coherent structures
are controllable.

8 NONLINEAR ELASTIC BODIES
INTERACTING WITH FLUID

As a simplest model, let us consider the beam (1) in a fluid flow. This flow can be
considered (to simplify) in acoustic approximations

Ad(z,y) = g’ b, &, (T, y)ly=0 = s,

and the force P in (1) has the form P = po¢:(z,0). The influence of the fluid can
be easily taken into account in the limit of large frequencies w; >> 1. Then for ¢
one has the following asymptotic expansion ¢ = }; ¢(z,w,y,T) cos(w;t), where ¢; ~
c¥,(z) exp(iw;y) + .... Thus, one can show, that for high frequencies, the term P in (1)
can replaced to the usual simple dissipative term cu;.

Repeating all usual procedure of two scale expansion, we can obtain some complicated
equations for amplitudes A;, B;. They contains, in addition to case 3, some dissipative
contributions.

The investigation shows that the coherent structures lead to slowly damping quasi-
© periodic waves (with slowly oscillating amplitudes) which exist in the beam and the fluid.

The nontrivial structures occur as a result of the interaction of localized modes through
their tails.
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