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Summary: An investigation aimed at determining the complex moduli for a number of polymeric materials
is discussed. The complex moduli are determined over a particular frequency range on the basis of
transmissibility measured on mass loaded cubic specimens subjected to controlled base harmonic excitation.
The mathematical models of the response of the specimens are reviewed and a finite element based correction
factor is introduced to allow the use of one dimensional theory to three dimensional test samples. Relationships
between the measured transmissibility and the calculated moduli presented. Consideration is given to the
manner in which the experimental data may be fitted and to the errors that are involved.

1. Background
The function of an isolator is to reduce the magnitude of motion transmitted from a vibrating
foundation to an item of equipment, or to reduce the magnitude of the force transmitted from
the equipment to its foundation[1,2]. Polymeric isolators are commonly used in such systems in
order to minimize vibration levels and to reduce the effect of transmitted vibration[3]. In this
type of isolator, both the load-supporting functions and the energy-dissipating functions are
performed by the same element. Such polymers are often modeled as hereditary-elastic
materials i.e. materials whose constitutive relationship can be expressed in the form (for one
dimension deformation){4,s,6)
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or in the equivalent form

o(t) = E[e(t) - Ir(t - 7)e(r)dr] )]
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where T(¢t-71) = i a, exp[-a,(t-1)] is known as the relaxation kernel for the material and
n=1

a,, a, and N must be determined experimentally. If the response of the specimen is harmonic
such that £(¢) = € ", then o(¢) = E'(iw)e €, where E*(iw) = E,(w) + iE,(w) is called the
complex Young’s modulus, and can be expressed in the form

E*(iw)= EQ- 3 —) 3)
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Relations (1), (2) and (3) are equivalent representations that may or may not represent
adequately the constitutive characteristics of the material under consideration in the frequency
range of interest. More accurate representations may be found[7], but the form assumed in this
paper has the advantage of leading to closed form solutions for the free vibration response of
such materials[8,9].

In the more general case involving three dimensional deformation of an isotropic hereditary-
elastic material the specification of two complex elastic constants is required. The results
presented will be confined to those pertaining to Young’s modulus.

2. Determination of Complex Modulus

To determine the complex Young’s modulus of such polymeric isolators, longitudinal vibrating

viscoelastic rod theory is often applied[10-14]. The equation governing the axial displacement

of a thin rod subjected to harmonic excitation of frequency w is the one dimensional wave

equation and the transmissibility for such a rod with a mass M at the other end is given by[3]
T, (iw) = [cos(n'l) - n(n"l)sin(n'1)]" @)

1
where n* = w(—g-,—ﬁ = zu,, ¢ =complex velocity of wave propogation; p = mass density, ! =
rod length and = M / (pAL) is the ratio of M to the mass of the rod.

The above equation describes the behaviour of a system in which the only important variable is
the deformation in the direction of the axis of the rod. If the lateral dimensions of the rod are
significant the above equation will be in error.

According to this theory the transfer function is given by Eq.(4). Its magnitude is usually called
the transmissibility function. If its discrete values are measured, the values of complex Young's
modulus can be obtained through an iterative calculation of the following equation
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where B = n'l. For |B|<<1, Eq.(4) and (5) can be simplified as
T (iw)=(1A-np*" and B*=pn7'(1- T, (iw,)) (6)

It should be noted that the transfer function is always 1 when w is zero, independent of the
value of the complex modulus, so it is not possible to get good estimates of the complex
modulus in the frequency range near zero.

The above theory may be applied to tests conducted on long thin rods and such testing could
be expected to result in accurate values for the complex Young’s modulus.

If the specimens being tested do not satisfy the assumption of one dimensional deformation, a
correction factor y, has been proposed to account for such cases[3,15]., that is, E* in Eq. (4) is
replaced by E'y,, where y, =1+ u §%, S is the so-called shape factor and i is a constant.

An approximate rod theory given by Love can also be employed to describe the vibration of
internally damped rods that have significant lateral dimensions. A dynamic correction factor is
derived as[3,16] y , = 1- (Bv r)>L?, where v is Poisson’s ratio and r is the radius of gyration
of an elementary section of the rod about the x axis.

It turns out that, by using finite element theory, one dimensional theory can also be usefully
employed for specimens of uniform cross section whose geometry is clearly not one
dimensional. As an example consider the test sample shown in Fig.1 which consists of a cubic
test specimen supporting a rigid mass subjected to harmonic base excitation. Assuming that
Poisson’s ratio is constant and known, the following equation, which describes the deformation
of the specimen and the supported mass in the vertical direction can be developed (See Fig.2)
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where the subscripts or superscripts ¢, b, v and ¢ denotes the top mass, the base mass, the
viscoelastic material domain and the connection boundary respectively, and the vectors X, , X,,
X,, X, and X, are vectors representing the displacements of the top mass, bottom mass,
isolator, connection points between top mass and isolator, and connection points between
bottom mass and isolator respectively. It is assumed that each finite element node has three
translational degrees of freedom. Bold notation is used to represent a matrix or a vector.
If the stiffness of the top and bottom masses is sufficiently high, compared with the viscoelastic
material domain, they may be treated as rigid masses, and there exists the following
transformation:
X, = [e e - e]Tu, ) O =[e e - e]Tu,
where e=[1 0 0], j=t or b and u,, u,are the top and the base axial displacement
respectively. After the transformation, its form in the Laplace domain with zero initial
conditions becomes

M, M, 0 K, K, 0 U, F,
(1M, M, M, [+ K, K, K,|E'NX, (=10

0 M, M, 0 K, K, U, F, ®
where U,, X,, U,, F, and F, are the Laplace transformation of u, x_, u,, f, and f,
respectively. When only base motion excitation is considered, the corresponding elastic
eigenvalue problem of this equation yields a diagonal eigenvalue matrix €2, in which the jth
diagonal element is w3, and an eigenvector matrix ®. Using the orthogonality relationships,

we can solve Eq.(8) to obtain:
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The displacement transfer function is therefore:
U (lw) ¢jl¢]l 2 * ., .
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where N, is the order of Eq.(8). The characteristic equation of the FEM formulation and
simple rod theory can be written respectively as
N
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where f, are the eigenvalues of the rod. Comparing these expressmns, a dynamic correction
factor can be deﬁned as follows:

el (1

If the mass ratio is large, a transformation, so called static condensation{17], can be introduced
to reduce the finite element equations to a single degree of freedom system:
Xv = —Kw—l(Ktvut + Kbvub)

Vi = W0, 2B



resulting in the following equation
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where CE(t) is the equivalent axial stiffness and M,, M,, and M, are the top mass, base mass
and mass of viscoelastic domain respectively. This equation is similar to that obtained for a
massless rod connecting two masses at its top and base. If the viscoelastic body is treated as a
massless rod, a static correction factor y can be defined as: y = CL/ A. Generally, y is a
function of the geometry of the isolator and Poisson’s ratio v, which can be readily calculated
using the finite element method. All that is required is to construct a finite element elastic
model of the isolator, assume E =1, and apply a unit force distributed on its top with its base
fixed. Assuming that the isolator has appropriate symmetry one can then write C = u;".

3. Experimental Procedure

A diagrammatic representation of the experimental set up is shown in Fig.1. The sample under
test is approximately cubic and two steel plates are glued to each end of the sample. The lower
one is attached to an electrodynamic shaker and the upper one, which has mass M, is free to
vibrate. Sinusoidal excitation is provided and the transfer function is measured by means of
accelerometers mounted on each plate. A FFT analyzer is used to calculate the transfer
function or transmissibility function.

4. The Form of Complex Modulus and Fitting Method

Different representations of the complex modulus E*(iw) have been proposed[4,5,6]. The
form Eq.(3) corresponding to Eq.(2) will be used. The coefficients g, and o, are determined
by the viscoelasticity of the material. To get these coefficients, one way is to use the the Least
Squares Curve Fitting method. For convenience, Eq.(3) can be changed to the form of rational
fraction polynomials corresponding to Eq.(1)

£ (@)= (£ 8,60y / 1+ L 4,0y a3)

n=1
When values of the complex moduli are obtained at discrete points, there exist errors for every
frequency point wj. The square summation of the errors at each frequency point can be

weighted by an independent factor w; and the summation can be taken as the objective

function of a least squares minimization method
2

N
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The weight functions W (iw)=w,/(1+ f: A (iw)") may be set as constants by selecting
n=1

initial values of 4 . The iteration method can be used to get a set of more accurate values.
When N is large, the coefficient matrix of the sovling equation will be poorly conditioned. To
improve the fitting precision, a weighted complex orthogonal expansion method is suggested
to fit the function. Two sets of weighted complex orthogonal functions are selected to describe
the complex modulus as follows

E'(iw) = (ﬁcnpn(iw))/(i d,q,(iw)) (15)

n=0 n=0

The weighted square summation of the errors is
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where W, (iw,)are the weight functions: W, (iw) = w, /idnqn(iw) and E™(iw_;) = E*(-iw,).
n=0
If p,(iw) and g, (iw) are orthogonal functions, they must satisfy the following relationships
N
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in which £, (iw ;) is the conjugate function of f, (iw,;) and

_{1 if f,(iw)= p,(iw)

CHE G if £,(iw) = g,(iw)

An iteration method is needed to solve this problem and can be expected to provide a set of
more accurate values. In the first step W, (iw;) may be taken as 1 or all d, can be set as 1 as

initial values.

2

g;

5. Error Estimation
When using the transfer function to calculate the complex Young’s modulus, the main error
source will be from the error in measuring the transfer function. It is necessary to know the
sensitivity of the calculated modulus to these measurement errors. From Eq.(4) there exists a
small variation 58 caused by a small 67, (iw), where
OT,,(iw) = [cos(B + B )~ n(B +dB)sin(B +8f)]" - T, (iw)
Also it may be shown that
OE" (iw)/ E"(iw)=~(2 +38)0B / (B + 6B )* (16)
and p can be solved from the following equation

1 2. : oT, (iw) 1
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For a SDOF system, when the transfer function has a variation 8T, (iw), then from Eq.(6) the
sensitivity of E* to the measured transmissibility T is given by
OE"(iw)/ E*(iw) = -0T,(iw)/ T, (iw) / (6T, (iw) + T, (iw) - 1) amn

6. Transmissibility Dependence on the Mass Ratio

To compare the damping character of different viscoelastic materials used as isolators, they
must have the same resonant frequency. One way to achieve this is to change the top mass.
The relation between resonant frequency w, and top mass M can be derived by
differentiating the transmissibility function. If w, is the resonant frequency, then

Ol T, ()]
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ow loma, (18)
From Eq. (4)
| T, (iw)|* = [(cos B,chB, - nB,sin B,chB, + nB, cos B,shP,)*
+ (sin B,chB, + NP, cos B,shB, + NP, sin B,chp,)*]" (19)

Substituting Eq.(19) in to Eq.(18), gives
_=a, tyjas-4a,a,

n =
2a, (20)

in which
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A,, =sin B shf, A,, = B,cos B,shp, + B, sin B chp,

5. = Ap : E,+\E*+E? ! ) Ap L ~E, +JE}+E?
CGrEey) T Y TGy T

The relation between the top mass and the resonant frequency for SDOF case is
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7. Results and Conclusions

The materials under test are Isodamp EAR C-1002, Chloroprene and Deproteinized Natural
Rubber, whose acronyms are EAR, CR and NBR respectively. Firstly, the influence of mass
ratio 77 on the eigenvalues B are considered. Table 1 lists the mass ratios of the samples that
were tested. Fig.3 presents the first four eigenvalues for different mass ratios 7. It is obvious
that when n becomes very large, the lowest of eigenvalue will tend to zero, and meanwhile the
other eigenvalues will be the same as those of a rod fixed at its top and bottom. A large ratio of
the second eigenvalue to the first one implies the influence of the second or higher modes on
the frequency range of the first mode will be very small and means the single degree of
freedom idealization is appropriate in this range. Fig.4-6 compare the modal displacements of
the specimen calculated using rod and finite element theory. The influence of Poisson’s ratio on
the transverse displacements, which gives rise to the correction factor, can clearly be seen.
Fig.7 and 8 show how the correction factors vary with mass ratio for different modes and
different values of Poisson’s ratio. All the finite element analytical results are calculated by
MSC/NASTRAN. The error estimation in Fig.9 shows that the least error during identification
of complex Young’s modulus by means of Eq.(5) occurs near the resonant frequency. The
error estimation from the SDOF system is similar to that from the rod theory at frequency
range sufficiently below the second resonant frequency of the rod. All the second resonant
frequencies of the tested samples are larger than 1500 Hz, thus the single degree of freedom
idealization can be used in the frequency range considered.

As mentioned above, the formulation of complex Young’s modulus in terms of Equation (3)
can be determined by measuring the transfer function; calculating the corresponding discrete
complex Young’s modulus; and using the weighted complex orthogonal expansion method to
curve fit the data. The materials tested were CR, EAR and NBR, and typical transfer functions
are showed in Fig.10. The fitting results are obtained as follows

32721 2524.6
. . . = 771 - -
CR: B (iw)=19808x10° (1=~ = o~ T 51322

38047 55244
. ., . = Tr1 -
EAR:  E (i0)=93905 10 (1= e s ™ 7w + 64910

) .. 7, 28340 38071
NBR: E'(iw)=27102x10'(1 10+ 21580 iw+5984.7)
in which Poisson’s ratios were taken as 0.499, 0.32 and 0.499 respectively. A typical
comparison between the measured data and fitting curves of EAR is shown in Fig.11. As may
be noted, the fit at low frequencies where the moduli are changing most rapidly is worst. When
the expression for the complex Young’s modulus has approximately been fitted, it is easy to
calculate and compare their transmissibility. Fig.12 compares the maximum transmissibilities
for CR, EAR and NBR, and shows that there is close comparison between the calculations and
the measured results. EAR always has better transmissibility characteristic than the others.
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Table 1 Mass of Materials

n (MassD)[n (Mass2)|[n (Mass3)|n (Mass4)| p (kg /m*)| pAL (Kg)
CR 3N 21.75 58.14 102.77 1.39x 103 0.0333
EAR 3.87 2271 60.69 106.39 1.34x10°3 0.0319
NBR 5.04 29.56 79.02 139.69
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Fig.12 Comparison of maximum transmissibility
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