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ABSTRACT. Torsional finite clements for direct, geared, branched aDdgrounded connections are pre;ented . For a simple Ihree-degrees.
of-freedom powertrain model the finite e1emems are defined and the global system 3:\.\('mbly is dclaikd. The appfOpristCIlCSS of the finite
element method for powertrain syslems is illustr4led via examples fot modelling manual, automatic and cont;nuow;]y variable
n.n)mi"';on>. n ...__ tIf ,~tom t ""moolS is discmsed for an element for toroid-roller contact and for a two-stage planetal)' gear set A
lest rig is presented and modcl verification is discussed

I. INTRODUCTIO N

Powertrain vioratio n analysis is an important area of research
for tbe automotive industry, The goal of the resea reh is to
improve operating characteristics with thereduetion of steady
state and transient vibration. A particula r focus is on vehicle
powcrrrains in which the quality of the finished prod uct, the
motor vehicle, ca n be seriously diminished by unwamed noise
and mot ion felt within the passenger com partment. This
noise and mot ion is partly due 10 the torsiona l vibration of
powertraincomponents

The refin ement in design of vehide powertra in syst ems
requires many complex phenomena to be anal ysed in the
whole powertra in Lumped mass models arc used to
represent the system and a simple way of developin g their
equations of motion is to use the finite elem ent method . Wu
and Chen [1] outlined the method for dcriv ing ' so called ' [1,
2.] lorsio nal finite e l"m<'1lts Usine th" . ", d"m"nts rh"y
developed systems of equatio ns of motion for gcarcd syst cms
and performed free vibration analysis for these syst ems
Crowlhe r et al. [3] used the method for the dynam ic modeling
of a powert rain system fined with an automatic transm ission
with the planetary gear set modelled with one degree of
freedom. Zhang ct al. [4] used the method for the dynamic
model ing of the same powertra in system with the pla netary
gear set modeled with four degrees-o f-freedom. Both
Crowlbe r and Zhang used the dyna mic models for free
vibration analysis and transient vibration simulations. [2]-[5]
providcreviewofaddi tionalrc latedl iteraturc

In this paper the torsional finite elements for direct ,
geared, branehcd and grounded connec tions are presented
Using these d ements the global system of equations is
developed for a simple three -degrees-of-freed om powertram
modelthat is common ly used 10 represent vehicles fitted with
manual transmissions. Dynamic mode lling schematics are
provided for systems with automatic and continu ously
vat iabletransmissions. The appropriateness and usefulness of
the finite clemen t method for these systems is outlined . The

use of custom finite elements is discussed with examples of a
finite elemen t represe nting the dynamics of toroid-roller
oontact and a finite elemen t fora two-stage planetary gear set

2. TORSIO:'IJAL FI!"iITE ELEME~TS

Torsional finite elements simplify powert rain modelli ng.
They represent inertia s, their local coordinates and coupling
within global dynamic systems. These elem ents art used to
develop a global system of equations of motion via a simple
matrix assembly [I], [3]. Mode l schematic s are shown in
figure I for five simple dynamic syste ms with lumped inertias
and connect ing damping and stiffness. The exam ples are for
direct, geored - rigid and elastic me~h branched and
grounded system s. Stiffn ess and damping parame lers are
lors;ona1 ex~~pt for the geared connection with clasric mesh
wcre the teem ,.t1 ffnes~ is nonnal to the plancofeontact. For
each system Ihe required torsiona l fin;te elements arc
outlined. The rnstrices for inertia, sti ffness and damping and
Ihe local coord mete vectors are given in table I . The general
finite elem ent types presented can be used for quickly
obtaining the equations of motion for large comp licated
systems. The me thod can be used for lumped inertia tors ional
systems and is pa1.icularly useful for vehicle powcrtram
applications. Coordinates can be also be gro unded by
removing them frorn theooordinatcvcclor.

Matrix a OM."T11bIJ for systems using these finireelemer as is
a simple process. As an example a powcrtrain system
dyna mically modelled wilh three-degrees-of-freedom is
shown in figure 2. This system has one gear step. II is
grournJed at one end via a damping element - rep resenung
abso lute damp ing on tbe engine . It is grounded at the other
endvia sliffnessand dampingelements - powcrtrain systems
can be grounded in this fashion when the models arc to be
used for free vibration analys is and the grounded end has a
very large comparati ve inertia.
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"The finite element mal rices are assem bled into global
system malricl'S by w;jng 101;31 coordinate vectors and Ihe
global coordi natc v~lor. The final cqu31iun uf molion for lhe
system will have the fonn:

(6)

Wilh globa lcoordinal e vcetor
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(7)

The finite element inen ia, st iffness and dampi ng mat rice.
and loca l cuunlinale vectors for lhis system arc given in tahle
2. Also given in this table are the assembled global inertia ,
S1iffnns end damping mat rices .

The grOUlllkd inertial finite elemen ts used in Ihis three­
degrees-of-freedom system have been mod ified from IlK:
previously prc...mted genera l grounded element (8). The
modiji m fioll is the rep/acemell / of l ire inert ia value w;lh U
zero . Th is is as the inertia is accounted for in the dircct and
geared inertial e lements and otherw ise would be counted
twic e. This mod ification to inertia finite elements can be
necessary in certain situations

The example illustrates tile simplici ty of the finite clement
method when used for a typical tonional syste m. For the
geared clemcnlS the displacement coord inates are absolut e
coordin ates . lt i. common in dyllamic analysis for
pow et'trllins for the coord inates downstream of gearing 10 be
modelled willi equivalent engine coordinates, Illc finite
clement_ and local coordin.ate vector'S can be modified to
meet this require ment
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J, APPLICATlO~S FOR DYNAMIC
MOl)E U.lSG or POWERTRAI:'l SYSTEMS

The l imples t mode l for a vehic le pow~in syste m with I
manU<J1 trmum u Jio" il Ihe three -degree s-o f-freedom mod el
of Figure I. The Bearl1l tio, " ,can be licl for the pa rticular
gear and the model used for free vibration analylis. If the
groundingon(oordinlte3ilremoved(lti~and~ing

element 4) and . torque vector inc luded in Ihe equation of
molion Ibm Ihe model can be used for forced vibra tioo
anal ys is. The mode l can be nkndcd 10 inc lude II'lOI'e~

oflTeedom and branching 10 dl'ive .. helt1. ifDCedcd. such as
forflJtll-whecldriv'evemooswitbadilTerentiaiber.l.'emthe
dilTermliaisOOlllil!ur ation .

Modelling powertnins fined <llltom<Jl ie troIlJ",iniotu tan
be ccmpIicItcd bu t the finite e letncn t meIhod simp lirlCS the
tL-k evnsidefably.Cro..1her d al.(31 ~loped lhc global

~ of equatiom for , pow Cftrl in litted .. ilh a
1nIlsnUWon "' llh a~ p1anew'y gear~ fow wet
tlull;bes. two one ....y d ulCbes abd two bfakebands. Figwc
) provides a ~it" (Of the dyrwnie model of Ihis
po'o"'C'l'tRin s~ Thtldw:matic is bsccondprand fOf
sccondlO lh ird upsllift$. FOf thi:l l yslCmtbcekrnents
OOlIlICCIing 10 tbc planewy ¥eaJset arc:modelled as geared
dements and the g«1 rali05.-e so~ from' rig id body
dynamic ana! yl il . The gur set is modelled w illi Clqur. .. len t
ring gear tuordina'tI , nd sci as 9, . The geared ektnen"are

kl , kl and 14 Th e d ifTerm tial requi res ~ea.red and bnut chcd
elements . ~ an ,J k. All othe r elements arc direct. The fin ite
element mclh od is e'flCCial1y use fu l in this case for numeri ca l
, imu l atiu n, ufsh i 1\ tra n~icm ts, i.e . vibration du e 10 gea r , h ifts
For the ' hi ft fro m sewn,J to th ird gear the C l clutch ellj!ages,
connecting coo rd ina te 2 IIRd 3. OnrJrgueo//rco,l..""Jrops
oU, O/ IM SY</"'''', so ,tie globa l ,yst em uf e 'luutio ns i,
rca.......,mb led ....here the fJIIlymoJjfrcntiOlu art! /0 fM loc;al
coordi ....,.. vector for r /rnwl t tivre , anJ lire C',"e:<panJing
t;Nmgr ji>, tlut glohal roo rdinate .w:t,..,. and ,I. lrN"qut
.«1"", For the period of gev shifti ng the gell' !'Itio
pa l1lfl1tter " ....as vaned as per , mio V't'nU s Uiift time: dala
""P.

euuom finite elements tan be dev'elopc:d to ~il v~

oomp~itill5 ....ithin powertnins. Th e R'II:Ihod is pMtitul .;ll"ly

appropriale for JIO""Cftnln $ystems willlplannaryiear K'tl.
I n the mode~ prcroented in figw es 2 and ) !hc:gcat fatu wCfl:
predetermined and the g~ arc: modelled u , li nl le rigid
body with one degree o f freedom. They un be improved by
wing , CUS!<lm dement thai has been developed fOf I

Ravign eau x two-sta ge plan etary gear set. Th t geanCl bas ailt
degrces of Iree dom an d cuns ists of a forwa rd sun ge ar, rear
sun gear , three short endtbree long pinion s or plane t geaTll,
and,planelBearcarril:T thathnldsthe pinionsanda ring
gear .1lIe rorwa.tds.u ngear, rearsungear , l' landearrierand
ring gcl! coo n«t throu gh lO lheclulch dnu ..vdifTCfl:nlia l
p inion via Iba flllilTneM and!Of damping ek mcntl . Oftbe ail
dcgrcn of fn:.edom. two, the short and long piniOfll; can be
igoored - they arc: loIa lly dependen t. two arc semi ­
i/'Idcpmdent and "'"0 are~ The compkv
dcrivarioa for this ekmenl is p«MDcd.by Zhang et a1. (4J.
Blielly , the ekmcnt is deri ved from ClqUitions of mOc:iou. ((If
gearlXln1J'O'lmlS thai include the internal forca and ntemaI
1Of'q~ and from the ooostrIin mg IlXClnatKonre l.ci0nWp5
betw«o the oompoocot5. The lt ilIDess aod damping dcmer1t
ma trices inc lL>des acar inerti . and radii . The elemrnt is
general and can be mnd ified for each gear $ll!C' ....berIplaeed
mthe surrounding powmnin ~em.

Gcaml l ystems requite ckarante between ma ting gean
fOf smoothopcmion. The ckanncc il tamed lm lr and Ihe
maUnc seanIIIU5t scpante acrouthe lash ....hen thei r relative
diJ"Cl::booJ of rotation chan ge . The mat;n l reaa can be
mOOcHed willi ' n1C$hstiffness .. iIich is OOO-llneat _ It is set
as v:ro Iltl'OSI the lash zooe. On torque revena l, ma ring
gClnl<Witehdircct kln ofrolarion,this elUSllS' 'donk ' (,
Icon used io the automo tive indwUy ) when !hc:y irnpat1
Tran sient dyna m>cs from engine tiplin" gear shift s, d e. can
prod uce a torq ue rev ersa l (shum c) thereby indu cing c10nk
IS]. The finite eleme nt (3) for a gear pair and the custom
planetary ge ar ele me nt both have elas tic IOOlh mes hing and
the lash non-line arity ca ll be inclu ded into numerical
sinnila lio ns

Tht: lrlIn~miS!lion has many states of oper a tion - first
throllih 10 fourt h gean ;m,J torqu e con verter loc k, up, ....ith
c1ulChcs and bands connolhng gur sh ifts and their slll lll5
defining thc motion oftbc ~ CO}mpono:nb. U, inglhc
~lOBtonal linitcelcmenlland tbe pl3nctatygcarset

elemeTlltheltlobal~emClllbequickl)'a..sembla:lforIUlY

of thesc:I~. 'The li nal ~ of equatioos includesthc
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~omp l ete dynamics of the planetary gear set. Thiv eamc
methodology~an be applied to five and Sill speed automati~

transmissions
Contin uous ly Variabl e Trans miJ,sio1l.f(CVT) are the most

recent type of transmi ssion to be widely used in vehicle
powertrains. Common Iypell are toroidal. v-belt and
hydromcchani~al CVfs. These systems can be eve n more
compl icated than automati c trarnmi ssion., as some have
mu lti-staging and some are used in tandem with planeta ry
gearsets -thenrequiring clutch es andiorbrake baJlds, The
fi nite elemen t method pro videJ WI apJ»Vpri ate IOf" for Ihe
J} fk1/I'Iic modelling (Jf fhese .ryJ 1el1U. Figure 4 presents a
model for a powerrram fined ",ith a half toro idal (:VI" and
planetary gear set. There are two clutches. a high velocity
clutch (li VC) which connects the toroid direct to the
different ial and a low ,-clocity clutch (LVC ) wbich coenects
the toroid to the diff~rentilll via a sin gle stage plan~wy i",ar
set. In this system the power can flow either way depending
on the cl utch engageme nt. Th~ connectio n between tile LVC .
and the ring gear (via the slln gear). kt and e., are model 1ed as
geared element s. NOll' the gear set is modelled with

. CQllivalentring gcar ccor dineres. The connectio ns from the

di fferential to the wheels , kl and c~ and k9 and ce, arc
mode lled as geared and branched elements .

Torque is trans ferred between the toeoids and me roller via
a thin film of oil that transient ly acts like a solid. This fi lm
~an be represented with a damping and stiffness . Custom
finite elements have been derived to represent mis
~onnection. The y are essentially me same as me elastic gear
element (3) . Connections k1, Cl and kl,~)are considered as
hoeizoe tal. Wim radii rl , rJ and r.. torsiona l stiffne ss ts
introduced as (likewise for torsional damping):

ki =r)1k1 and kj =ri kl

The deri ved elements are given in table 3. Note coordinates 2
and 4 {toroids) have positive rotation clockwi se. Coord inate
3 (roller) has pos itive rotatlon aeti-c jockwtse , if the signs o f
the stilTnes-'l.'damping coefficients in the elemen t an: all made
positive it \\i II be ~Iockwise. In either ~a'le in solut>on the
rollcrrotalC$oppos ite to thetoroids. AlIolhcrconnCC'lionsi n
the system are direc t elements . The globa l system can be
quickly assem bled from these element s with a l!-lobll
coord inate vector for either low velocity or high veloc jry
c1utch engagemcnl

Figun: 1. Dynamic Model for Po.....emai.n Filledwith Automatic Transmission - S"",ond Ge..

Filo'un: 4, Dynamic Model for~in Fjned with CVT aod Pll111ct.ary('oeu Sct
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Tablt' 3. UK:a l /'.Iatrit t's and Coo rdinate Vl'C to~ for CVT
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4. EXP[RI~IENTAL VERIF ICATION

Experimental verification is needed fur indusU)' to be able
to rel y on the analytiClll and numc:rical lool~. For dynemics,
typical test rig uses include. investigating com ponen t
charactcrisli~ (enginc, torqueconverler.clutch.ti re .elc . ),

in\"estigating free,stcadystllte andlrllnsienl R'sponse, and
cahb...lionforg car shifts. Atthe Univel!lity ofT <<hnu108Y,
Sydney, a powcrtrn in test rig ha.~ been cons tructed for the
invest igation of vrerauoe re'i(lun<oe and gcar shi ft quality
assessment. The ai m is 10 veri fy dynamic analys is using a
model similar 10 tha i of figure 3 ....ilh an automa lic
transmission. The model is used for free vib... lion ana lysis
and steady state and transient numerical simulations.
Deta iled informa lioo is availabk by ccrrcspcoccncc. in
brief:

Thc test rig includes all the compone nts of the vehiclc
po"" ertrai n and has ~n designcd to im:lude a vchide ma",.s

of ISOO kg (as inertia] and a dynamomet cr load (figure S).
for data acqu isition the engine and tran~i s.sion con trol
systems arc tapped and instru mentation added for prcs.sun:s.
torques and accelerario ns. Accelerome ters arc fixed on the
trans mission and differemial case . Torque is mcasured via

strain ga ~ ges on the flywheel, transm ission output shaft and
drive shaft. Radiotelemetry is used to pass the strain gauge
dalll from the rotating shaft to a non-rotating dement. The
gauge voltage is amplified, processed by an analogue 10

digita l conve rter and then transmitted. Transceive rs arc
used on buth rOlating and non-rotatin g sides. Data is
recorded and pOSI-proces.c d with Lab View,

Various tests can be conducted with lhis test rig:

Free ~il>rUliun: The tran!;rnission is placed in park
(ground ing the rigid body molion). A lo,q ue is applied 10
lhelin:sand re1ea...ed. Acceleromcle'TSandtorquesen'iOl!I
provide fil:e vibration results. The purpose is to compere
real syste m Itequcnc y response to a free vibration analysis
of the driveline system. Th is allows a valid ity check for the
stifflle:o.s and inertia parame ters and drivcllnc dynamic
model.

Critir;uf SfWed: The engine is run within speed ranges that
ere calc ulated for resonanc e forgiven gear states . Sha ft
IOrquC and case acceleratio ns provide steady sta te response
at lesl speech . The purpose is 10 compare resonant modes
fot jbc powcnrai e systcrn. This allows a validuy chl.'ck for
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the stiffness, inertia and damping parame1ers and tbe wbole
dynamic model

Eng ine Tip in/out : The engine is run at a constant speed end
the throttleis suddenly inereasedldecrea.~. Shaft torque
and case acceleration~ provide transient response . The
purpose: is to investigate driveline shuffle and clonk
(backlas h). Case accelerometers should indicate: high
frequency trans ients from gear backla sh.

Gear Shifting: Gear shi fts an: performed for various throttle
sea ings. Sh.afttorqueand caseaccelcutionsprovide
transieat response . The purpose is 10 investigate lran.!iient
torqu e from gear shifts and associated drivel ine shuffle as
well as O'iCillation s at higher modes. Th is IllO\O~ I validity
check for gearshift n~1 simulations Case
accelerom eters should indicate high frequen cy transients
from any gear backlas h,

4. CONC LUSIOXS

The finite ele ment mcthodis apowerful rool for torsional
vibration analysis, part icularly for powertra in systems
Once an unde:rstanding of ahc dynem ic syslem is gained and
a lumped mass mode l dev ised then the genera l finite
elements (1)-(5 ) can be assigned. In some s ituations custom
elcmt."tlts can be develop«l to handle added system
comp lexities, such as for single or multi-stage planetary
ge:ars.etsand loroid-rollcr cODlact(6)-(9) . Using a global
coo.rdinalevOCtoT,thefinite elCfllC'ntsfotinert ia, sliffness
and dam ping and their correspo nding local coordinate
VOClOOl can be assemb led into the Mandard equa tions of
mOlion for the global system ( 10). For systems thai change
statc:often,such asU1lnsmi s.~ionswilh clulch sllifting, global

assembli es can bequickl y madethat govern each state.
Once the global system has been assembled the equati ons of
motion can be used fur the typical investigations :

Free vibrotiOllonalysi.f, with the to rque vector set to zero,
and the wheels either groun ded 01 linked to the vehicle
mass. Gear ratios are fixed or in the case of the system with
the gear set element the clutch connectio ns and held gear set
compo nems fix fhe gesr rano---
24 -VoI.32April (2004) No. 1

Forced vibration QI1O!yJU, analytical or numerical;
analytical for fixed gear states and inpul torqu es tha t can be
baoo led analytica lly. such as harmonie or stepped,
numeric al for the parametri c cond ition of gear ratio change.
for input torques from mapped data - sucb as engmetcrque
and other non·li nealiliessuch as stick ·~l ip,clutehjudder and

gear backl ash.
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