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ABSTRACT 
Active constrained layer damping (ACLD) has been demonstrated as an effective means of vibration and 
noise control for flexible structure. The overall performance of ACLD system is governed by the 
performance of the passive and the active controls on which the configurations of ACLD treatments have 
significant effect. In this paper, a multi-objective optimization model for ACLD treatments is established 
based on the finite element model of the plate partially covered with ACLD treatments. The improved 
non-dominated sorting genetic algorithm (INSGA-II) is developed to obtain the optimal configurations of 
ACLD treatments for vibration control of bending modes of the plate. In the optimization procedure, an 
integrated multi-objective optimization strategy is proposed, in which the passive and the active controls 
performance are considered simultaneously. The modal loss factors and the frequency response excited by 
the unit control voltage are selected as the passive and active control objectives, respectively. The 
location-numbering of the ACLD patches and the thickness of the viscoelastic materials (VEM) and 
piezoelectric material (PEM) are served as design variables. The vibration control results show that the better 
results of vibration control can be achieved in passive and active control when the optimal ACLD treatments 
are employed. 
 
Keywords: Active constrained layer damping, finite element model, INSGA-II, integrated multi-objeceive 
optimization, I-INCE Classification of Subjects Number(s): 46.4 

1. INTRODUCTION 
Vibration and noise control of flexible structure is a common subject of engineering community. 

Active Constrained Layer Damping (ACLD) treatment has been used widely for damping the vibration 
of beams [1-2], plates [3] and shells[4]. The ACLD treatment generally consists of a viscoelastic layer, 
which dissipates the vibration energy through shear deformation, and a piezoelectric constrained layer, 
acting as active actuators when proper active control means is applied to enhance the dissipation 
energy characteristics.  

The overall performance of the ACLD system is governed by performance of the passive control 
and the active control [5]. And in practice, to obtain the optimal performance, the ACLD treatment is 
usually cut into several segments. Thus, the optimization for the ACLD system consists of two parts, 
one is optimum design of the passive control of ACLD system, e.i PCLD system, and the other is the 
active control system.  

Optimization for PCLD system is essential to maximize the performance of the ACLD system. 
Furthermore, with optimally designed PCLD treatment, the performance is guaranteed to be robust 
even if the active component of the ACLD ceases to operate or fail [5]. Kung and Singh [6] developed 
an energy-based approach of multiple constrained layer damping patches. The optimal configurations 
of constrained layer damping patches for several separate vibration modes were investigated. Baz[5] 
optimized the placement of ACLD patches using the modal strain energy(MSE) method. In this study, 
the total weight of the damping treatments is taken as the objective function while satisfying 
constrained imposed on the modal damping ratios. Zheng and Cai[7]employed different nonlinear 
optimization methods/algorithms, such as sub-problem approximation method, the first-order method, 
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sequential quadratic programming(SQP) and genetic algorithm (GA), to obtain the optimal locations 
and lengths of the PCLD patches with aim to minimize displacement amplitude of the middle beam. 
Al-Ajmi and Bourisli [8] optimized the PCLD segments’ length for a single mode using genetic 
algorithm (GA). Zheng Ling [9-10] considered the PCLD structure optimization as a topology 
optimization problem, and an optimality criterion and evolutionary structural optimization (ESO) 
method were employed to find the optimal configuration of the PCLD treatments. In many of these 
studies, the locations of the PCLD patches, the thickness of the CLD and VEM were optimized, but 
there was a limitation that the effect of all the parameters was seldom taken into account at the same 
time. Additionally, only a single objective function was took into account to find the optimal 
configurations of PCLD treatments. 

The closed-loop performance of ACLD system is determined by the parameters of active 
constrained layer (acting as piezo-electric actuators) and controller. In open literatures, many works 
[11-15] can be found where different optimization methods were applied in pure active vibration 
controls, but only a few were related to closed-loop optimization of ACLD system. Hau[16] presented 
a multi-objective genetic algorithm (MOGA) to solve an integrated optimization problem for the 
ACLD beams. The thickness of the CLD and VEM, the locations of the ACLD patches and the control 
gains were optimized simultaneously. Araújo[17]addressed a new form of ACLD system, where 
piezoelectric patch sensors and actuators are bonded to the exterior faces of a sandwich plate. And the 
optimal placement of the co-located pairs of piezoelectric patch actuators was obtained using Direct 
Multi-Search (DMS) method. The aforementioned research efforts show that the performance of 
ACLD system/pure active vibration control is improved when the sensors/actuators placement and the 
parameters of controller are optimized. However, for all almost of the efforts in the literature, the 
optimal placement of sensors/actuators are coupled with parameters of the different controllers. 

In the present work, the objective is to develop an integrated optimization strategy that enables to 
obtain optimal performance of passive control and active control system for ACLD system 
simultaneously. And it is noteworthy that only the configurations of actuators is optimized, making the 
active control performance of ACLD system uncoupled with the parameters of controller.  

This paper is organized in five sections. In section 1, the brief introduction is given. In section 2, the 
multi-objective optimization problem for ACLD system is formulated based on finite element method 
(FEM) and an integrated optimization strategy is proposed. In section 3, the optimization algorithm is 
described and improved. In section 4, the multi-objective optimization procedures for ACLD system 
are carried out and effectiveness of the optimization strategy is verified. The vibration control results 
of the ACLD system are analyzed for different multi-objective optimization configurations. Finally, 
concluding remarks are given in section 5. 

2. PROBLEM FORMULATION 

2.1 Finite Element Model 

 
Figure 1 –The cantilever plate treated with ACLD patches 

A finite element model is presented to analyze the dynamic characteristic of plates treated with 
active constrained layer damping (ACLD). Figure 1 illustrates a cantilever plate partially treated with 
ACLD patches. The viscoelastic material (VEM) layer is bonded to the base plate, and the top layer is 
served as the active constrained layer to enhance the shear deformation consuming the vibration 
energy of the base structure.  
2.1.1 Shape functions 

A two-dimensional element with four nodes referred in [18] is used to discrete the ACLD/plate 
system in the finite element model. Each node has seven degrees of freedom, including the 
longitudinal displacements cu and cv of the constrained layer, the longitudinal displacements bu , bv of 
the base plate, the lateral displacement w of the whole structure, and the slopes xθ , yθ of lateral 
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displacement. The displacement at any point in the element can be described as follows 
{ } { } eT

ywxwwvbubvcuc
T

yxbbcc wwwvuvu qSSSSSSS ,,,, =       (1)                     
Considering the relationship of kinematics formations among the layers of the ACLD/plate, the 

shape functions for the longitudinal displacements vu , vv and the shear deformations xγ , yγ of the VEM 
core can be derived as[4] 
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So the displacement vector of the VEM can be expressed as 
{ } { } e

vvuvvv vu qSS=                                  (3)            
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                                 (4) 

2.1.2 Potential energies 
The potential energies related with the plane stress deformations of the ACLD/plate system can be 

expressed as 
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where vcbi ,,= denote the base plate, the active constrained layer and the viscoelastic layer, 
respectively. iE , iµ  are Young’s modulus and Passion’s ratio, and ih  is the thickness for the three 
layer in the ACLD/plate system, respectively. Substituting equation (1) into equation (5) for base plate 

and active constrained layer, the piP  can be obtained as follows 
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where iD  is the elastic coefficient matrix and
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stiffness matrices for the base plate and the constrained layer can be defined as 
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Substituting equation (3) into equation (5) for viscoelastic layer, the pvP  from which the bh , ch , vh  
are factored out is expressed as follows 
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So the membrane stiffness matrices for viscoelastic layer can be defined as 
vvvvpv 4321 kkkkk +++=                                            (9) 

Meanwhile, the potential energies related with the bending deformations of the ACLD/plate system 
are expressed as 
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Substituting equation (1) into equation (10), the biP can be obtained as follows 
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ACLD/plate system can be defined as 
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For the ACLD/plate system, the vibration energy is consumed by the shear deformation of the VEM. 
The potential energy related with the shear deformations of the VEM is derived as: 
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V
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where vG  is the shear modulus of the VEM. Substituting equation (4) into equation (13), the svP , like 
the potential energy pvP , can be obtained as follows 
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So the shear stiffness matrices for viscoelastic layer is obtained as 
svsvsvsv 321 kkkk ++=                                                   (15) 

2.1.3 Kinetic energies 
The kinetic energy for each layer of the ACLD/plate system are expressed as 
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where vcbi ,,= denote the base plate, the constrained layer and the viscoelastic layer, respectively. 

iρ , ih are density and the thickness for the three layers in the ACLD/plate system, respectively. 
Substituting equation (1) into equation (16) for base plate and constrained layer, the iT  can be 
obtained as follows 
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So the element mass matrices for the base plate and the constrained layer can be defined as 
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For viscoelatic layer, like the stiffness matrix, the element mass matrix can be defined as 
 vvvv 321 mmmm ++=                                   (19) 

2.1.4 Work done by the external force and control force [4] 
The virtual work done by the external disturbance is 
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c

Tee
d

Te
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2.1.5 Dynamic equation of motion 
Assembling the ACLD system for all elements yields the dynamic equation of the plate with ACLD 

treatments, 
( ) cdsvvG FFqKKqM +=++&&                               (21) 

Here, to describe the frequency-dependent behavior of the visco-elastic material, the shear modulus 
of VEM is modeled using Golla-Hughes-McTavish (GHM) method [19]. So The global equations of 
motion can be rewritten as follows 

cd FFKXXCXM +=++ &&&                            (22) 

2.2 Multi-objective Optimal Design Formulation 
A constrained multi-objective optimization problem for ACLD/plate can be mathematically written 

as 
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where d  denotes the design variables. 
2.2.1 Objective functions 

The state space model of the ACLD/plate can be obtained based on equation (22), as follows, 
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where the state space vector )(tx  is chosen as { }Ttt )()( XX & , A  is system matrix, dB and cB are the 
disturbance input matrices and the control force distribution matrices. C  is the output matrix and 

)(ty  is the output vector. 
Based on the state space model of ACLD/plate, the complex eigenvalues of system matrix A can be 

expressed as 
 2)( iii jA ωαλ ±=                                      (25) 

where iα  and 2
iω  are the real and imaginary parts of the ith complex eigenvalues, respectively, and  

1−=j . Here, the loss factor, which is related to performance of passive control for ACLD/plate, is 
defined as the passive objective function, 

2)(
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Obviously, the loss factor is larger, the vibration of the structure is more effectively suppressed 
when the ACLD treatments is in passive control mode. 

The response value at measurement point when unit sinusoidal control voltage is applied on ACLD 
patches, is designed as active control objective, 

)lg(20)( xPi =ζ                                    (27) 
where x  denotes response value at measurement point P. Based on the active vibration control 
principle, larger )(Piζ  implies that the corresponding ACLD patches configuration can suppress the 
vibration of some measurement point more effectively. 

Hence, the objective functions for multi-objective optimization of ACLD/plate are set to be 
( ) { })()( PAdf ii ζη=                               (28) 

2.2.2 Hybrid Design variables 
The thickness of viscoelastic material (VEM) and piezoelectric constrained layer material (PCLM) 

the locations of the ALCD patches on the base plate are employed as the design variables. i.e. 
{ } mknjpiforllsihhld pickvji LLL ,1;,1;,,1 ==≠≠==           (29) 

where il  is expressed by the positive integer, denoting the location-numbering of the ith ACLD 
patches, and vjh and ckh  are expressed by positive continuous real number, denoting the thickness of 
VEM and PCLM. Thus, the design variable vector contains different variable type, i.e. a hybrid 
variable vector. 
2.2.3 Constraints 

Considering design requirements for practical engineering structures, the natural frequencies shift 
of  base structure should be in a limited range, i.e. 

0≤−− cff oj                                        (30) 

where, of  and jf  are the natural frequencies of the base structure and the ACLD/plate after 
optimization procedure is carried out. 

3. OPTIMIZATION STRATEGY AND ALGORITHM  

3.1 Optimization Strategy 
An integrated optimization strategy is proposed with the aim of the performance of passive control 

and active control for ACLD/structure being optimized simultaneously. The highlight is that the 
optimal configurations of ACLD patches serving as actuators are achieved without consideration of 
active control algorithm. The strategy is described as follows, and the flow chart is shown in figure 2. 

Step 1: the configurations of ACLD patches, including the thickness of active constrained layer and 
VEM, the location-numbering of the ACLD patches, are initialized. 

Step 2: the passive control objective functions are calculated. 
Step3: the optimal ACLD patches acting as actuators are searched from the initialized 

configurations, and the active control objective functions are calculated. 
Step 4: evaluate the configurations of the ACLD patches. 
Step 5: update the configurations of the ACLD patches, and step 2, 3 and 4 are carried out again 

until the optimal configurations of ACLD patches are obtained. 
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Figure 2 –The flow chart of integrated optimization for ACLD/structrue 

3.2 Optimization Algorithm 
For multi-objective optimization for ACLD/structure, the relationship between the design variables 

and the objectives is difficult to be described using explicit mathematical equations. Meanwhile, the 
design variables space composes of two different types of design variables: discrete and continuous. 
Hence, the traditional optimization strategies are difficult to solve this problem. In this paper, to 
overcome these problems, the non-dominated sorting genetic algorithm (NSGA-II), which combines 
with Direct Search method, is introduced and improved to solve the integrated multi-objective 
optimization problem. 

 

 
Figure 3 –Flow chart of the optimization algorithm. 

The basic flow chart of the improved NSGA-II algorithm considering constraints is employed to 
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carry out the optimization shown in figure 3. Some basic ideals are explained as follows 
(1) Chromosome representation. In this investigation, all the value of the design variables is 

encoded by decimal code. For simplicity, the chromosome constructions of hybrid variables, objective 
function value, constraint violation value, the rank value, the crowding distance, is shown in figure 4.  

(2) Constraint handling. In the multi-optimization problem, the constraint violation is described as 

1−
−

=
c

ff
g oj                                        (31) 

In the constraint handling approaches, a tournament selection is employed where two solutions are 
compared at a time, and the following criteria are always enforced [20] 

a) Any feasible solution is preferred to any infeasible solution.  
b) Among two feasible solutions, the one having smaller constraint violation is preferred. 
c) Among two infeasible solutions, the one having smaller constraint violation is preferred. 
 (3) Non-dominated sorting. The constrain-domination sorting for any two solutions is referred 

in[21]. 
(4) Crowding distance. The crowding distance of the ith solution (marked with solid circles) in its 

front which is shown in figure 5, is the average side-length of the cuboids (shown by a dashed box). It 
denotes the diversity distribution of the solution in its front. 

1 3 7 6 2.0 15.0 1f 2f c r dc6

 
Figure 4 –Chromosome constructions. c denote the constraint violation value, r denotes the 

rank value for ith solution, dc denotes the crowding distance of the ith solution 

1f

2f

 
Figure 5 –The crowding distance calculation. 

 (5) The genetic operator 
In this paper, the new genetic operators are introduced and improved for the special optimization 

problem of the ACLD/plate.  
a) The new crossover operator  
The Laplace crossover operator which is proposed in [22], is introduced in the NSGA-II to deal 

with the hybrid/mixed design variables optimization problems. According to the Laplace crossover 

operator, the two offspring produced by the two parents, 1
ix , 2

ix are computed as 
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ii

ii
i ruba

ruba
α , iu , ir  are uniform random numbers between 0 and 1, Ra ∈  is 

called location parameter, and 0>b is termed as scale parameter. For integer design variables, intbb = , 

is usually assigned to be a integer, otherwise, realbb =  is set to be a positive real value below 1. For 
smaller value of b , offspring are expected to be produced near the parents, and for lager b , offspring 
are likely to be produced far from parents.  
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Due to two or more ACLD patches can not be bonded on the same location on the base plate, i.e., 
ji ll ≠ for ji ≠ , thus, the procedure of the original crossover operator will be modified. Based on the 

smallest distance principle, the crossover operator will be carried out for every pair variables denoting 
the locations of CLD patches in the parent. The procedure is expressed as follows, 

Step 1: The crossover operator is carried out for the first pair variables 1
1
pl and 2

1
pl  in the parent 

and the first two offspring are got as follows 
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Step 2: The range 1
2
clS and 2
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clS for the second two offspring are updated to 
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Step 3: The crossover operator is carried out for the first pair variables 1
2
pl and 2

2
pl  in the parent 

and the second two offspring are obtained as follows 
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Step 4: Step 2 and Step 3 are continued until the crossover operator is carried out for every integer 
variable pair. 

b) The new mutation operator 
 The power operator which is proposed in [21], is introduced in the NSGA-II as mutation operator 

to deal with the hybrid/mixed design variables optimization problems. According to the mutaion 
operator, the offspring produced by the parents, m

ix , is generated as: 
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where pss )( 1= , 1s is an uniform random number in the range of 0 to 1, p is named as the power 
distribution index of mutation. intpp = , is usually assigned to be a positive integer for integer design 

variables, otherwise, realpp =  is set to be a positive real value less than 1. For large values of p , more 
diversity in the solutions is expected, and for small valves of p , less perturbance is achieved. 

)/()( m
i

u
i

l
i

m
i xxxxt −−= , l

ix , u
ix are lower and upper limits of the ith design variable. r is a uniformly 

distributed random number between 0 and 1. 
When the mutation operator is carried out for integer variables, the similar procedure like that of 

the crossover operator is employed. 
After the crossover and mutation operator are performed, the variables denoting the locations of 

CLD patches are truncated to integer.  

4. OPTIMIZATION RESULTS AND DISCUSSION 

4.1 The cantilever ACLD/plate 
A cantilever ACLD/plate is modeled based on the above formulation. It is divided into 8×4 

elements shown in figure 6.The left side of the plate is clamped. The numbers on the element denote 
the locations for ACLD patches which will be bonded on the base plate, as well as the element 
numbering. The base plate, with the size of 0.2×0.1m2, is partly treated with ACLD treatments. The 
main physical parameters of the base plate (Aluminum), viscoelastic layer (ZN-1) and active 
piezoelectric layer (P-5H) are listed in table 1.  

The multi-objective optimization problem for ACLD/plate is established. The first mode loss factor 
is selected as passive objective functions, and response value at measurement point induced by unit 
sinusoidal control voltage (frequency equal to the first mode frequency) are taken as active control 
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objective. The number of PCLD patches is selected as eight, and two of the eight patches are selected 
as actuators. In the following optimization procedure, the range of thickness is 
that mhm 002.00001.0 ≤≤ .  

Table1– Geometrical and Physical Parameters of ACLD/plate system 
Aluminum P-5H ZN-1 

bh  
0.0008m ch  

0.0005m vh  0.001m 1ς  
148.0 

bE  
69GPa cE  74.5GPa vµ  

0.3 2ς  
12.16 

bµ  
0.3 cµ  

0.32 vρ  
789.5 kg/m3 3ς  

810.4 

bρ  
2800kg/m3 cρ  

7450kg/m3 ∞G  
554200Pa 1ω  

896200 

  31d , 32d  186×10-12C/N 1α  3.960 2ω  
927800 

    2α  65.69 3ω  
761300 

 

 
Figure 6 –Finite element partition of the ACLD/plate 

4.2 Results and discussion  
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Figure 7 –Evolutionary process of Pareto solution          Figure 8 –The Pareto front    

The ACLD configurations for the first vibration mode control is optimized using the above 
integrated optimization strategy. Figure 7 displays the evolutionary process of the Pareto solutions, 
and the solutions convergences well. Figure 8 shows the Pareto front, and the objectives distributes 
evenly in a curve. Four different configurations listed in table 2 are selected to analyze the 
effectiveness of the optimization method.  

                              
Table 2 –The pareto solutions and the first mode frequency 

Configuration  

Number 

Locations of  

PCLD patches 
hv/m hc/m 

Locations of  

Actuators 

First mode 

frequency/Hz 

1 2,3,6,7,18,19,29,32 0.002 0.0011 2,3 14.868 

2 2,3,6,714,15,17,20, 0.0015 0.0007 2,3 17.448 

3 1,4,5,8,9,12,18,19 0.0017 0.0009 1,4 20.053 

4 2,3,6,7,10,11,14,15 0.002 0.001 2,3 23.199 
A comparison of frequency responses among different ACLD configurations and base plate is 
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illustrated in figure 9.It is very clear that the vibration of first mode can be surpressed obviously 
when the base late treated with the four ACLD configurations. And with passive objectives 
increasing, the better vibration surpression for first bending mode can be achieved. 

A PD controller is designed to simulate the active vibraion control results when the four optimal 
locations of actuators are employed. In the simulation, the control voltages are set to be the same, 
100V, and the ACLD/plates are vibrating with the same amplitude(displacement). Figure 10 shows 
the simulation results for different ACLD patches acting as actuators. It illustrates that with active 
objectives increasing, the vibraion of first bending mode can be surpressed much more.  
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Figure 9 –Frequency responses for                      Figure 10 –Active control results  
different ACLD configurations                           for different Actuators 
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Figure 11 –Active control results for local               Figure 12 –Control voltage 
     optimal ACLD patches configurations 
The local optimal locations for ACLD patches acting as actuators are analyzed in any global 

optimal ACLD configurations. For simplicity, only configuration 2 is selected to investigate. The 
optimal location layout (2,3) is named as layout 1, and other two arbitrary layouts (6,7) and (15,17) 
are layout 2 and layout 3. A PD controller is designed to simulate the active results when the three 
ACLD layouts are employed. In the simulation, the parameters of the controller are the same, besides 
that of the disturbance. Figure 11 and 12 display the simulation results and the control voltage. It can 
be seen that the better vibration suppression can be obtained with smaller control voltage when 
layout 1 is used. Furthermore, it can be conclude that the ACLD patches acting as actuators should 
be located at the root of the cantilever structure. 

Based on the above discussions, it can be seen that the integrated multi-objective optimization 
procedure is very effective to obtain the global ACLD configurations for ACLD/structure,and the 
local optimal actuators locations from ACLD configurations. The optimal results can supply variable 
ACLD configurations according to design requirements. 

5. CONCLUSIONS 
In this paper, the multi-objective optimization of ACLD/plate is developed based on the finite 

element method (FEM).A integrated strategy is proposed to optimize the performance of passive 
control and active control for ACLD/structure. Combining with direct search method, the improved 
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non-dominated genetic algorithm (INSGA-II) is developed to solve the optimization problem. The 
vibration control performance of the first bending mode of the ACLD/plate is optimized based on the 
method. The results show that it is very effective to obtain optimal vibration control results. 
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